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The chiral magnetic effect (CME) is a macroscopic manifestation of the quantum anomaly. There
has been rapid progress in theoretical understanding the nature of chiral plasmas, in which the
CME and other anomaly-induced transports take place. In this talk, we discuss the properties
of the chiral magnetohydrodynamics (MHD), which is a hydrodynamic theory of chiral plasmas
with dynamical electromagnetic fields. We introduce the formulation of the theory, and discuss
linear excitations.
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1. Introduction

There have been growing interests in the physics of chiral materials. Remarkably, the chiral
anomaly, which is a quantum effect, results in macroscopic non-dissipative transport effects. Those
effects can be summarized in the following constitutive relations for the vector and axial currents,

jµ

V = ξBBµ +ξωω
µ , (1.1)

jµ

A = ζBBµ +ζωω
µ , (1.2)

where Bµ ≡ F̃µνuν with F̃µν ≡ 1
2 εµναβ Fαβ , uµ is the fluid velocity, ωµ ≡ 1

2 εµναβ uν∂ αuβ is the
vorticity tensor. The transport coefficients for the chiral magnetic effect (CME) [1, 2] ξB and the
chiral separation effect (CSE) ζB are solely determined by the anomaly coefficient and they do not
get further quantum corrections. The universal nature of the anomalous transport coefficients is
checked by various calculation techniques such as the perturbation theory, lattice QCD [3, 4], the
kinetic theory [5, 6, 7], and the hydrodynamics [8]. The derivation of those effects in terms of
hydrodynamics [8] exemplifies the fact that they are macroscopic transport effects. There have also
been experimental efforts to realize those effects as well as theoretical investigations. The CME is
recently detected in Dirac semimetals [9]. There has been on-going vigorous efforts in heavy-ion
collisions experiments to find the evidence of such effects, too.

In the present talk, we will discuss the recent developments in understanding the anomalous
transport effects. Our focus here is particularly on the effects of dynamical electromagnetic fields.
In most cases, the anomalous transport effects including the CME are discussed as a response to
applied fields.

In reality, the generated currents will backreact to the electromagnetic fields and modify them.
The fields and currents have to be treated as a coupled system, and we need a consistent frame-
work describe such a system. We call the low-energy effective theory for this purpose as the chiral
magnetohydrodynamics (MHD). The chiral MHD can be formulated as a derivative expansion, just
as in the ordinary hydrodynamics. Together with the constraint from the second law of thermody-
namics, the constitutive equations for the chiral MHD are derived, that include the chiral magnetic
current.

2. Topology of the magnetic fields and the cChiral anomaly

Before delving into the chiral MHD, let us remind you an interesting relation as to the chiral
anomaly and the topological properties of magnetic fields. The chiral anomaly is represented by
the following equation,

∂µ jµ

A =CAE ·B, (2.1)

If we perform the spatial integration of Eq. (2.1), we obtain

d
dt

[H +HF ] = 0, (2.2)

where we have defined two helicities,

H ≡
∫

d3xAAA ·BBB, HF ≡
2

CA

∫
d3x nA. (2.3)
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We call the former one as the magnetic helicity, and the latter one as the fermionic helicity. Equa-
tion (2.2) says that the sum of two helicities are constant in time, although each of them are not
necessarily conserved. It is well known that the magnetic helicity is a quantity that has the informa-
tion of the topology of the field configuration. We can write the magnetic helicity with topological
invariants as

H = ∑
i

Siϕ
2
i +2∑

i, j
Li jϕiϕ j, (2.4)

when the field consists of magnetic flux tubes. Here, ϕi represents the magnetic flux of the i−th
flux tube, Li j is the Gauss linking number Si is the Călugăreanu self-linking number. [10, 11, 12].
Li j and Si are topological invariants and they do not change values under continuous deformations
of the configuration. The fact that the two helicities can be converted to each other means that, the
presence of massless fermions can change the topology of magnetic fields, which is not possible
without them.

