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1. Brief introduction to Langevin Dynamics

Non-equilibrium systems evolving towards equilibrium exist everywhere in nature and have a
wide range of applications, from soft matter and biophysics to strongly coupled phenomena in the
most extreme phases of matter. The point of converging of such phenomena is the Brownian motion
[1], the irregular motion of mesoscopic particles that are large enough to admit a hydrodynamic
type of coarse-graining, but small enough to exhibit thermal fluctuations in a liquid environment
caused by random microscopic interactions with the particles of the medium. The implications
of Brownian motion were very important even from the initial stages of their theoretical study,
verifying at the time the existence of atomic nature of matter and providing a good estimation of the
Avogadro’s constant [2, 3, 4, 5]. Shortly after these developments, the probabilistic description was
introduced to lay down the foundation of non-equilibrium statistical mechanics with the Langevin
and Fokker-Planck equations. Since then there is a continuous interest on theoretical developments
and new applications in all quantitative sciences, making the topic, a slow evolving revolution
[6, 7, 8, 9].

The fluctuation and dissipation effects can be realized in the classical Langevin equation

ṗi(t) =−ηD pi(t)+ξi(t) , (1.1)

where p is the momentum of the particle, ηD is the so called friction coefficient or the momentum
drag coefficient and ξ is the random force. These two competing phenomena are realized in nature
by the friction force corresponding to dissipation, representing the energy transfer to the environ-
ment, and the noise of the environment which contributes the right amount of energy to the system
through the fluctuations so that it evolves towards equilibrium. The physical picture described can
be formulated as a theorem: the fluctuation-dissipation theorem relating the magnitudes of these
phenomena while at equilibrium.

The theoretical developments are based on natural assumptions, mainly on separation of the
timescales of the phenomena involved. These are the larger relaxation time needed for the particle
to thermalize compared to the smaller collision timescale. The random force then has the following
properties: i) for timescales larger the collision time the force is stochastic with zero mean value,
ii) the stochastic force is uncorrelated to itself and is translationally invariant, property triggered by
the equilibrated homogeneous environment, iii) the statistical properties of the random force obey
the time-translational invariance. These are summarized to the following relations

〈ξ (t)〉= 0 ,
〈
ξ (t)ξ (t ′)

〉
= κδ (t− t ′) , (1.2)

where κ is a constant measuring the degree of correlation and represents the mean squared momen-
tum per unit of time. A particle experienced such a random force undergoes a random independent
displacement generated by the integral∫ t

0
ξ (t ′)dt ′ =

∫ t1

0
ξ (t ′)dt ′+

∫ t2

t1
ξ (t ′)dt ′+ . . . , (1.3)

which can be thought as a summation of independent terms, each one drawn from the same distri-
bution, resulting to a total integral obeying a normal distribution with zero mean. By applying the

1



P
o
S
(
C
O
R
F
U
2
0
1
7
)
0
3
2

Heavy Quark Noise in Holography Dimitrios Giataganas

central limit theorem of statistics one may obtain directly
〈
ẋ2
〉
∼ t. Alternatively, the solution of

the stochastic equation for τ � η
−1
D is

pi(t) =
∫ t

−∞

dt ′eηD(t ′−t)
ξi(t ′) ,

〈
p2〉= ∫ t

dt1dt2eηD(t1+t2)〈ξi(t1)ξi(t2)〉 =
3κ

2ηD
. (1.4)

From the equipartition theorem the typical thermal momentum reads p ∼
√

MT and therefore the
drag coefficient is related to temperature (1.4) as

ηD =
κ

2MT
. (1.5)

To introduce the diffusion coefficient we compute the mean squared position of the particle from
(1.1) at later time and by using again the equipartition theorem we get〈

xi(t)x j(t)
〉
= 2Dtδi j ,

〈
x2(t)

〉
=

1
M2

∫ t
dt1dt2〈p(t1)p(t2)〉=

6Tt
MηD

, (1.6)

relating the diffusion constant with respect to the drag coefficient (1.5) and to the mean squared
momentum transfer as

D =
T

MηD
=

2T 2

κ
. (1.7)

1.1 Justification of the Heavy Quark Diffusion in the Quark-Gluon Plasma

The task of modeling the heavy quark interaction in thermal environment is amenable to sim-
ilar diffusion treatment we have just described [10, 11, 12, 13]. The role of the heavy test particle
of the previous paragraph undergoing a Brownian motion, is played by a heavy quark in an en-
vironment of a light-particle fluid. The charm and bottom quark masses are much larger than the
temperature and the constituent masses of the equilibrated Quark-Gluon-Plasma (QGP) environ-
ment, providing a good separation between the relaxation and the collision times. Let us justify
this by the following estimations.

The typical non-relativistic thermal momentum of a heavy quark with mass M with M� T ,
is p2 ∼ MT � T 2 resulting to the low velocity v2 ∼ T/M � 1. The typical square momentum
transfer from the medium for hard collisions is of order Q2 ∼ T 2 from the equipartition theorem,
therefore we eventually have p� Q. As a result a large number of collisions of order M/T is
required to change the momentum by a factor of order one. Therefore, the interaction of the heavy
quark with the medium can be formulated with uncorrelated momentum kicks, and the Boltzmann
equation in momentum transfer can be expanded to the Fokker-Planck equation of heavy quark
diffusion, in the medium of the QGP. We can further estimate αS ' 0.5 and M/T = 7 to obtain the
drag coefficient with respect to the diffusion constant η

−1
D ' 7D.

