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struct a relativistic chiral kinetic theory using the world-line formulation of quantum field theory.
We outline how Berry’s phase arises in this framework, and how its effects can be clearly distin-
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matched to classical statistical simulations at early times and to anomalous chiral hydrodynamics
at late times.
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1. Introduction

Experimental searches for messengers of CP- and P-odd phenomena in ultra-relativistic heavy
ion collisions have aroused much interest and are a prime motivation for significant theoretical
effort in this area in recent years. Topological sphaleron transitions [1, 2, 3, 4, 5] were first conjec-
tured to exist in the context of electroweak baryogenesis where they were inferred to be responsible
for the matter-antimatter asymmetry in the universe [6, 7, 8, 9]. In QCD, these topological transi-
tions generate a Chiral Magnetic Effect [10, 11, 12] in heavy-ion collisions, whereby a combination
of CP- and P-odd effects and strong external (Abelian) magnetic fields can lead to correlations be-
tween charged particles [12, 13]. However the short lifetime of the external magnetic fields [14, 15]
suggests that the CME is largest during the early stages of a collision where the system is far off-
equilibrium. The matter at these early times is a strongly correlated "Glasma"-state [16, 17, 18]
formed from the decay of highy occupied Color Glass Condensates [19, 20, 21] and its dynamics is
captured by ab initio classical-statistical real time lattice simulations [22, 23, 24]. These methods
can be extended to compute off-equilibrium sphaleron rates in the Glasma [25], which are seen to
be significantly larger than the rate of sphaleron transitions in the thermalized Quark-Gluon Plasma
[26].

First simulations of dynamical fermions in the gauge fields generating these sphaleron transi-
tions show unambiguously that a CME develops in the presence of the external magnetic field [27,
28, 29]. The classical-statistical framework breaks down when occupancies decrease below unity
due to the expansion of the overoccupied Glasma. In this dilute regime, the results of real-time
lattice simulations must be understood as providing the initial conditions for kinetic descriptions
for a weakly coupled dynamical fluid of quasi-particles. Following the space-time evolution of
the CME therefore requires that one develops a Boltzmann transport theory for relativistic chi-
ral fermions which also accounts for its interactions with the topological transitions in the evolv-
ing fluid. Such an ab initio framework is of the utmost importance for systematic analyses of
the CME phenomenology, since it can be matched at later times to (anomalous) hydrodynamics
[30, 31, 32, 33, 34, 35, 36]. Several suggestions for a chiral kinetic theory have been made, uti-
lizing models of point particles with a Berry monopole [37]; the latter has been shown to arise in
an adiabatic limit for either massive nonrelativistic particles or for massless relativistic particles
with a large chemical potential [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50]. This frame-
work can be extended to construct an "anomalous Bödeker theory" [51, 52], which can then be
matched to classical-statistical simulations at early times in heavy-ion collisions and to anomalous
hydrodynamics at late times. It is not clear that early time dynamics in heavy-ion collisions re-
spects these asymptotics and that the inclusion of a Berry term in kinetic descriptions is justified in
this context. On the other hand, the physics of the chiral anomaly is ubiquitous and it is essential
that chiral kinetic theory frameworks incorporate this physics. An important development is due
to [53, 54, 55, 56, 57], highlighting the possible applicability of such frameworks to astrophysical
situations [58, 59, 60].

In this talk, we will give an overview of our recent work [61, 62] in developing a con-
sistent Lorentz covariant transport theory within the world-line approach to quantum field the-
ory [63, 64, 65, 66, 67, 68, 69, 70, 71]. A central ingredient, going back to seminal work by Berezin
and Marinov [72] and related contemporaneous work [73, 74, 75, 76, 77, 78, 79, 80, 81, 82] is the
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description of spin, color and other internal symmetries via Grassmann variables. The outline of
the manuscript is as follow. In section 2, we will give a short overview over the world-line repre-
sentation of the one-loop effective action for fermions. Subsequently, we connect the emergence
of the chiral anomaly to the existence of fermionic zero modes in the world-line path integral. In
section 3, we show systematically how Berry’s phase arises in our framework. Our explicit com-
putation clearly demonstrates that the topology of the chiral anomaly and that of Berry’s phase
are distinct and should not be confused with each other. For instance, the latter vanishes when we
relax the adiabaticity assumption while the former is robust. In section 4, we outline the elements
of a many-body phase space description for relativistic fermions, wherein spin is represented by
anti-commuting Grassman coordinates.

