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Rare FCNC radiative leptonic decays B → γℓ+ℓ−
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We present our recent results [1] for long-distance QCD effects in the flavour-changing neutral
current radiative leptonic decays B → γℓ+ℓ−, ℓ= {e,µ}. One encounters here two distinct types
of long-distance effects: those encoded in the B → γ transition form factors induced by the b → q
quark currents, and those related to the charm-loop effects.
We calculate the B → γ form factors in a broad range of the momentum transfers making use of
the relativisitc dispersion approach based on the constituent quark picture which has proven to
provide reliable predictions for many weak-transition form factors.
Concerning the description of the charm-loop contributions, we point out two observations: First,
the precise description of the charmonium resonances, in particular, the relative phases between
ψ and ψ ′, has impact on the differential distributions and on the forward-backward asymmetry,
AFB, in a broad range of q2 ≥ 5 GeV2. Second, the shape of AFB in B → γℓ+ℓ− and in B →V ℓ+ℓ−

(V the vector meson) in the q2-region between ψ and ψ ′ provides an unambiguous probe of the
relative phases between ψ and ψ ′. Fixing the latter will lead to a strong reduction of the theoretical
uncertainties in AFB at q2 = 5−9 GeV2 where it has the sensitivity to physics beyond the SM.
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1. Motivation

Rare b → q (q = d,s) transitions proceed through flavor changing neutral currents (FCNC)
forbidden at tree level in the Standard Model. Because of possible contributions of new particles
to the loops, the corresponding decays may be sensitive to physics beyond the Standard Model.
Presently, a number of tensions between the predictions of the Standard Model and the experimental
measurements in weak B-decays, e.g. in B → Kℓ+ℓ− and B → K∗ℓ+ℓ− at the level of 2−3σ have
been reported (see e.g. [2] and references therein). If these deviations are confirmed at a larger
statistics, other FCNC B-decays, such as rare radiative leptonic Bs,d → γℓ+ℓ− decays may provide
important complementary information on deviations from the SM. Our analysis [1] focuses on
long-distance QCD effects in radiative leptonic B-decays which have a rich and a complicated
structure. In this report we present some of the essential results from [1].

2. Theoretical basics

The FCNC b → q transitions are described by the effective Hamiltonian [3]

Hb→q
eff =

GF√
2

V ∗
tqVtb ∑

i
Ci(µ)Ob→q

i (µ), (2.1)

where GF is the Fermi constant, Ci are the Wilson coefficients and Oi are the basis operators of this
expansion. The Wilson coefficients contain the short-distance effects describing the contributions
of “heavy” degrees of freedom—t-quarks and W - and Z-bosons—in the loops. The operators Oi

involve the “light” degrees of freedom such as b, c and the light quarks, the leptons, and the photon.
Whereas the heavy degrees of freedom have been integrated out, the light degrees of freedom
remain dynamical and propagate in the loops.

One encounters two kinds of long-distance QCD effects in rare radiative B-decays: (i) those
encoded in the B → γ transition form factors of the basis operators in (2.1) and (ii) those related to
the virtual u and c quarks in the loops. A serious challenge is related to the theoretical description of
c-quark loops which lead to the appearance of the narrow charmonium resonances in the physical
region of B-decays.
(i) The transition form factors are defined as follows [4, 5]1:

⟨γ∗(k, ε)|s̄γµγ5b|B̄s(p)⟩ = i eε∗
α
(
gµα k′k− k′αkµ

) FA(k′2,k2)

MBs

,

⟨γ∗(k, ε)|s̄γµb|B̄s(p)⟩ = eε∗
α εµαk′k

FV (k′2,k2)

MBs

, (2.2)

⟨γ∗(k, ε)|s̄σµνγ5b|B̄s(p)⟩k′ν = eε∗
α
(
gµα k′k− k′αkµ

)
FTA(k′2,k2),

⟨γ∗(k, ε)|s̄σµνb|B̄s(p)⟩k′ν = i eε∗
αεµαk′kFTV (k′2,k2).

The form factors are functions of two variables, k′2 and k2, where the momentum k′ is emitted from
the b → s weak transition current, whereas the momentum k is emitted by one of the valence quarks
of the B-meson.