Therefore, the Brownian motion and the dissipation phenomena provide direct observables for
the heavy quarks in strongly coupled theories, capable to reveal potential interesting properties of
the fundamental interactions. In a sense the heavy quark interactions can be thought as encoded in
the transport coefficients, which in principle are related to the scattering matrix elements on light
partons in the QGP.

One way to study the heavy quark diffusion is by perturbation theory [10], where the medium
is approximated as a weakly interacting system of quark and gluons, treatment that is not reliable
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in conditions realized at heavy ion colliders. Non-perturbative interactions can be captured by
effective resonance models [11] allowing to compute certain resonances related to the diffusion
dynamics, or by methods of holography which we discuss in this review.

2. Fluctuation and Dissipation in Holography: A Unified Approach

In this section we focus mostly on the description of heavy quark diffusion in the context of
the gauge/gravity duality reviewing mainly the unified study scheme developed in [14]. Previous
works initializing the ideas on AdS and Lifshitz spacetime include [15, 16, 17, 18, 19]. While other
relevant works include [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. In the next section we will study
the fluctuations and the energy loss of a moving heavy quark.

To present the general picture, let us introduce the gravity dual theory in string frame

ds2 =−g00(r)dx2
0 +grr(r)dr2 +

d

∑
i=1

gii(r)dx2
i , (2.1)

with limr→∞ gii(r) = ∞, such that the boundary is at r = ∞. d are the space dimensions and the
metric is diagonal. The dual field theory lives on the spacetime spanned by (x0,xi) and r is the
holographic direction.

The massive heavy particle is represented by a string initiating from to the boundary space-
time, introducing therefore to the field theory extra degrees of freedom, and extending to the bulk
of the space in the IR until the point r = rh. For a thermal quantum field theory the rh 6= 0 corre-
sponding to the horizon of the black hole, while for a field theory at zero temperature rh = 0 and
the string terminates at the deep IR. The dynamics of such strings are described by solutions of the
Nambu-Goto (NG) action. Let us consider a worldsheet which extends along the x1 direction being
parametrized by x1 = x1(τ,σ), u = σ , x0 = τ, where (τ,σ) are the worldsheet coordinates. The
action is equal to

S =− 1
2πα ′

∫
dσdτ

√
−
(
g00 +g11ẋ2

1

)(
grr +g11x′21

)
. (2.2)

For a static particle one expects by symmetry arguments a straight string solution. Indeed it can
be easily found that the solution to the equations of motion of the above action is x1 = 0, where a
space coordinate transformation is implemented to bring the origin at the position of the string.

The fluctuations of the heavy quark are realized by the dynamics of string fluctuations. For
the static quark we need to consider the fluctuations around x1 = 0. However, the length of the
string-worldsheet in the bulk is infinite due to the infinite distance of the boundary of the space to
its interior. Since the length is proportional to the particle’s mass, we need to introduce a Neumann
boundary condition on the location of a flavor brane rb close to the boundary. The boundary
condition then reads x′1(rb) = 0. The fluctuations δx1(t,r) give the Nambu-Goto action in terms of
the metric elements [14]

S = c − 1
4πα ′

∫
dσdτ

(
−g11

√
−g00√
grr

δx′21 +
g11
√

grr√
−g00

δ ẋ2
1

)
. (2.3)

The Fourier decomposed fluctuations then take the form

δx1(t,r) =
∫

∞

0
hω(r)

(
α(ω)e−iωτ +α(ω)†eiωτ

)
, (2.4)
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with α(ω)† and α(ω) being the creation and annihilation operators, and the mode equation reads

∂

∂ r

(
g11
√
−g00

grr
hω(r)′

)
+ω

2 g11
√

grr√
g00

hω(r) = 0 . (2.5)

2.1 Heavy Quark Fluctuation at Zero Temperature

It is known that in quantum physics the fluctuation and dissipation phenomena are present
even at zero temperature due to vacuum fluctuations of the environment fields and the uncertainty
principle. Even in the simplest case of the zero-point energy of the electromagnetic field it has
been shown that the fluctuation and dissipation phenomena occur and the relevant theorems hold
[31]. Perturbative methods analyzing these phenomena have also been developed to integrate out
the environmental degrees of freedom by modeling them as an infinite number of simple harmonic
oscillators [32, 33, 34, 35, 36, 37]. Ohmic, sub-subohmic, supra-ohmic environmental effects have
been analyzed in such approaches, for example works on the latter ones include [38, 39].

The quantum fluctuations on the heavy quark in a strongly coupled environment follows the
same logic. The test particle fluctuations are induced by its coupling to the gluonic fields, resulting
to a non-uniform motion. The dissipation is realized by a gluonic radiation back to the medium
induced by the non-canonical motion of the quark. Here we analyze the resummed physical effects
of such theories using techniques of gauge/gravity duality, reviewing the generical methodology
developed in [14].