2. World-line formalism

We will briefly here review the world-line representation of quantum field theory and refer the
reader to [61, 62] for more details. We shall restrict ourselves to QED; the extension to QCD is
straightforward. The Euclidean action for massless Dirac fermions in a background vector field A
and an auxilliary axial-vector field B is

S[A,B] =
∫

d4x ψ̄
(
i/∂ + /A+ γ5/B

)
ψ , (2.1)

The fermion one-loop effective action is given by the fermion determinant −W [A,B] = logdet(θ),
which can be split into a real and and an imaginary part, the latter corresponding to the phase of the
determinant. This phase is well known to be responsible for the chiral anomaly [83, 84]. Remark-
ably, one can obtain heat-kernel expressions for both the real and the imaginary part of the effective
action in the world-line formalism [85, 86], which are expressed through quantum mechanical path
integrals of a set of bosonic (xµ ) and anticommuting Grassmann variables (ψµ ,ψ5,ψ6) quantized
on a closed loop. The real part of the effective action in this formalism can be expressed as

WR =
1
8

∞∫
0

dT
T

N
∫
P

Dx
∫

AP

Dψ trexp
{
−

T∫
0

dτ L (τ)
}
. (2.2)

where the point particle Lagrangian, L = diag(LL,LR), is given by

LL/R =
ẋ2

2ε
+

1
2

ψaψ̇a− iẋµ(A±B)µ −
iE
2

ψµψνFµν [A±B] , (2.3)

with a = 1, · · · ,6. Here ε is an einbein parameter related to the reparametrization invariance of the
world-line. The imaginary part of the effective action can likewise be expressed as a path integral
with the same point particle Lagrangian, but with a few key differences. Firstly, the imaginary
part of the effective action contains a trace insertion which turns the anti-periodic boundary condi-
tions for the Grassmann variables ψ into periodic ones, thus being responsible for the existence of
fermionic zero modes. Further, this part of the effective action contains an integral over a variable
α which has the limits±1. The point particle Lagrangian is identical to that in Eq. (2.3) except that
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B→ αB. For α 6= ±1, the imaginary part of the effective action violates chiral symmetry explic-
itly. The anomaly relation can be computed directly by varying the imaginary part of the effective
action with respect to B and subsequently setting B = 0:

∂µ〈 j5
µ(y)〉 ≡ ∂µ

iδWI
δBµ(y)

∣∣∣
B=0

=− 1
16π2 ε

µνρσ Fµν(y)Fρσ (y) . (2.4)

Details of these derivations are worked out in [61, 62]. Our result clearly shows that the chiral
anomaly arises from fermionic zero modes, that uniquely contribute to the imaginary part of the
effective action and are absent in the real part of the effective action.

3. Berry’s phase from the real part of the fermion effective action

In this section, we will investigate the consequences of taking the limit of large masses or
large chemical potential in the real part of the effective action and show how Berry’s phase further
arises in an adiabatic approximation. This cleanly illustrates that the topology of Berry’s phase
is unrelated to that of the anomaly, as argued previously by Fujikawa and collaborators in more
specialized contexts [87, 88, 89].

We will first continue the world-line Lagrangian in Eq. (2.3) to Minkowskian metric g =

diag(−,+,+,+). To ensure that excitations follow the correct spectrum dictated by the Dirac
equation, we introduce the so-called helicity constraint ẋµ ψµ

2E +mψ5 = 0 and a corresponding anti-
commuting Lagrange multiplier. Generalizing our discussion to the case of a massive fermion, and
assuming proper time gauge, τ = ct

√
1− (v/c)2,

√
−ż2 = 1, where ż2 = (dxµ/dτ)2, we find [62]

L =−mR cz
2

(
1+

m2

m2
R

)
+

i
2
(ψψψψ̇ψψ−ψ0ψ̇0)+

ẋµAµ(x)
c

− iz
mR c

ψ
0F0iψ

i− iz
2mR c

ψ
iFi jψ

j , (3.1)

where m2
R = m2 + iψ ·F ·ψ . To take the nonrelativistic limit, we expand the action S =

∫
dτL =∫

dt c
√

1− (v/c)2L in powers of (v/c)2, to obtain

LNR =−mc2 +
1
2

mvvv2 +
i
2
(ψψψψ̇ψψ−ψ0ψ̇0)−A0 +

vvv
c
·AAA+

SSS · (
[
vvv/c−AAA/(mc2)

]
×EEE)

mc
+

SSS ·BBB
m

+O

(
v3

c3

)
.

