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1. Introduction

Neutrino interaction with matter is at the heart of many interesting and relevant physical pro-
cesses in astrophysics, nuclear physics, hadron physics and also physics beyond the Standard Model
(SM). Neutrino- and antineutrino-induced single pion production off the nucleon account for the
dominant contribution to the inclusive (anti)neutrino-nucleus cross section in the relevant energy
regime of several experiments. However, at low energies, study of the chiral dynamics of weak
single pion productions has been rare. The systematic application of chiral perturbation theory
(ChPT) to neutrino-induced pion production beyond leading-order (LO) tree level amplitudes are
not well investigated. To our knowledge, it is limited to several low-energy theorems that have
been derived for weak pion production, including one-loop corrections, using the heavy-baryon
formalism [1]. We report here the first systematic study of weak pion production up to next-to-
next-to-leading order (NNLO) in covariant ChPT with nucleons and ∆(1232). The information
gathered in the study in pion production with electromagnetic probes and pion-nucleon scattering
within the same framework provides valuable input for weak pion production. By construction, the
amplitudes obtained in ChPT fulfill perturbative unitarity and Watson’s theorem. As emphasized
in Ref. [1], ChPT brings about corrections to the axial current that cannot be derived using PCAC.
Furthermore, unlike most phenomenological models, it does not require ad hoc assumptions about
the form factors to enforce the (partial) conservation of the (axial) vector current [2]. The predic-
tive power of ChPT calculations is limited to the threshold region but nonetheless they can be very
valuable for the neutrino cross-section program [3] as a benchmark for phenomenological models
that aim to describe weak pion production in wider energy regions.

In this proceeding, I will review the study of weak pion production in Baryon ChPT (BChPT)
based on our works [4, 5].

2. Electroweak interactions in the Standard Model

After spontaneous breaking of the SU(2)×U(1) gauge symmetry through a Higgs mechanism,
the Lagrangian of electromagnetic and weak interaction in the Standard Model (SM) reads

LEW =−eJµ

EMAµ −
g

2cosθW
Jµ

NCZµ −
g

2
√

2
Jµ

CCW+
µ +h.c. , (2.1)

where Jµ

EM, Jµ

NC and Jµ

CC are the electromagnetic (EM) current, weak neutral current (NC) and
charged current (CC), in order. The weak coupling g and the strength of EM interaction e are
related by the weak angle θW via sinθW = e/g. Furthermore, cosθW = MW/MZ , where MW and
MZ are the masses of the W± and Z bosons, respectively.

The interactions between leptons and the gauge bosons are obtained by expressing the corre-
sponding currents in the following form,

Jµ

EM = l̄iγµ li , i = e,µ,τ,

Jµ

CC = ν̄iγ
µ(1− γ5)li ,

Jµ

NC =
1
2

l̄iγµ(gV −gAγ5)li +
1
2

ν̄iγ
µ(1− γ5)νi , (2.2)
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where the NC couplings of charged leptons are given by

gV =−1+4sin2
θW , gA =−1 . (2.3)

Likewise, quarks are coupled to the gauge boson through the way

Jµ

EM =
2
3

q̄uγ
µqu−

1
3

q̄dγ
µqd ,

Jµ

NC = q̄uγ
µ

[
1
2
−
(

2
3

)
2sin2

θW −
1
2

γ5

]
qu + q̄dγ

µ

[
−1

2
−
(
−1

3

)
2sin2

θW +
1
2

γ5

]
qd ,

Jµ

CC = q̄uγ
µ(1− γ5)cosθC qd , (2.4)

where we have restricted ourselves to the u and d quarks and θC ' 13◦ is the Cabibbo angle. The
above currents in the quark sector can be rewritten in terms of vector and axial-vector currents,
which are defined by

V µ
a ≡ q̄γ

µ τa

2
q , a = 0,1,2,3 ,

Aµ
a ≡ q̄γ

µ τa

2
q , a = 1,2,3 . (2.5)

Here τ1−3 are Pauli matrices, τ0 is a 2×2 unit matrix and q = (qu,qd)
T . Straightforwardly, one has

Jµ

EM =
1
3

V µ

0 +V µ

3 , (2.6)

Jµ

NC =
(
1−2sin2

θW
)

V µ

3 −Aµ

3 −
2
3

sin2
θWV µ

0 , (2.7)

Jµ

CC = [(V1−A1)+ i(V2−A2)]cosθC = (V+−A+)cosθC . (2.8)

Notice that the weak charged current is coupled to the physical W+, however, in practice it is
sometimes more convenient to use the Cartesian basis to describe the interaction. Given that W±µ =

(W 1
µ ∓ iW 2

µ )/
√

2, the interaction in Cartesian basis can be achieved in the way as follows:

Jµ

CCW+
µ +h.c. = (V µ

+ −Aµ

+)cosθCW+
µ +h.c.