To proceed to the solution of the fluctuation equations, it is necessary to consider a certain
general class of theories with dual backgrounds that belong to (2.1), which we choose as

g00 = ra0 f (r) , grr =
1

rau f (r)
, gii = rai , f (r) = 1 , rh = 0 , (2.6)

where the i indices count the spatial directions and ai are constant powers. The class of the dual
field theories accommodated by the above metric includes the hyperscaling Lifshitz violating ones
[40, 41, 42], the anisotropic theories [43, 44, 45, 46, 47, 48] and several other. Features of the
current analysis are applicable for backgrounds with asymptotics of (2.6) like certain RG flow
gravity dual solutions.

There are several reasons for choosing the form of the metric as in (2.6). Certain rescaling can
bring it to a form with less number of constants ai, however this would not make our presentation
simpler, since our results are formulated in terms of a constant ν incorporating all the scalings of
the background. Moreover, formulas derived below with the form of the chosen metric are directly
applicable to any gravity background accommodated, without the need of any coordinate trans-
formation. Finally, such choice is convenient to build on the finite temperature string fluctuation
analysis and to make the mapping of the string-brane fluctuations we study in later sections.

Notice that the string fluctuations in hyperscaling violation theories at zero temperature [49]
guarantees that our methods at zero temperature go through all the way for particular metrics al-
though the theories considered here are more generic than the hyperscaling ones. These include
for example the anisotropic theories with different stability and physical ranges of the parameters,
compared to hyperscaling theories, allowing new features on string fluctuations. Our notation of-
fers also a powerful advantage, since each scaling is unique, we track accurately how the different
metric elements affect the observables. This is the crucial point that will allows us to identify the
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order of the Bessel function of the fluctuations as the central quantity that the stochastic observ-
ables depend exclusively on. This observation holds even in finite temperature as we will show in
later sections.

For this class of the background, the mode equations (2.5) becomes

∂

∂ r

(
ra1+

a0+au
2 hω(r)′

)
+ω

2ra1−
a0+au

2 hω(r) = 0 , (2.7)

with a solution of type [14]

hω(r) = r−νκAω [Jν(ω r̃)+BωYν(ω r̃)] , (2.8)

where Aω and Bω are constants and

r̃ :=
2r

1
2 (2−α0−αu)

a0 +au−2
=

r−κ

κ
, κ :=

a0 +au

2
−1 , ν :=

a0 +2a1 +au−2
2(a0 +au−2)

(2.9)

and Jν(r̃), Yν(r̃) are the Bessel functions of first and second kind. The integration constants are
found by looking at the canonical computation relations for theories in curved space-times and at
the Neumann boundary condition to obtain (Figure 1)

Aω =

√
πα ′

|κ|(1+B2
ω)

, Bω =−Jν−1(ω r̃b)

Yν−1(ω r̃b)
, (2.10)

where in the above and following computations we need to use the Bessel function properties
presented in the Appendix of [14].

2
4

6
8

-
4

-
224

Figure 1: The real part of the string world-sheet fluctuations in a fixed Lifshitz background for a particular
frequency and time. The large density of excitations in the deep IR r, get quickly smoothed out to result the
corresponding Brownian motion on the boundary at large r.

The two-point function of the fluctuations in terms of the energy of the string in the low
frequency limit

ω � r̃b =
r−κ

b
κ

, (2.11)

5
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takes a very compact form

〈X1(t)X1(0)〉 ∼ E
4κ(1−ν)

(a0−κ) |t|3−2ν , when ν ≥ 1 , (2.12)

and

〈X1(t)X1(0)〉 ∼ E0 |t|2ν−1 , when ν ≤ 1 , (2.13)

where X1(t) := δx1(t,rb). The energy of the string comes by trading the cut-off rb at the boundary
using the action of the static straight string

E =
1

2πα ′

∫ rb

rh

dr
√
−g00grr =

1
2πα ′

(a0−κ)ra0−κ

b . (2.14)

To summarise the analysis, we find that after an involved computation the two-point function (2.12),
(2.13) turns out to depend only on a single parameter, the order of the Bessel function. This
is surprising and elegant result. We mention that in the unrelated studies of the chaos in the non-
relativistic theories, it has been found that the order of the Bessel function of closed string solutions
controls whether the theory is chaotic or not [50]. This is another example where the order of Bessel
function plays such a significant role.

Depending on the properties of the dual field theory of (2.6), the two-point function of the
particle fluctuations is characterized by one of the two branches we derived, where one of them
is always independent of the mass of the quark. The null energy condition (NEC) is satisfied for
regions in both branches of the two-point function (2.12) and (2.13), ensuring that both of them
can be physical. For theories giving ν = 3/2 and ν = 1/2, where the AdS background belongs, we
have a minimal rate of logarithmic growth, while for theories giving ν = 1 we have the maximum
rate of growth.

