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1. Introduction

In symplectic geometry, the fundamental symmetry transformations are symplectomorphisms.
These are called canonical transformations in classical physics and they leave physical observables
invariant. At the infinitesimal level, one-parameter groups of symplectomorphisms are determined
by the action of hamiltonian vector fields: Given a symplectic structure ω ∈Ω2(M) on a manifold
M and hamilton function f ∈ C ∞(M), the corresponding hamiltonian vector field X f is defined
by ιX f ω = d f . On another observable g ∈ C ∞(M), the infinitesimal action of X f is determined
by the Poisson bracket of f and g. Using the Schouten–Nijenhuis bracket and the Poisson tensor
π ∈ Γ(∧2T M) corresponding to ω , this can be written as

X f (g) = { f ,g}=
[
[−π, f ],g

]
. (1.1)

This is the prime example of a derived bracket construction [1, 2]. One says that the Poisson
bracket is a derived bracket by the Poisson tensor.

Let us translate the last example into a more modern framework [3]. Here, a Poisson manifold
(M,π) is equivalent to the degree shifted cotangent bundle1 T ∗[1]M carrying a homological vector
field Q compatible with the canonical graded symplectic structure. Such a homological vector field
has a Hamiltonian Q which satisfies the relation {Q,Q}T ∗[1]M = 0. Observing that the exterior
algebra Γ(∧•T M) is isomorphic to polynomial functions on T ∗[1]M allows us to rewrite (1.1) as

X f (g) =
{
{Q, f},g

}
, (1.2)

where we regard f and g as degree zero elements in C ∞(T ∗[1]M).
One of the advantages of this reformulation is its unifying power: It turns out that on any

differentiable manifold, the action of one-parameter groups of diffeomorphisms on functions, given
by the action of a vector field on a function, as well as the action of a vector field on another one
can be written as a derived bracket on a suitably chosen graded manifold in the same form as (1.2).
Even more: In case of Hitchin’s generalized geometry, the fundamental symmetries are given by
diffeomorphisms as well as closed B-field transformations (B ∈ Ω2(M), dB = 0), i.e. the group
Diff(M)nΩ2

cl(M) [5]. Their infinitesimal action on functions as well as on generalized vectors is
determined by the Dorfman bracket, which is again a derived bracket as shown by Roytenberg and
Weinstein [6, 7, 8].

These examples are enough motivation for us to adopt the following guiding principle: When-
ever we are seeking an infinitesimal action of a fundamental symmetry, we try to find the corre-
sponding derived bracket description. This principle is very successfully applied in the cases of
Double Field Theory (DFT) and heterotic DFT [9, 10, 11], which further underlines its relevance.
We thus expect that it will help uncover the action of infinitesimal symmetries in more complicated
situations such as exceptional generalized geometries and exceptional field theories, especially for
the so far problematic groups E7 and E8 or even beyond.

In the following, we shall explain the construction of the appropriate derived brackets for string
gravity (gravity coupled to the Kalb–Ramond two-form B) as well as DFT and heterotic DFT.

1We will introduce parts of this language in the main text. For a detailed introduction we refer to standard textbooks
on graded manifolds as well as reviews such as [4].
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2. Q-manifolds and pre-Q-manifolds

A symmetry Lie group G acting on a manifold of objects X is intuitively described in terms of
an action Lie groupoid. This is a very simple category with objects X and morphisms parameterized
by pairs (g,x) ∈ GnX ,

x
(g,x)−−−→ g · x . (2.1)

At an infinitesimal level, this translates into an action Lie algebroid, which is described as the
trivial vector bundle E = gnX → X where g is the Lie algebra of G. The Lie bracket on g induces
a Lie algebra structure on its sections and the action is encoded in a Lie algebra homomorphism
ρ : Γ(E)→ Γ(T X), known as the anchor. A vector bundle with this additional structure is called a
Lie algebroid.

Because supergravity and DFT involve higher form fields which are part of the connections of
categorified circle bundles, we expect categorified Lie algebras and categorified Lie algebroids to
play a crucial role. Fortunately, there is a very convenient language which allows for an accessible
definition of both.

We start from a smooth Z-graded manifold M . Just as in the case of supermanifolds, we
can picture M as a Z-graded vector bundle E over an ordinary manifold M0 known as the body
of M . If (ξ ai

i ) are the fiber coordinates2 on E with ξ
ai
i of degree i, then the algebra of functions

C ∞(M ) on M is given by polynomials in the ξ
ai
i with coefficients in C ∞(M0). A homological

vector field Q on M is a vector field of degree one satisfying Q2 = 0. It is also a differential turning
C ∞(M ) into a differential graded algebra. A graded manifold with a homological vector field is a
Q-manifold. If the vector bundle E is trivial in negative degrees, we also speak of an NQ-manifold.

Let us consider two archetypical examples. First, let M be the grade-shifted tangent bundle
T [1]M of some manifold M. Locally, we have coordinates xµ of degree 0 on the base manifold
M and fiber coordinates ξ µ of degree 1. A homological vector field is then Q = ξ µ ∂

∂xµ and the
differential graded algebra (C ∞(T [1]M),Q) is simply the de Rham complex (Ω•(M),d). The Q-
manifold M is also a Lie algebroid, namely the tangent algebroid of M.