= q̄
[
γ

µ(1− γ5)τ+ cosθCW+
µ

]
q+h.c.

= q̄
[
γ

µ(1− γ5)(τ+W+
µ + τ−W−µ )cosθC

]
q

= q̄
[

γ
µ(1− γ5)

1√
2
(τ1W 1

µ + τ2W 2
µ )cosθC

]
q

=
√

2cosθC
[
(V1−A1)W 1

µ +(V2−A2)W 2
µ

]
≡

2

∑
a=1

Jµ,a
CC W a

µ , (2.9)

where the weak charged current with Cartesian index is

Jµ

CC,a =
√

2cosθC(V µ
a −Aµ

a ) . (2.10)
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Figure 1: (a) Single π production under one-boson exchange approximation. (b) Reference frame.

3. Generic description of single pion production off the nucleon

Under one-boson exchange approximation [see Fig. 1 (a)], the transition matrix element for
electroweak single pion production can be written as

〈`′(k2)N′(p2)π(q)|`(k1)N(p1)〉 = i(2π)4
δ
(4)(k1 + p1− k2− p2−q)

× NX
−igµν

k2−M2
X

NX 〈`′|Jν
X(0)|`〉︸ ︷︷ ︸
LX

ν

〈πN′|Jµ

X(0)|N〉︸ ︷︷ ︸
HX

µ︸ ︷︷ ︸
≡MX

. (3.1)

In the invariant amplitude MX , one has the factor NX = {−e,−g/(2cosθW ),−g/2
√

2} and the
mass MX = {0,MZ,MW} for X = {EM,NC,CC}, in order. Note that the symbol ` denote either
charge leptons ({e,µ,τ} ≡ l and their antiparticles l̄) or neutrinos ({νe,νµ ,ντ} ≡ νl and their an-
tiparticles ν̄l), so does `′ . In the limit of q2�M2

Z,W , the k2 term can be neglected. The leptonic
and hadronic parts are denoted by LX

ν and HX
µ , respectively. The leptonic amplitude LX

ν is readily
obtained by inserting the leptonic current given in Eq. (2.2). However, it is hard to calculate the
hadronic amplitude in QCD perturbatively due to the strength of the strong coupling is extremely
large at low energies. Furthermore, quarks are confined to form color-singlet hadrons. Neverthe-
less, it is doable to perform perturbative calculation of the hadronic amplitude by involving BChPT,
which will be discussed in the next section. Before conducting BChPT calculation, we intend to
present the structure of the hadronic amplitude, which will simply the calculation greatly.

3.1 Isospin structure

Although there are various physical processes, their corresponding amplitudes are related to
each other by isospin symmetry. The isospin decomposition of hadronic amplitudes can be univer-
sally written as

〈πbN′|Ja
µ |N〉= χ

†
f

[
δ

baH+
µ (s2, t, t1)+ iεbac

τ
cH−µ (s2, t, t1)+ τ

bH0
µ(s2, t, t1)

]
χi . (3.2)

3
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where χi and χ f are isospinors of the initial and final nucleon states, respectively. The Mandelstam
variables are defined by

s ≡ (k1 + p1)
2 , s1 ≡ (k2 + p2)

2 , s2 ≡ (q+ p2)
2 ,

t1 ≡ (k1− k2)
2 , t2 ≡ (k1−q)2 , t ≡ (p1− p2)

2 . (3.3)

In view of Eqs. (2.6,2.7,2.10), the isospin even/odd amplitude H±µ and isoscalar amplitude H0
µ can

be further expressed in terms of vector and axial-vector amplitudes, i.e., V±µ , V 0
µ and A±µ .

For EM,

H±µ (s2, t, t1) = V±µ (s2, t, t1) ,

H0
µ(s2, t, t1) = V 0

µ (s2, t, t1) . (3.4)

For NC,

H±µ (s2, t, t1) = (1−2sin2
θW )V±µ (s2, t, t1)−A±µ (s2, t, t1) ,

H0
µ(s2, t, t1) = (−2sin2

θW )V 0
µ (s2, t, t1) . (3.5)

For CC,

H±µ (s2, t, t1) =
√

2cosθC(V±µ (s2, t, t1)−A±µ (s2, t, t1)) ,

H0
µ(s2, t, t1) = 0. (3.6)

It can be seen from the above equations that once V±,0µ and A±µ are known, one can construct
all the isospin amplitudes for EM, NC and CC case. Once the functions H±,0µ are determined, the
hadronic transition amplitudes for the various physical processes can be readily obtained through

Hµ(physical process) = a+H+
µ +a−H−µ +a0H0

µ . (3.7)

The physical processes and their corresponding coefficients are collected in Table 1.