2.1.1 Linear Response Function Analysis and Fluctuation-Dissipation Relation

The response function of the system due to an applied external force F(t) = Ee−iωtF(ω) can
be found from

〈X1(ω)〉= χ(ω)F(ω) , (2.15)

where χ(ω) is the admittance of the system. The force corresponds to a new boundary term

g11
√
−g00√
guu

δx′1(rb) = 2πα
′F(t) , (2.16)

which does not modify the solution of string fluctuations, only its constants. Making a tortoise
coordinate transformation r→ r̃ we see that the fluctuation dynamics in the IR limit r→ 0⇒ r̃→∞

for κ > 0, behaves like a wave equation in the flat space, where by choosing the ingoing boundary
conditions we get

δx1(t,r) = e−iωtgω(r) , gω(r) = r−νκHν(ω r̃) , (2.17)

6
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with H := H(1) = J + iY being the Hankel function. Therefore the response function can be found
to be

χ(ω) =
2πα ′

ω
r−a1

b
Hν(ω r̃b)

Hν−1(ω r̃b)
. (2.18)

All the information of the system and the theory are incorporated in the response function in an
elegant way through the definition of ν and r̃. The fluctuation-dissipation theorem can be also
shown that it is satisfied

Imχ(ω) =
4α ′

ω2

r−a1
b
r̃b

(
J2

ν−1(ω r̃b)−Y 2
ν−1(ω r̃b)

)−1
=

1
2
〈X1(ω)X1(0)〉 , (2.19)

for the theories fitting in our study.
By expanding the response function in the positive ν region

χ(ω)∼−c1

[
m(iω)2 +O(ω4)+ γ(−iω)2ν +O(ω2ν+2)

]−1
, (2.20)

we obtain the inertial mass m and the self-energy γ of the particle

m =
r2κ(ν−1)

b
2κ(ν−1)

, γ =
1− i tan

[(
ν− 1

2

)
π
](

(2iκ)2ν−1
Γ(ν)2

) π , (2.21)

to find that the mass is not simply equal to the energy of the string given by (2.14). The order of the
Bessel function plays a significant role in the result, indicating for example which term dominates
in the expression. For ν > 1 the inertial mass dominates over the self energy at low frequency,
otherwise the self energy is the dominant contribution.

2.2 Thermal Diffusion of a Heavy Quark

Let us now consider the Brownian motion in a thermal environment. The metric (2.6) has to
contain a black hole

g00 = ra0 f (r) , grr =
1

rau f (r)
, gii = rai , f (r) := 1−

ra f
h

ra f
, rh 6= 0 , T =

a f

4π
rκ

h ,(2.22)

where a f is a constant and T is the temperature of the heat bath. The form of the blackening factor
does not need to be necessarily chosen as the function above, for most of our analysis would be
enough to assume a single zero at the position of the horizon rh.

The equations of motion for the thermal fluctuations are generated by (2.5) and can be brought
to the Schrödinger-like form by a coordinate transformation presented in Appendix of [14] to get

∂ 2y
∂ r2

?

+
(
ω

2−V (r)
)
y = 0 , (2.23)

where

y = hω(r)r
a1
2 , r? =−

r−κ

h
a f

B( rh
r )

a f

[
κ

a f
,0
]
, (2.24)

V (r) =
a1

2
r2κ f (r)

((
a0 +au +

a1

2
−1
)

f (r)+ r f ′(r)
)
, (2.25)
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where Bz[a,b] is the incomplete beta function. The monodromy patching procedure can be applied
to obtain an approximate solution patching the regions between the black hole horizon all the way
towards the boundary [51, 52, 53, 15, 19]. The three regions are chosen as

A) r ∼ rh and V (r)� ω
2 ⇐⇒ f (r)� ω . (2.26)

B) V (r)� ω
2 ⇐⇒ f (r)� ω . (2.27)

C) r→ ∞ ⇐⇒ r� rh , (2.28)

giving the solutions for the Fourier modes δx1(t,r) = e−iωthω(r) as [14]

hAh(r) = c1

(
1−

iωr−κ

h
a f

log
(

r
rh
−1
))

,

hBh(r) = c3 + c4 c0 +
c4

a f
r−2κν

h log
(

r
rh
−1
)

, (2.29)

hBb(r) = c3−
c4

2κν
r−2κν ,

hCb(r) = c5 + c6 r−2κν

(
ω sign(1+2κ)

2κ

)2ν

,

where the notation of the subscript used to identify which region of the space the solution cov-
ers: three regions and the proximity close to (h)orizon or (b)oundary is labeled. By patching the
solutions we eventually obtain for their constants

c5 = c1
(
1+ ic0ωra1

h

)
, c6 =

iωra1
h c1

2κν

(
2κ

ω sign(1+2κ)

)2ν

, (2.30)

to give the diffusive nature of the solution near the boundary

hω(r) = c1

(
1+ iωc0ra1

h +
iωra1

h
2κν

r−2κν

)
. (2.31)

2.2.1 Response Function Analysis, Fluctuation-Dissipation and Nature of the Thermal Noise

The response function expansion for low frequency is given by [14]

χ(ω) = 2πα
′
(

i
γω
− m

γ2 +O(ω)

)
, (2.32)

where the damping coefficient and inertial mass reads

γ = ra1
h , m = r2a1

h

(
−c0 +

r−2κν

b
2κν

)
+m0 . (2.33)

The mass receives a thermal correction compared with the zero temperature result m0 (2.21). The
diffusion constant in terms of the response function reads

D = T lim
ω→0

(−i ωχ(ω)) , (2.34)

8
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and is found to depend on powers of temperature specified by the order of the Bessel function [14]

D = 2πα
′
(

4π

a f

)2ν−1

T 2(1−ν) . (2.35)

The monotonicity of the coefficient with respect to temperature, is increasing for ν < 1 and de-
creasing for ν > 1, depending therefore on the characteristics of the dual field theory.