Indeed, one can derive a formula connecting the the topology change of magnetic fields and
CME current [13],

∑
i

∮
Ci

∆JJJ ·dxxx =− e3

2π2 ∆H , (2.5)

where e is the electric charge, where ∆JJJ is the amount of generated CME currents, Ci represent the
center lines of the magnetic flux tubes, and ∆H is the change in magnetic helicity, From Eq. (2.5),
we can conclude that, when the topology of the fields is modified, it has to result in the generation
of CME currents. Such relation can be extended to include the topology of fluid flows [14]. If
magnetic fields or vortex lines are reconnected, we automatically have CME currents, and they are
quantified by Eq. (2.5) (see Fig. 2).

magnetic field
current

Figure 1: CME current generation due to the change of the topology of magnetic fields.

3. Chiral MHD equations

Hydrodynamics is a universal framework to describe systems at low energies. We study the
long-time and long-wavelength dynamics of a chiral plasma , following the conventional logic
of hydrodynamics [15]. We first consider locally equilibrium configurations. Those states are
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parametrized by Lagrange multipliers, {T,uµ ,Bµ ,µA}, where T is the temperature, µA is the chiral
chemical potential, uµ is the fluid velocity.

Here, we did not treat the electric chemical potential µ as a hydrodynamic variable. The reason
is that it is actually not a slow variable. Let us consider the conservation of the electric current,

∂tn+∇ · jjj = 0. (3.1)

If we use the Ohm’s law jjj = σEEE the Gauss law ∇ ·EEE = n, we obtain

∂tn =−σn. (3.2)

This equation indicates that n is damping with the timescale determined by the electric conductivity
σ . For this reason, n is no longer a slow variable.

The equations governing the chiral MHD are given by the energy-momentum conservation,
the Bianchi identity and the anomaly equation as

∂µ T µν = 0 , (3.3)

∂µ F̃µν = 0 , (3.4)

∂µ Jµ

A =CA E ·B , (3.5)

where T µν is the total energy-momentum tensor, and CA = e2/(4π2) is the anomaly coefficient.
We shall express the quantities {T µν ,Jµ

A , F̃
µν} by the hydrodynamic variables, order by order in

the number of derivatives. The zeroth order terms define the ideal chiral MHD. At the zeroth order,
the electric field vanishes, Eµ

(0) = 0. This means that the charge redistribution is fast. We formulate
the chiral MHD as a double expansion in terms of derivatives and the anomaly coefficient.

3.1 Zeroth order

Let us discuss the zeroth order contributions in derivative and the anomaly coefficient. In
general, the energy-momentum tensor, field-strength tensor and the axial current is written as

T µν

(0) = ε uµuν −X∆
µν −Y BµBν , (3.6)

F̃µν

(0) = Bµuν −Bν uµ , (3.7)

Jµ

A(0) = nAuµ , (3.8)

where ∆µν ≡ gµν − uµuν is the spatial projector, and ε is the energy density. The quantities ε ,
X , and Y are functions of the hydrodynamic variables, {T,µA,B2}. We here work in the Landau
frame, and hence we do not have a term ∝ Bµuν in T µν . With the Eqs. (3.6),(3.7) and ((3.8)), the
equations of motions is written as

uν∂µT µν

(0) = ∂τε + ε θ +X θ −Yuν(B ·∂ )Bν = 0 , (3.9)

∂µ F̃µν

(0) = ∂τBµ +Bµ
θ − (B ·∂ )uµ −uµ(∂ ·B) = 0 , (3.10)

∂µ Jµ

A(0) = ∂τnA +nA θ = 0 , (3.11)

where ∂τ ≡ uµ∂ µ and θ ≡ ∂ ·u. The RHS of the anomaly equation is zero at this order. We use the
thermodynamic relation,

dε = T ds+µAdnA +HµdBµ . (3.12)
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Let us rewrite this as
ds = βdε− µ̄AdnA−βHµdBµ , (3.13)

where we introduced β ≡ 1/T and µ̄A ≡ µA/T . Here Hµ is the magnetic field in medium.
We calculate the divergence of the entropy current, Sµ = suµ , which reads

∂ ·S = ∂τs+ sθ

= β∂τε− µ̄A∂τnA−βHµ∂τBµ + sθ

= βθ(−X− ε + sT +µAnA +H ·B)
+β [Hµ −Y Bµ ](B ·∂ )uµ

= 0 .