(3.2)

The corresponding Hamiltonian is familiar to us from atomic physics:

H ≡ mc2 +

(
ppp− AAA

c

)2

2m
+A0(x)−

SSS · (
[
vvv/c−AAA/(mc2)

]
×EEE)

2mc
− BBB ·SSS

m
. (3.3)

A similar expression is found for the case of a large chemical potential µ�m, where the chemical
potential takes over the role of the mass in Eq. (3.3). The world-line path integral for the real part
of the fermion effective action in the nonrelativistic adiabatic limit can be simplified to read as

WR =
∫

DxD p exp
(

i
∫

dt
[
ẋ ·p− H̃

])
, (3.4)

with H̃ = mc2 + (ppp−AAA/c)2

2m +A0(x)− ṗ ·A (ppp). The last term includes the well known Berry phase
A (ppp) ≡−i〈ψ+(ppp)|∇∇∇p|ψ+(ppp)〉. In deriving this expression, the adiabatic assumption consisted of
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assuming that the particle’s spin was slaved to the direction of the magnetic field and that spin flips
are suppressed. Comparing Eq. (3.4) to the results of [38, 39, 40, 41], we should note a few points:
While the emergence of the anomaly was tied to the existence of a Berry phase in [38, 39, 40, 41],
we see here that we can recover the very same Berry monopole from the real part of the effective
action while the anomaly is tied to the imaginary part. As stated earlier, our results agree with
observations made by Fujikawa and collaborators in more specific contexts [87, 88, 89, 90].

4. Towards Chiral Kinetic Theory

The world-line approach has been employed previously [67] for spinless colored particles to
derive the Bödeker effective kinetic theory for finite temperature QCD [51, 52]. Starting from
the Schwinger-Keldysh formulation of the world-line approach, a quasi-classical many-body de-
scription of point particles was obtained by taking the saddle point of the world-line action. The
initial density matrix in the Schwinger-Keldysh (SK) formulation thus represents a stochastic en-
semble of classical phase space configurations. For the case of spin, the first step is to identify
the extended semi-classical phase space to include spinning degrees of freedom; this is analo-
gous to the case of colored particles where the phase space was extended to include their color
charge. The natural variables in the spinning case are the Grassmannian variables ψ . This gives us
(xµ ,Pµ)→ (xµ ,Pµ ,ψµ ,ψ5); as discussed previously in [62], ψ6 is not dynamical and is therefore
dropped.

The dynamics underlying the microscopic phase space distribution for N particles f (x,P,ψ) is
governed by the many-body Hamiltonian,

H =
ε

2
(
P2 +m2 + iψµFµνψ

ν
)
+

i
2
(
Pµψ

µ +mψ5
)

χ (4.1)

where Pµ ≡ pµ −Aµ and summation over all particles is implied. In this expression, ε is a com-
muting Lagrange multiplier ("einbein") enforcing the mass shell condition while χ is an anti-
commuting Lagrange multiplier related to the Dirac equation. Both represent gauge parameters
with respect to first class constraints and must be fixed before extracting physical results. The
dynamics of the system can be understood from the Liouville equation [61]

0 = { f ,H}= f
( ←−

∂

∂xµ
ẋµ +

←−
∂

∂Pµ
Ṗµ +

←−
∂

∂ψµ
ψ̇

µ +

←−
∂

∂ψ5
ψ̇5

)
, (4.2)

where

Ṗµ = εPαFµα − iε
2

ψ
α

∂
µFαβ ψ

β +
i
2

Fµα
ψα χ , (4.3)

ẋµ = εPµ +
i
2

ψ
µ

χ , (4.4)

ψ̇
µ = εFµα

ψα +
Pµ

2
χ , (4.5)

ψ̇5 =
m
2

χ . (4.6)