An interesting observation at the low frequency limit, is that the response function takes a
universal form depending on the metric element along the spatial direction that the fluctuations
occur and the temperature of the heat bath, given by the simple formula [14]

χ(ω) =
2πα ′

−iωg11(rh)
. (2.36)

The fluctuation-dissipation theorem is found to hold when the density of states is ∼ logε/(4π2T ).
Moreover, it can be seen that the correlator of the random force ξ is independent of the frequency
ω indicating a white noise which depends on the temperature with powers of the Bessel function
order 〈ξ ξ 〉 ∼ T 2ν .

2.3 Dp-brane Fluctuations in a d +1-spacetime

In [54] it has been noticed that the dynamics of the k-strings corresponding holographically to
certain Dp-branes, can be mapped to the dynamics of fundamental strings in theories that have a
certain preserved quantities under a T-duality. Here we consider another type of special branes, the
rigid ones, and study the fluctuation and dissipation of the branes.

The brane is parametrized in the radial gauge as: x0 = τ, r = σ1 := σ , x2 = σ2, . . . , xp =

σp, x j = x j(τ,σi), j = 1, p+1, . . . ,d. The fluctuations along the spatial transverse direction x1 are
given by the perturbation of the Dirac-Born-Infeld (DBI) action as [14]

SDBI,2 =
Tp

2

∫
dτdσi

(
−

g11
√
−g00

√g22 . . .gpp
√

grr
δx′21 +

g11
√

grr
√g22 . . .gpp√
−g00

δ ẋ2
1

)
. (2.37)

giving the mode equation for δx1(τ,σ) = e−iωτhω(r)

∂r

(
−

g11
√
−g00

√g22 . . .gpp
√

grr
hω(r)′

)
−

g11
√

grr
√g22 . . .gpp√
−g00

ω
2hω(r) = 0 . (2.38)

We observe that under a mapping of the form [14]

g11 −→ g11
√

g22g33 . . .gdd , or equivalently a1 −→ ã1 = a1 +
1
2
(a2 + . . .+ap) , (2.39)

the string fluctuation equations (2.5) become equivalent to the brane fluctuation equations. By
defining the shifted constants

r̃ :=
2r

1
2 (2−α0−αu)

a0 +au−2
=

r−κ

κ
, κ :=

a0 +au

2
−1 , ν̃ :=

a0 +2ã1 +au−2
2(a0 +au−2)

, (2.40)

the brane-related analysis follows in a straightforward way. For example the two-point function
reads

〈X1(t)X1(0)〉 ∼ E
4κ(1−ν̃)

(a0−κ) |t|3−2ν̃ , when ν̃ ≥ 1 , (2.41)
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and

〈X1(t)X1(0)〉 ∼ E0 |t|2ν̃−1 , when ν̃ ≤ 1 . (2.42)

The response function of the quantum brane fluctuations is

χ(ω) =
2πα ′

ω
r−a1− 1

2 (a2+...+ap)

b
Hν̃(ω r̃b)

Hν̃−1(ω r̃b)
. (2.43)

with a low-frequency expansion that provides the inertial mass m and the self-energy γ of the state

m =
r2κ(ν̃−1)

b
2κ(ν̃−1)

, γ =
1− i tan

[(
ν̃− 1

2

)
π
](

(2iκ)2ν̃−1
Γ(ν̃)2

) π . (2.44)

The analysis of the thermal fluctuations goes along the same lines with the string’s one. For exam-
ple for the case of branes the diffusion constant in terms of the temperature reads

D = 2πα
′
(

4π

a f

)2ν̃−1

T 2(1−ν̃) , (2.45)

where for ν̃ < 1 increases with temperature and otherwise decreases.
For the branes in an arbitrary background the response function was proposed to take the form

[14]

χ(ω) =
2πα ′

−iωg11(rh)
√

g22(rh) . . .gpp(rh)
. (2.46)

2.4 Application of the Generic Formalism to Particular Theory

Let us briefly demonstrate how the methodology described, applies to theories dual to the
anisotropic black hole background found recently in Einstein-Axion-Dilaton action and contain as
particular case the IIB supergravity background [46]. The geometry which accommodates a black
hole, written in the form of [46, 14] reads

ds2 = a2CRe
φ(r)

2 r−
2θ

dz

(
r2(− f (r)dt2 +dx2

i
)
+CZr

2
z dx2

3 +
dr2

f (r)a2r2

)
, (2.47)

where

f (r) = 1−
(rh

r

)d+(1−θ)/z
, e

φ(r)
2 = r

√
θ2+3z(1−θ)−3√

6z (2.48)

and

CR =
(3z−θ)(1+3z−θ)