(3.14)

The entropy has to be conserved at this order. Thus, we should have

X = −ε + sT +µAnA +H ·B≡ p , (3.15)

Hµ = Y Bµ . (3.16)

As a result, we obtain the constitutive relations as

T µν

(0) = ε uµuν − p∆
µν −HµBν , (3.17)

Jµ

A(0) = nAuµ . (3.18)

3.2 First order

Now let us proceed to the next order. The energy-momentum tensor, the axial current and the
electric field now have the first-order contributions,

T µν = T µν

(0) +T µν

(1) , Jµ

A = Jµ

A(0)+ Jµ

A(1), Eµ = Eµ

(1) . (3.19)

We try to find the expressions of the first-order terms, using the second law. The equation of
motions now read

uν∂µT µν = ∂τε +(ε + p)θ +Hν(B ·∂ )uν +uν∂µT µν

(1) = 0 , (3.20)

∂τnA +nA θ +∂ · JA(1) =CAE(1) ·B . (3.21)

∂τBµ +Bµ
θ − (B ·∂ )uµ −uµ(∂ ·B)−∂ν

(
ε

µναβ uαE(1)β

)
= 0 . (3.22)

The divergence of the entropy current, Sµ = suµ +Sµ

(1), reads

∂ ·S = β

(
−uν∂µT µν

(1)

)
− µ̄A

(
−∂ · JA(1)+CAE(1) ·B

)
−βHµ∂ν

(
ε

µναβ uαE(1)β

)
+∂ ·S(1)

= T µν

(1) ∂µ(βuν)− JA(1) ·∂ µ̄A

+E(1)β

(
−CAµ̄ABβ − ε

µναβ
∂µ(βHν)uα

)
,

(3.23)
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where we have set

Sµ

(1) = βuνT µν

(1) − µ̄AJµ

A(1)− ε
µναβ

βHνuαE(1)β . (3.24)

The positivity or the entropy production is assured if the following conditions are met,

T µν

(1) ∂µ(βuν)≥ 0 , (3.25)

−JA(1) ·∂ µ̄A ≥ 0 , (3.26)

E(1)µ

[
−CAµ̄ABµ + ε

µναβ uν∂α(βHβ )
]
≥ 0 . (3.27)

We can satisfy Eqs. (3.25) and (3.26) by introducing the viscosities and diffusion constant as 1

T µν

(1) = η∇
<µuν>+ζ ∇ ·u , (3.28)

where the brackets < .. . > denotes the symmetric and traceless part, and

Jµ

A(1) =−DA∇
µ

µ̄A , (3.29)

with ∇µ ≡ ∆µν∂ν . For Eq. (3.27), we should have[
−CAµ̄ABµ + ε

µναβ uν∂α(βHβ )
]
= X µνE(1)ν , (3.30)

where X µν is a positive semi-definite matrix. Let us introduce a unit vector along the magnetic
field as

bµ ≡ Bµ

√
−B2

, (3.31)

which satisfies bµbµ =−1. Let us decompose the spatial projector as

∆
µν =−bµbν +∆

µν

⊥ , (3.32)

where ∆
µν

⊥ ≡ ∆µν +bµbν . The tensor X µν can be written as

X µν =−β

[
−σ||b

µbν +σ⊥∆
µν

⊥ +σHall ε
µναβ uαbβ

]
, (3.33)

where σ|| and σ⊥ are parallel and perpendicular conductivities, and σHall is the Hall conductivity.
The Hall current does not contribute to entropy production. For simplicity, let us look at the case
σ|| = σ⊥ ≡ σ and σHall = 0. The we obtain the expression for the first-order electric field as

Eµ

(1) =−
1

σβ
ε

µναβ uν∂α(βHβ )+
CAµA

σ
Bµ , (3.34)

The second term on the right in Eq. (3.34) represents the chiral magnetic effect.