1Our notations and conventions are: γ5 = iγ0γ1γ2γ3, σµν = i
2 [γµ ,γν ], ε0123 = −1, εabcd ≡ εαβ µν aα bβ cµ dν , e =√

4παem.
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There are two distinct types of form factors necessary for the description of the B → γℓ+ℓ−.
Fig. 1 shows diagrams describing amplitudes of the first type: the real photon is emitted by the
valence quarks of the B-meson, whereas the virtual photon is emiited from the weak-transition
vertex. These amplitudes correspond to k2 = q2 and k2 = 0. An essential feature of the form
factors F(q2,0) is the absence of hadron singularites in the physical region of the radiative decay
0 < q2 < (MB − 2ml)

2. The properties of the corresponding form factors have been discussed in
[4] where a realistic parametrization of these form factors have been proposed. This form-factor
model has been applied to the description of B → γℓ+ℓ− decays in [5]. In [6], the form factors
FA,V (q2,0) have been studied in more detail, making use of the relativistic dispersion approach
based on the constituent quark picture [7], which proved to provide a reliable description of a large
class of weak-transition form factors [8]. The spectral representations for FA,V (q2,0) in terms of
the B-meson wave function were derived and reliable numerical estimates were obtained. Ref. [1]
extends the analysis of [6]: it calculates also the form factors FTA,TV (q2,0) within the dispersion
approach and provides the numerical results for these quantities.

B
b

d d

b b

B
d

B
b

d d

b b

B
d

Figure 1: Diagrams, corresponding to the case when the real photon is emitted by the valence quark of
the B-meson and the lepton pair is coupled to the weak effective vertex. Red blobs denote the four-fermion
operators and green blobs correspond to the electromagnetic penguin operator.

Another type of contributions corresponds to the real-photon emission from the FCNC pen-
guin, whereas the virtual photon is emitted by the valence quark (Fig. 2). These diagrams lead to
the form factors FTA,TV (0,q2). The diagram of Fig. 2(b) is easy as it does not contain hadron sin-
gularities in the physical decay region: the nearest singularity in the q2 channel lies at q2 = M2

ϒ, i.e.
far beyond the physical region. On the contrary, the diagram of Fig. 2(a) involves the light vector
mesons in the physical region. For the description of this amplitude, a gauge-invariant version of
vector meson dominance is used. Further details of the calculation can be found in [5].

B
b

d d b b

B
d

Figure 2: Diagrams, corresponding to the case when the real photon is emitted from the effective weak
vertex, while the virtual one is emitted from the valence quark of the B-meson

.
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3. Charming loops

A serious problem is posed by the contributions of four-quark operators from the effective
Hamiltonian, which generate the u- and the c-quark loops. Crucial is the contribution of the charm
loops as the narrow charmonium states appear in the physical decay region.

In the factorization approximation (i.e. neglecting gluon exchanges between the B-meson
valence-quark loop and the c-quark loop attached to the photon) the contribtions of a vector char-
monium state may be unambiguously calculated [9, 10]: the contribution of any vector resonance
is positive-defined and is given via its decay constant fv. However, as is well-known, the factor-
ization approximation leads to the B → K∗ψ and B → K∗ψ ′ amplitudes strongly underestimating
the known B → K∗(ψ,ψ ′) rates. Therefore, nonfactorizable gluons yield the dominant contribu-
tion, at least in the q2 regions near ψ and ψ ′. In [11], the nonfactorizable gluon exchanges have
been calculated at q2 ≪ 4m2

c ; it was then concluded that the extrapolation to larger q2 of the full
amplitude—the sum of factorizable and nonfactorizable contributions—suggests an opposite sign
of the ψ and ψ ′ contributions to the B → K∗ℓ+ℓ− amplitude, such that the full ψ ′ contribution
is negative. Because of the similarities between the amplitudes of the processes with the neutral
vector meson and the photon in the final state, the same pattern of the ψ and ψ ′ contributions in
B → γℓ+ℓ− would be a reasonable assumption.

Since the conclusion about the opposite-sign phases of ψ and ψ ′ is based on the extrapolation,
it would be useful to have also alternative checks of this statement. The LHCb collaboration studied
the relative phase between the ψ and ψ ′ in the B → Kℓ+ℓ− decays and reported that the similar-
phase and the opposite-phase cases cannot be discriminated using the available data [12].