3.2 Lorentz structure

To proceed, the Lorentz decompositions of V±,0µ and A±µ read

V±,0µ (s2, t, t1) =
8

∑
i=1

ūN′(p2)

{
V±,0i (s2, t, t1)OV

µ,i

}
uN(p1) , (3.8)

A±µ (s2, t, t1) =
8

∑
i=1

ūN′(p2)

{
A±i (s2, t, t1)OA

µ,i

}
uN(p1) , (3.9)

with the Lorentz axial-vector operators

OA
µ,1 = qµ , OA

µ,2 = p1,µ , OA
µ,3 = p2,µ ,

OA
µ,4 = /qqµ , OA

µ,5 = /q p1,µ , OA
µ,6 = /q p2,µ ,

OA
µ,7 = γµ /q , OA

µ,8 = γµ , (3.10)

4
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Table 1: Physical hadronic processes and coefficients.

Physical Process a+ a− a0

EM

γ(∗)p→ pπ0 1 0 1
γ(∗)n→ nπ0 1 0 −1
γ(∗)n→ pπ− 0 −

√
2
√

2
γ(∗)p→ nπ+ 0

√
2
√

2

NC

Z0 p→ pπ0 1 0 1
Z0n→ nπ0 1 0 −1
Z0n→ pπ− 0 −

√
2
√

2
Z0 p→ nπ+ 0

√
2
√

2

CC
W+p→ pπ+ / W−n→ nπ− 1 −1 0
W+n→ nπ+ / W−p→ pπ− 1 1 0
W+n→ pπ0 / W−p→ nπ0 0

√
2 0

and Lorentz vector operators

OV
µ,i = OA

µ,i γ5 , i = 1, · · · ,8 . (3.11)

The set of vector operators is complete but they are not independent if the conservation of the vector
current is imposed. To be specific, there exist two constraints on Vi:

k ·qV1 + k · p1V2 + k · p2V3 +(M2
π −2p1 ·q)V7 +2mNV8 = 0 ,

k ·qV4 + k · p1V5 + k · p2V6 +V8 = 0 , (3.12)

with k ≡ k1− k2, Mπ and mN being the physical masses of the pion and nucleon, respectively.
Knowing the Lorentz structure of the hadronic amplitudes, the following thing is just to determine
the unknown scalar functions V±,0i (s2, t, t1) and A±i (s2, t, t1).

4. Weak pion production in BChPT

The hadronic part of CC weak pion production has been calculated within the framework of
BChPT up to NNLO in Ref. [4], and later the same formalism has been applied to NC weak pion
production in Ref. [5]. Given the working accuracy in Refs. [4, 5], the following chiral Lagrangians
are used,

Leff =
2

∑
i=1

L
(2i)

ππ +
3

∑
j=1

L
( j)

πN +
2

∑
k=1

[
L

(k)
π∆

+L
(k)

πN∆

]
, (4.1)

where superscripts represent chiral orders while subscripts denote the relevant degrees of freedom.
For clarity, the effective Lagrangian is classified in three parts: the purely pionic sector, the pion-
nucleon sector and the one involving ∆ resonances. I refer the readers to Refs. [6, 7, 8, 9, 10, 11],
for the explicit expression of the Lagrangian. Topologies of tree-level diagrams are shown in

5
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i j k j i
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(a) (d)(b) (c)

(f)(e)
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i
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Figure 2: Topologies of tree-level diagrams. The solid, dashed and wiggled lines represent nucleons, pions
and left-hand currents. The letters in the circles mark the possible chiral orders of the vertices. Diagrams
with ∆-exchange are obtained by replacing internal nucleon lines by ∆ propagators. Diagrams with mass
insertions in the internal pion, nucleon and ∆ propagators are not shown explicitly.

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

Figure 3: Topologies from which one-loop diagrams are generated. Topologies leading to corrections on the
external pion and nucleon legs are not shown because the corresponding contributions are taken into account
by wave-function renormalization. The solid lines represent nucleons, while the dashed ones stand for the
pions. Vertices with crosses, circles and grey dots denote positions at which incoming left-hand currents,
incoming pions and outgoing pions, respectively, can be inserted. Incoming pions are always coupled to
left-hand currents.

Fig. 2, while the ones from which one-loop diagrams can be generated are displayed in Fig. 3.
To restore correct power counting, the one-loop hadronic amplitude has been renormalized using
the extended-on-mass-shell (EOMS) scheme [12, 13, 14]1. Note that the explicit ∆-resonances
are implemented by means of the so-called δ -counting rule proposed in Ref. [18]. Details on the
calculations can be found in Ref. [4] and Ref. [5] for CC and NC cases, respectively.