6z2 , CZ =
z2

2(z−1)(1+3z−θ)
. (2.49)

The background becomes of IIB supergravity solution for z= 3/2, θ = 0 reproducing the geometry
[43] and the IR geometry of the RG flow [44]. The Hawking temperature of the theory can be found
equal to

T =
|d +(1−θ)/z|

4πrz
h

. (2.50)

10
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Let us work with d = 3 spatial dimensions. The first task is to determine the order of the Bessel
functions for fluctuations along each direction by using (2.9)

ν1 =
18z−4θ +

√
6
√

3z(1−θ)−3+θ 2

12z
, (2.51)

ν3 =
12+6z−4θ +

√
6
√

3z(1−θ)−3+θ 2

12z
. (2.52)

The fluctuations along the x1 and x3 behave in a different manner. The two-point function along x1

is

〈X1(t)X1(0)〉 ∼ E−2 |t|3−2ν1 , when ν1 ≥ 1 , (2.53)

where for ν1 < 1 there is no physical and stable theory. The x3 fluctuations give

〈X3(t)X3(0)〉 ∼ E
2 12−6z−4θ+

√
6
√

3z(1−θ)−3+θ2

−6z+4θ−
√

6
√

3z(1−θ)−3+θ2 |t|3−2ν3 , when ν3 ≥ 1 , (2.54)

or

〈X3(t)X3(0)〉 ∼ E0 |t|2ν3−1 , when ν3 ≤ 1 . (2.55)

The diffusion constant depends on the direction and is given by

Di = 2πα
′
(

4π

d +(1θ)/z

)(2νi−1)

T 2(1−νi) , (2.56)

where i = 1,3 labels the direction of the fluctuations.

3. Stochastic Motion of the Moving Heavy Quark: Theory Independent Approach

Let us consider a heavy particle moving with a velocity v in a strongly coupled environment.
The Langevin coefficients κ⊥,κ‖, corresponding to the mean squared momentum per unit of time
in transverse and parallel direction with respect to the quark’s motion, are obtained by analyzing
the fluctuation of the trailing Wilson line. The out of equilibrium relativistic heavy quarks go
under a Brownian motion with a stochastic force ξ (t). The methodology for generic theories
including the anisotropic ones , was developed in [55, 56] by providing a set of readily applicable
formulas for the observables and extracting certain behaviors of them in a wide class of theories.
The set of theories accommodated in this study include for example: conformal, non-relativistic,
hyperscaling violation, anisotropic and theories under certain magnetic fields. The formulas of
[55, 56] have been applied on several particular models, for example in [57]. The initiating works
on the subject include [58, 59, 60, 61, 62] and early works that contributed to further development
include [63, 64, 65, 66].

It is worthy to mention, that by studying the relativistic heavy quark diffusion in theories with
rotational invariance it has been found that a universal inequality for the Langevin coefficients
exist κ‖ ≥ κ⊥ [55, 66]. Namely the longitudinal Langevin diffusion coefficient along the quark
motion is larger compared to that of the transverse direction. This inequality has been proved to be
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violated in the presence of strongly coupled anisotropies [55, 56], in a similar way with the well
known shear viscosity over entropy density bound [67, 68, 69, 46] (other relevant works include
[70, 71, 72, 73]).

Other related works on the drag and stochastic sting motion include [74, 75, 63, 76, 77, 78, 79,
80, 81, 82, 83, 84, 85, 86] while dragging of the particle even at zero temperature in non-relativistic
theories has been observed [87, 88, 89]. An earlier review with references therein is [90].

3.1 The Trailing String

Let us review first the theory-independent analysis of the trailing string following for the drag
force analysis of the Appendices [91, 92] while for the stochastic motion analysis we follow [55,
56]. We use a similar metric to (2.1) with u = 1/r and therefore a boundary at u→ 0 and a black
hole horizon at u = uh

ds2 =−g00(u)dx2
0 +guu(u)du2 +

d

∑
i=1

gii(u)dx2
i . (3.1)

The string parametrization for a quark moving on the x1 direction with velocity v, is x0 = τ, u =

σ , x1 = v t + ξ (u), where ξ is the profile of the string in the bulk, satisfying on the boundary
ξ (ub) = 0. The equation of motion is

ξ
′2 =−guuC2 g00 +g11 v2

g00g11(C2 +g00g11)
, C := 2 π α

′
Π

1
u , (3.2)

where u0 is the black hole horizon of the world-sheet metric given by the solution of

g00(u0) =−g11(u0)v2 , (3.3)

when guu(u0) 6= 0. For v = 0 the horizon of the worldsheet coincides with the horizon of the black
hole, satisfying the natural expectations. The dragging of the particle is given by [91]

Fdrag,x1 =−
1

2πα ′

√
−g00(u0)g11(u0)

2π
=−g11(u0) v

2πα ′
, (3.4)

while the friction coefficient is defined by

Fdrag =
d p
dt

=−ηD p , ηD =
g11(u0)