These equations of motion are generalizations [76] of the Bargmann-Michel-Telegdi (BMT) equa-
tions [91] for spinning particles. For QCD, their equivalents are the Wong equations [92].
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Important conceptual issues must be addressed in order to turn this Liouville equation into a
transport theory for fermions whereby both effects of the chiral anomaly and of particle scattering
are accounted for. Firstly, since it is impractical to follow every single phase space trajectory
via Eq. (4.2), a stochastic approach must be developed that converts the microscopic phase space
distribution f into a macroscopic one-particle probability distribution f̄ . Such an analysis should
yield the scattering terms in the generalized Boltzmann equation for f̄ . The Wigner transform
of the initial density matrix in the SK path integral represents a Gibbs ensemble of phase space
distributions in the saddle point limit. This motivates the definition of the distribution functions as

f ≡ 〈 f 〉+δ f = f̄ +δ f (4.7)

and similarly for the gauge fields within the SK path integral:

Aµ ≡ 〈Aµ〉+δAµ = Āµ +δAµ . (4.8)

For QED, this also implies Fµν = F̄µν +δFµν . Taking into consideration the fact that the Liouville
equation is embedded in the SK path integral, it can be split into separate contributions for the
background and fluctuations. The former is given by

f̄
( ←−

∂

∂xµ

[
εPµ +

i
2

ψ
µ

χ

]
+

←−
∂

∂Pµ

[
εF̄µαPα −

iε
2

ψ
α

∂
µ F̄αβ ψ

β

+
i
2

F̄µα
ψα χ

]
+

←−
∂

∂ψµ

[
εF̄µα

ψα +
Pµ

2
χ

]
+

←−
∂

∂ψ5

[m
2

χ

])
=C[δ f ,δF ] , (4.9)

where

C[δ f ,δF ]≡−ε〈δ f
←−
∂

∂Pµ
δFµα〉Pα − ε〈δ f

←−
∂

∂ψµ
δFµα〉ψα +

iε
2
〈δ f

←−
∂

∂Pµ
∂

µ
δFαβ 〉ψα

ψ
β

− i
2
〈δ f

←−
∂

∂Pµ
δFµα〉ψα χ . (4.10)

The equation for the fluctuations δ f is in general a complicated expression involving products of
δ f and δFµν to higher orders. It serves as a generating functional for equations for higher moments
of fluctuations, resulting in an infinite hierarchy of coupled equations, analogous to the BBGKY
hierachy [93, 94, 95]. As noted previously, since classical-statistical simulations are sufficient to
describe single particle distributions for f̄ ≥ 1, we can simplify the above to consider the dilute
limit of δ f � f̄ / 1, where the collision term for the equation for fluctuations is sub-dominant.
Therefore keeping only linear terms in both δ f and δFµν , we obtain the evolution equation for δ f
to be

δ f
( ←−

∂

∂xµ

[
εPµ+

i
2

ψ
µ

χ

] ←−
∂

∂Pµ

[
εF̄µαPα −

iε
2

ψ
α

∂
µ F̄αβ ψ

β

+
i
2

F̄µα
ψα χ

]
+

←−
∂

∂ψµ

[
εF̄µα

ψα +
Pµ

2
χ

]
+

←−
∂

∂ψ5

[m
2

χ

])
= K[δF ] , (4.11)

where

K[δF ]≡− f̄
( ←−

∂

∂Pµ

[
εδFµαPα −

iε
2

ψ
α

∂
µ

δFαβ ψ
β +

i
2

δFµα
ψα χ

]
+

←−
∂

∂ψµ

[
εδFµα

ψα

])
.

(4.12)
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The coupled set of equations Eq. (4.9) and Eq. (4.11) constitute the key ingredients of the chiral
kinetic theory that we wish to construct. Much work remains to flesh out the structure of these
equations and write them down in a fashion that is of practical use. This work is in progress.

Missing from our preceding kinetic theory discussion is the contribution from the chiral anomaly,
which was the principal motivation for this work. However we know how to include the anomaly
in the SK framework since its contribution is contained in the fermion zero modes in the SK path
integral. Finally, since the Liouville equation must be evaluated inside the world-line path integral,
it is beneficial to split the distribution function f into distributions for positive and negative chiral-
ities. In the case of chiral fermions, the Hamiltonian in Eq. (4.1) is modified to include the Weyl
constraints

1
2
(γ · p)(1± γ

5)Ψ = 0 . (4.13)

The conservation and non-conservation of chiral distribution functions can then be understood
easily when the above discussion is generalized to the case of chiral Weyl fermions. Work in this
direction is promising and will be reported on separately.
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