1See Ref. [15] for its version extended beyond low energies and see also Refs. [16, 17] for further discussion on this
topic.
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5. Numerical results of total cross sections
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Figure 4: Cross sections for CC weak pion production. The grey vertical line corresponds to Eν =

0.415 GeV. Dots correspond to the HNV model [19]. The original ANL data are taken from Refs [20, 21],
while the recently reanalyzed ones are from Refs [22, 23].

In the center-of-mass (CM) frame of the initial lepton-nucleon (i.e. `-N) pair, the total cross
section takes the form

σ(s) =
1

2(4π)4√s |k1|

∫
ω

+
`′

ω
−
`′

dων

∫
ω+

π

ω
−
π

dωπ

∫ +1

−1
dx1

∫ 2π

0
dφ12 |T |2 , (5.1)

where s ≡ (k1 + p1)
2, x1 ≡ cosθ1, with θ1 the angle between~k1 and~k2; φ12 is the angle between

the~k1∧~k2 plane and the~k2∧~q plane [see Fig. 1 (b)]. Furthermore, ω`′ and ωπ are the energies of

7
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Figure 5: Cross sections for NC weak pion production off the nucleon as a function of the Laboratory
neutrino energy. The solid line represents the full O(p3) ChPT prediction, while the dashed line stands
for the ChPT result obtained with ∆-exchange contributions alone. Our ChPT calculation is expected to be
reliable up to the energy marked by the vertical green line. The vertical blue line at a higher energy indicates
the energy at which the ∆ pole starts to be reached. The bands account for 1σ uncertainties propagated
from the errors of the LECs. For comparison, results produced by the HNV model [19], NuWro [24] and
GENIE [25] Monte Carlo generators are also shown by dots, crosses and hollow diamonds, respectively.

the outgoing lepton and pion, respectively. Their kinematic limits are given by

ω
−
`′ = m`′ , ω

+
`′ =

(
√

s−Mπ)
2 +m2

`′−m2
N

2(
√

s−Mπ)
, (5.2)

ω
±
π =

1
2(s−2ω`′

√
s+m2

l )

{
(
√

s−ω`′)(s−2ω`′
√

s+m2
`′+M2

π −m2
N)

±(ω2
`′−m2

`′)

√[
s−2ω`′

√
s+m2

`′−M2
π −m2

N

]2−4M2
πm2

N

}
, (5.3)

with `′ denoting either the charged or neutral leptons. The unpolarized Lorentz-invariant M -matrix

8
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squared can be written as

|M |2 = G2
F

2
Lαβ Hαβ , (5.4)

with the leptonic tensor (ε0123 =−1),

Lαβ = 8[k1,αk2,β + k1,β k2,α −gαβ k1 · k2± iεαβρσ kρ

1 kσ
2 ] .

The plus (minus) sign corresponds to the neutrino- (antineutrino-) induced reactions, respectively.
In terms of the hadronic amplitudes Hα introduced in Sec. 3, the hadronic tensor reads

Hαβ =
1
2

Tr
[
(/p1 +mN)H̃α(/p2 +mN)Hβ

]
, (5.5)

where H̃α = γ0H†
αγ0.

In numerical computation, most of the required low-energy constants (LECs) are known, as
they have been obtained in the analysis of other processes or physical quantities. We take their
values from the studies of πN scattering [26, 27, 11] and the axial radius of the nucleon [28],
which used the EOMS scheme as in the present calculation. The remaining LECs are assumed
to be of natural size. Cross sections from (anti)neutrino-induced CC and NC pion production are
shown in Fig. 4 and Fig. 5, respectively.

6. Summary

I have reviewed the studies of CC and NC weak pion production off the nucleon in covariant
ChPT with explicit ∆(1232) up to O(p3) following the δ -counting rule. The amplitudes have been
renormalized using the EOMS scheme.

On the one hand, it has been found that the predictions on CC cross sections are consistent with
the few existing experimental ANL data for the neutrino-induced processes except νµn→ µ−nπ+.
This might indicate that higher-order contributions are still relevant for this channel as suggested
by the more phenomenological study of Ref. [29]. Lacking a full calculation, such higher-order
contributions might be approximated by unitarity corrections or some extra contact counterterms.

On the other hand, for the NC case, in the incoming-neutrino energy interval in which the
calculation is expected to be valid, predictions for the ∆ excitation mechanism conform well with
the corresponding output from the widely used NuWro and GENIE neutrino event generators.
However, for all the channels the full ChPT results are significantly larger due to the systematic
and model-independent inclusion of non-resonant terms. This observation implies that a precise
description of low-energy weak pion production requires a realistic account of non-resonant am-
plitudes.
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