We therefore consider two different possibilites: the same-phase and the opposite-phase ψ
and ψ ′ contributions.2 We will show that the behaviour of the forward-backward asymmetry AFB

in B→ γℓ+ℓ− and in B→V ℓ+ℓ− decays in the q2-range between ψ and ψ ′ provides an unambiguos
probe of the relative phases of these vector charmonia contributions.
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Figure 3: The differential branching ratio dΓ/dq2 and the forward-backward asymmetry AFB(q2) for B̄s →
γµ+µ− in the range q2 = [2,9] GeV2. Blue line - the description of ψ and ψ ′ from [9]; orange line - the
description from [9] with the ψ ′ phase reversed; green line - the description of ψ and ψ ′ from [11].

2We emphasize that after nonfactrizable gluon exchanges are taken into account, the pattern of the ψ and ψ ′ contri-
butions in B →V ℓ+ℓ− and in B → Pℓ+ℓ− decays may well differ from each other.
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4. Numerical Results

We now present our numerical results for B̄s → γℓ+ℓ−. Fig. 3 shows the differential distribu-
tions in B̄s → γµ+µ− decays for three different ways of describing the ψ and ψ ′ contributions. In
the region q2 = 5−9 GeV2, where the asymmetry has a zero point, the distributions are sensitive
to the details of the description of charmonia contributions.

Fig. 4 gives AFB in a broad range of q2, including the charmonia region. Obviously, the shape
of AFB in the region between ψ and ψ ′ is particularly sensitive to the relative sign between these
states.

Table 1 summarizes our numerical predictions for the branching ratios. We present the branch-
ing ratios integrated over two different regions: over the range q2 ∈ [1;6]GeV2, which does not
include any resonance, and over the whole range of the invariant mass of the lepton pair. In the
latter case we include the contributions of the light vector mesons and the vector charmonia using
a simple Breit-Wigner formula [9].
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Figure 4: Forward-backward asymmetries for B̄s → γµ+µ−. Blue line - the description of ψ and ψ ′ from
[9]; orange line - the description from [9] with the ψ ′ phase reversed.

Table 1: Our results for the branching ratios of B̄d,s → l+l−γ decays for different ranges of q2: for q2 ∈
[1;6]GeV2 and for the full range. The value of the photon energy cut is 500MeV

q2-range [1;6]GeV2 Full
Br (B → e+e−γ) × 1010 0.12 4.6
Br (B → µ+µ−γ) × 1010 0.12 1.5
Br (Bs → e+e−γ) × 109 0.76 18.4
Br (Bs → µ+µ−γ) × 109 0.73 11.6

5. Conclusion

We presented the outcomes of our resent study of B → γℓ+ℓ− decays in the SM. The emphasis
of our analysis was laid on the long-range QCD contributions to the B → γℓ+ℓ− amplitude. It
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should be emphasized that radiative leptonic decays have a more complicated structure of long-
distance effects compared to rare FCNC semileptonic decays.

Our main findings may be summarized as follows:

1. We obtained predictions for the B → γ tranition form factors within the relativistic dispersion
approach based on the constituent quark picture. Our numerical estimates correspond to the pa-
rameters of the meson wave functions updated according to the latest values of the decay constants
of pseudoscalar and vector mesons. Comparison with the available results from other approaches
suggest the accuracy of our predictions at the level of about 10%.

2. We studied in detail long-distance effects related to charm loops. Making use of different pre-
scriptions of the ψ and ψ ′ phases, we observed a sizeable sensitivity of the differential distributions
and the forward-backward asymmetry in the region q2 = 5− 9 GeV2 to the sign of the ψ ′ contri-
bution to the amplitude. We point out that the experimental measurement of the shape of AFB in
B → V ℓ+ℓ− or in B → γℓ+ℓ− decays in the q2-region between ψ and ψ ′ provides a clean probe
of the relative ψ and ψ ′ phases. As soon as the latter are fixed, the forward-backward asymmetry
AFB in the region of q2 = 5−9 GeV2, where it has a sensitiity to the extentions of the SM, may be
reliably calculated and used for the search of the new physics effects.
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