2πα ′Mγ
, (3.5)

where M is the mass of the heavy quark, p = M v γ and γ is the Lorentz factor. The worldsheet
has a blackening factor, and therefore a temperature is associated to it. To find the temperature we
diagonalize the world-sheet metric to get [55]

T 2
ws =

1
16π2

∣∣∣∣ 1
g00guu

(g00 g11)
′
(

g00

g11

)′∣∣∣∣
∣∣∣∣∣
u=u0

. (3.6)

Tws should be thought as the effective temperature that the quark feels and is the temperature that
appears in the Einstein equations relating the diffusion and the Langevin coefficients. The effective
temperature in most theories turns out to be lower than the heat bath temperature, although in
anisotropic theories may become higher. The natural expectation for the static quark (v = 0) would
be that it feels the heat bath temperature and this can be verified by the above relation to obtain
Tws = T .

12
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3.2 Fluctuation of the Moving Trailing String

Let us review the fluctuations around the trailing string in a generic background. The method
was developed in [55, 56] and the action was found to be

S2 =−
1

2πα ′

∫
dτdσ

Hαβ

2

[
N(u)∂αδx1 ∂β δx1 +∑

i 6=1
gii∂αδxi ∂β δxi

]
, (3.7)

where Hαβ =
√
−hhαβ , and hαβ is inverse of the diagonalized induced world-sheet metric given

by

hσσ =
g00guug11

g00g11 +C2 , hττ = g00 + v2 g11 . (3.8)

Taking advantage of the membrane paradigm it has been found that the Langevin coefficients are
computed by [55, 56]

κ⊥ =
1

πα ′
gkk

∣∣∣∣
u=u0

Tws , κ‖ =
1

πα ′
(g00g11)

′

g11

(
g00
g11

)′
∣∣∣∣∣
u=u0

Tws , (3.9)

where the index k denotes a particular transverse direction to that of motion x1 and no summation
is taken. The ratio takes the surprisingly compact form

κ‖

κ⊥
=

(g00g11)
′

gkkg11

(
g00
g11

)′
∣∣∣∣∣
u=u0

. (3.10)

In isotropic spaces it has been found that κ‖ > κ⊥ for any velocity of the quark’s motion [55, 66].
In anisotropic theories the universal condition is violated [55, 56]. It exists a critical quark velocity
vc beyond which the inequality gets inverted to κ‖ < κ⊥.

3.3 Excitation of the Medium due to Heavy Quark Motion

The quark deposits energy in the medium through its interactions with the environment, and
as a result excitations in the medium occur which are expected to be well described by linearized
hydrodynamics. Due to the motion of the particle through the plasma, a laminar wake is generated
behind it, which has been shown to be of universal strength with respect to the total drag force
exerted by the plasma. A sonic boom has been discovered for probes moving faster than the speed
of sound and a diffusion wake behind the quark’s motion has been also found [93, 94, 95, 96].

The total action to compute such backreacted effects is given by

S =
1

2κ2

∫
d5x
√
−g
(

R+
12
L2

)
−SNG , (3.11)

where the NG is computed for the trailing string of the section 3.1. The equations of motion read

Rµν −
1
2

gµνR− 6
L2 gµν = τµν . (3.12)

13
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If we concentrate on the AdS spacetime

ds2 =
1
u2

(
− f (u)dt2 +d~x2 +

du2

f (u)

)
, f (u) = 1− u4

u4
h
, (3.13)

the bulk stress-energy tensor for the trailing string takes the form

τµν =− κ2

2πα ′
u3
√

1− v2∂αxµ
∂

axν , (3.14)

computed on the string world-sheet. The backreaction of the string metric can be found by con-
sidering the fluctuations gµν = g0

µν +hµν on the g0
µν AdS metric. The hµν depends for the trailing

string in terms of x1− vt and we have the freedom to take the axial gauge hµu = 0. The system of
equations consists of ten second order differential equations in u, minus five first order constraints,
therefore we need to specify fifteen integration constants. These are fixed by imposing conditions
on the boundary of the space and at the horizon of the black hole as in [97].

The low momentum asymptotics can be obtained analytically by formally expanding all vari-
ables in low momenta, where the diffusion pole and the sound pole expected from the hydrody-
namic behavior of the plasma are confirmed by the computations [97]. On the other hand at the
large momenta, the leading term of the stress-energy tensor is a boosted version of the stationary
quark’s as expected. At scales much shorter that the typical length scale of the fluid the quark
does not see the plasma and feels a vacuum state. The next order reveals the existence of a critical
velocity for the quark’s motion that passes from a region of energy depletion behind the quark, to
a region of energy depletion in front of it. The full numerical analysis is presented in [97] for the
various quark velocities.