1The viscosities and the diffusion constant can be anisotropic in general, because of the existence of the magnetic
field [16, 17, 18, 19, 20]
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Figure 2: Behaviors of collective modes as a function of θ and εA for cs/uA = 0.6.

3.3 Collective excitations

Let us now discuss the properties of collective modes in the chiral MHD. We consider a chiral
fluid with uµ

0 = (1,0,0,0) under a homogeneous magnetic field Bµ

0 . The energy density ε0, and
axial charge density n0

A are also homogeneous. We look at the linear fluctuations around this
background.

In the case of idea MHD, the magnetic field is frozen in to the matter. The fluid and the
magnetic field always move together. There is a wave called the Alfvén mode, which propagates
along the magnetic field. When the wave is propagating along the magnetic field, we can obtain
the dispersion relation of the Alfvén wave modified by the chiral anomaly, as

ω =±uAk||−
i
2

[
(η̄ +λ )k2

||− sεAk||
]
, (3.35)

where εA ≡ CAµA/σ , uA ≡
√

B2/(e+ p+B2) is the Alfvén velocity, η̄ ≡ η/(e+ p+BBB2) is a
rescaled shear viscosity, and s is the helicity of the wave. Helicity-dependent instability appears,
due to the contribution proportional to εA. When µA > 0, the positive helicity modes with k < kc is
unstable, where

kc =
CAµA

1+ η̄σ
. (3.36)

The instability leads to the generation of helical magnetic fields and flow velocities.
In Fig. 2, we have summarized the nature of waves2. There are six modes in total, which are

all massless. The horizontal axis θ represents the angle between the wave vector and the magnetic
field. In the red region, all the waves are stable. In the green blue regions, unstable modes appear.

2In this plot, η = ζ = DA = 0, which corresponds to the small k limit, and a non-relativistic limit is taken where uA
is small.
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The instability found here is in line with the instabilities discussed for chiral plasmas[21, 22].
It would be interesting to investigate the fate of the instability in the hydrodynamic regime.

4. Potentials of chiral MHD

Having formulated the basis of chiral MHD, we are now in position to apply the theory to de-
scribe real-world phenomena. The chiral MHD would be an essential tool to look for the evidence
of anomaly-induced transport effects in heavy-ion collisions. A hydrodynamic model including the
chiral MHD can give an quantitative prediction of the observables.

Description in terms of chiral MHD is also important for early Universe before electroweak
phase transition. The interplay of chiral fermions with dynamical gauge fields leads to a formation
of large-scale magnetic fields like we see in the current Universe. The chiral MHD has the potential
to explain the reason how the large-scale magnetic fields are developed.

It can be applied to recently discovered Dirac/Weyl semimetals, in which the quasiparticles
show relativistic dispersions. Fluid-dynamic behavior of electrons in graphene is experimentally
discovered recently[23]. It opens the possibility of developing new electronic devices utilizing
the fluid-like and anomalous properties of the materials. The anomalous transport effects involve
“chiralities. “ Current semiconductor technology is based on the transport of electric charges. The
chiral transport effects make it possible to use the chirality for information processing. In order
to develop the methods of chirality manipulations, we have to understand the nature of 3D chiral
materials, including its interaction with (polarized) photons. The chiral MHD is an ideal tool for
this purpose.

5. Summary

We have discussed the chiral MHD, which is a low-energy effective theory to describe chiral
plasmas coupled with dynamical electromagnetic fields. The chiral MHD is formulated as a kind
of hydrodynamic expansion, in terms of the number of derivatives and the power of the anomaly
coefficient. The second law of thermodynamic provides us with additional constraints. The CME
current naturally arises in the first-order contribution to the constitutive equation of the electric
field. We find an instability that leads to the generation of helical magnetic fields and flow veloci-
ties.
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