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It seems possible to understand very low temperature QCD in terms of a pion gas, and very

high temperature QCD in terms of a weakly-coupled quark-gluon gas. It seems likely that the two

pictures become more and more complicated as they are extended towards the cross over between

these regimes. The QCD cross over region is not understood except through lattice computations.

This is part of a series of works aimed at understanding some aspects of the physics here. An earlier

part was reported in [1], and that, as well as the material in this talk is included in [2].

We can start by restricting our attention to a small region around a temperature T0, and asking

whether we can understand amplitudes with all momenta p ≪ T0. If we are interested only in

flavoured amplitudes, then it may be sufficient to write an effective field theory model in terms of

quarks. Keeping all terms up to dimension 6 which are invariant under spatial rotations, and the

flavour symmetry of N f = 2 QCD, with C, P and T invariance gives the Lagrangian density

L = d3T0ψψ +ψ /∂ 4ψ +d4ψ /∂ iψ +L6 where

L6 = +
d61

T 2
0

[

(ψψ)2 +(ψiγ5τaψ)2
]

+
d62

T 2
0

[

(ψτaψ)2 +(ψiγ5ψ)2
]

+
d63

T 2
0

(ψγ4ψ)2 +
d64

T 2
0

(ψiγiψ)2 +
d65

T 2
0

(ψγ5γ4ψ)2 +
d66

T 2
0

(ψiγ5γiψ)2

+
d67

T 2
0

[

(ψγ4τaψ)2 +(ψγ5γ4τaψ)2
]

+
d68

T 2
0

[

(ψiγiτaψ)2 +(ψiγ5γiτaψ)2
]

+
d69

T 2
0

[

(ψiSi4ψ)2 +(ψSi jτaψ)2
]

+
d60

T 2
0

[

(ψiSi4τaψ)2 +(ψSi jψ)2
]

(1)

The iso-spin generators are τa, and conventions for the Euclidean Dirac matrices are given in [2].

Even though this has many more couplings, the mean field theory is very similar to that of the

NJL model [3]. One of the new ingredients is that there is a difference between pole and screening

masses [1, 2]. Including this, there turn out to be three independent couplings in the mean field

theory. We find, as expected, a cross over between two phases: one with chiral symmetry broken

and the other with the symmetry restored. We can choose T0 to be the temperature at the critical

point in the chiral limit.

In order to fix the parameters of the model, it turns out to be useful to first examine fluctuations

around the mean-field theory in the symmetry broken low-temperature phase. As long as fluctua-

tions in the magnitude of the chiral condensate can be neglected, it is the chiral angular fluctuations

corresponding to pions which need to be examined. These can be parametrized as

ψ → eiπaτaγ5/(2 f )ψ and ψ → ψeiπaτaγ5/(2 f ), (2)

where πa correspond to pion fields (a is an isospin index), and, in this context, f is the finite-

temperature analogue of the pion decay constant.

The pion effective action up to all fourth order terms can be written as

L f =
c2T 2

0

2
π2 +

1

2
(∂0π)2 +

c4

2
(∇π)2 +

c41

8
π4. (3)

All three dimensionless couplings, and the parameter f in eq. (2) can be obtained by integrating

out the fermions. We do this to one-loop order. This relates these 4 parameters above to three
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couplings in the fermion effective action. Additional information about the location of the cutoff

is also used to tune the parameters of the fermion theory. As a result, only two of the parameters

of the pion theory are independent; we choose these to be c2 and c4. In [4], a similar action was

postulated with c41 set to zero. There c2T 2
0 was identified with the pion pole mass, and c4 with the

square of the pion “velocity” u2.

This extremely simple model is fitted to a two-flavour lattice simulation [5]. Assuming that

the parameters of the fermion effective action are independent of the temperature and quark mass

in a small range of temperature around the cross over, one finds that the chiral critical point is at

T0 = 170± 6 MeV. This agrees with the preliminary estimate for N f = 2 given in [6]. There is a

mismatch of notation between the lattice computation in [5] and the notation used in [2] which is

explained in the latter. In the notation of the latter, the comparison of the effective model and the

lattice is shown in Figure 1.
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Figure 1: Comparison of the effective model with lattice measurements. The parameters are fixed by the

pion screening mass, Mπ , and
√

c4 as measured at one temperature (shown with filled symbols). Everything

else is a prediction of the model. There is an interesting rough match between the model and the results of

the lattice computation. Future measurements of pion 4-point functions could yield c41.

The pleasantly reasonable agreement between data and the effective theory shows that it may

be possible to understand physics in the region of the QCD cross over, at least for very small

momenta, in terms of few degrees of freedom. This encourages us to extend this computation to

real time, a study whose results will be reported later.
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