3.4 Non-Perturbative Monte Carlo Simulations of the Heavy Quark Diffusion

An estimate of the heavy quark momentum diffusion with Monte-Carlo simulation using the
Backus-Gilbert method [98] was done in [99] giving

κ = 1.8 . . .3.4 T 3 . (3.15)

The result seems to be in agreement with a next to leading order computation in perturbative QCD
using the hard thermal loop effective theory and by setting the scales and the coupling to the usual
ones used in the heavy ion collisions [100]. Then the diffusion coefficient is estimated to

DT = 0.35 . . .1.1 (3.16)

and has higher values compared to the one predicted for the light quarks in the continuum limit
[101, 102]. This can be naturally explained with the fact that the heavy quarks feel slightly weaker
interactions. Using these methods, it would be interesting to show that the heavy mass limit is
justified for the lighter charm quarks, and not only for the heavier bottoms quarks. A promising
direction would also be to estimate the effects from dynamical quarks on the heavy quark diffusion,
where the screening should affect the observables. To this direction the gauge/gravity duality could
also provide very insightful qualitative results. In this context, the flavor is added to the corre-
spondence with the use of the Dp-branes, where the quenched limit is easier tractable [103, 104],
while the unquenched limit is demanding computationally [105, 106], so approximate or numerical
methods have been developed and the relevant screening on several observables has been observed,
for example [107, 108, 109, 110, 111, 112].
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4. Summary

In this brief review we have presented a theory independent treatment of stochastic heavy
quark dynamics. In the introduction we have justified why the heavy quarks admit a stochastic
treatment. Then we have presented the analysis of quantum and thermal fluctuations for a static
quark by considering fluctuations of the straight string. We have moved on to the analysis of the
trailing string fluctuations to obtain the Langevin equations. The idea of this review is to present
the model independent holographic formulas applicable to wide class of theories, which have been
obtained in [14] for the static quark and in [55, 56] for the trailing string. We briefly summarize
most of the formulas below.

Quantum Fluctuations of the Heavy Particle: Using the wide class of theories described
by (2.1) we obtain the generic form of the action (2.3) describing the fluctuations with the mode
equation (2.5). For the theories of the form (2.6) the fluctuations are given by a Bessel type solution
(2.8) with order ν (2.9) which depends on the background geometry. By applying the boundary
conditions and appropriate quantization we determine the constants of the solutions. The two point-
function of the fluctuation has a surprisingly compact form and the two branches (2.12) and (2.13),
controlled by the value of the Bessel function and therefore by the properties of the theory we
study.

The response function analysis is done by applying the generic boundary force (2.16). The
modification of the boundary condition leads to a different solution for the fluctuations specified
by (2.17). The response function is found in terms of the Hankel function with the same order ν .
Then the fluctuation-dissipation theorem is found to be satisfied (2.19). By expanding the response
function we determine the inertial mass and the self energy of the particle for the whole class of
theories (2.21). All the results and their properties heavily depend on the order ν incorporating the
information of the theory.

Thermal Diffusion of the Heavy Particle: Including to our geometry the black hole (2.22),
we study the thermal string fluctuations. The solution to the equation of fluctuations (2.23) is
involved and the monodromy patching method needs to be used, patching certain approximate
solutions in different regions along the holographic direction (2.29). The solution close to the
boundary is given by (2.31) depending heavily of the asymptotics of the metric element along the
fluctuations and the Bessel function order. The response function is found to take the form (2.36),
exclusively depending on the black hole horizon along the direction of fluctuations. The self energy
and the thermally corrected inertial mass are given by (2.33). Interestingly the diffusion coefficient
scales with the temperature in way that is solely controlled by the Bessel function order (2.35),
realizing how elegantly the information of the wide class backgrounds is encoded in the order ν .

Diffusion of a Rigid type Dp-Branes: By mapping the equations of the rigid branes (2.38)
to the string fluctuations we find a way to read all the stochastic observables and coefficients from
the analysis done on the strings. The mapping of the string to brane fluctuation is implemented
by (2.39) giving the shifted Bessel function order (2.40). Then the two-point function of Dp-
branes (2.41), (2.42), the response function (2.46), the inertial mass and self energy (2.44), and the
diffusion coefficient (2.45) can be read in a straightforward way from the prescription explained
above.

Dragging of the Heavy Moving Particle: We consider a heavy particle moving with a ve-
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locity v in a strongly coupled environment described by a metric with elements being arbitrary
functions of the holographic direction (3.1). The profile of the trailing string is given by the equa-
tion (3.2) and the two-dimensional worldsheet has a black hole with a horizon given by the solution
of the equation (3.3). The drag force is expressed in terms of the metric element of the direction of
the quark’s motion (3.4), while the friction coefficient is found in (3.5). The moving quark feels an
effective temperature different than the one of the heat bath given by the equation (3.6).

Langevin Coefficients of the Heavy Moving Particle: The action of the fluctuations is given
by (3.7). Employing the membrane paradigm we obtain the Langevin coefficients given in terms
of the metric elements and the effective temperature that the quark feels (3.9). These are generic
powerful formulas directly applicable to the thermal holographic theories. The ratio of the two
coefficients take a very simple form given by (3.10) and turns out that for isotropic theories it
satisfies a universal relation inequality of the form κ‖ > κ⊥ for the whole range of the quark motion
velocity. In anisotropic theories the universal inequality gets inverted for a critical speed of the
quark, and the universality is violated in a similar way that the viscosity over entropy bound is
violated in anisotropic theories.
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