Second, let V be some vector space. The graded manifold M = V [1] is a Z-graded vector
bundle over a point which is non-trivial only in degree 1. We say that M is concentrated in
degree 1. Let ξ α be the coordinates of degree 1 on V [1]. The most general homological vector field
is of the form

Q =−1
2 f γ

αβ
ξ

α
ξ

β ∂

∂ξ γ
(2.2)

and the condition Q2 = 0 translates into the Jacobi identity for the structure constants f γ

αβ
. Thus, a

Q-manifold concentrated in degree 1 is a Lie algebra.
We can now readily generalize both examples and define the following. An L∞-algebroid is a

Q-manifold and an L∞-algebra is a Q-manifold whose body is a point.
We shall consider some explicit examples of L∞-algebroids below. As an example of an L∞-

algebra [12], consider the case of a Lie 2-algebra, which has an underlying NQ-manifold concen-
trated in degrees 1 and 2, L = L1⊕ L2. Analogously to the case of a Lie algebra regarded as an

2This is a rather simple minded picture of a locally ringed space, but it will suffice for our purposes; the (ξ ai
i ) are in

fact the generators of the C ∞(M0)-sheaf of Z-graded rings.
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NQ-manifold, we indentify L[−1] with the actual Lie 2-algebra g= g0⊕g1. The homological vec-
tor field Q now contains structure constants, which induce the following maps or higher brackets:

µ1 : g1→ g0 ,

µ2 : g0∧g0→ g0 , µ2 : g0×g1→ g1 ,

µ3 : g0∧g0∧g0→ g1 .

(2.3)

The condition Q2 = 0 translates into the higher or homotopy Jacobi relations, the first three of
which read as

µ1(µ2(w,v)) = µ2(w,µ1(v)) , µ2(µ1(v1),v2) = µ2(v1,µ1(v2)) ,

µ1(µ3(w1,w2,w3)) = µ2(w1,µ2(w2,w3))+µ2(w2,µ2(w3,w1))+µ2(w3,µ2(w1,w2)) ,
(2.4)

for all w,w1,2,3 ∈ g0 and v,v1,2 ∈ g1. The first one states that µ1 is a differential, the second one is
the compatibility relation of µ1 with µ2 and the last equation says that the violation of the Jacobi
identity is controlled by an exact term given by µ3.

We will encounter some explicit examples of Lie 2-algebras later; more details on these can
be found in the paper [13]. Note that Lie n-algebras are then defined analogously.

To be able to define derived brackets, we shall need bracket structures on our Q-manifolds.
More precisely, we shall be interested in Poisson brackets, mostly of non-zero degree3, which
originate from symplectic forms. We will always require a symplectic form ω on a Q-manifold
to be compatible with the homological vector field in the sense that LQω = 0. In other words, Q
generates a symplectomorphism on the Q-manifold. If ω is ofZ-degree n, we speak of a symplectic
Q-manifold of degree n.

On a symplectic Q-manifold (M ,Q,ω) of degree n, each function f ∈ C ∞(M ) comes with a
Hamiltonian vector field X f of degree | f |−n, defined implicitly via

ιX f ω = d f . (2.5)

The Poisson bracket between two functions f ,g ∈ C ∞(M ) is then given by

{ f ,g} := X f g = ιX f dg = ιX f ιXgω . (2.6)

This Poisson bracket is of degree −n and graded antisymmetric, which amounts to the relations

{ f ,g}=−(−1)(| f |+n)(|g|+n){g, f} ,

{ f ,gh}= { f ,g}h+(−1)(n−| f |)|g|g{ f ,h} ,

{ f ,{g,h}}= {{ f ,g},h}+(−1)(| f |+n)(|g|+n){g,{ f ,h}}

(2.7)

for all f ,g,h∈C ∞(M ). One can show [8] that Q itself is the Hamiltonian vector field of a function
Q:

Q f = XQ f = {Q, f} . (2.8)

Let us give a few examples of symplectic NQ-manifolds. A symplectic NQ-manifold of de-
gree 0 is necessarily concentrated in degree 0, has trivial homological vector field and is thus an

3Poisson brackets of odd degree are sometimes also called Gerstenhaber brackets.
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ordinary symplectic manifold. A symplectic NQ-manifold of degree 1 is necessarily of the form
T ∗[1]M for some base manifold M and the homological vector field encodes a Poisson tensor on
M.

An important class of examples is given by the Vinogradov algebroids Vn, cf. [14], which are
symplectic NQ-manifolds of degree n and given by the following data:

Vn(M) := T ∗[n]T [1]M , ω = dxµ ∧dpµ +dξ
µ ∧dζµ and Q = ξ

µ pµ . (2.9)

Here, xµ and ξ µ are coordinates on the base and the fiber of T [1]M of degrees 0 and 1, respectively,
and pµ and ζµ are their duals in the cotangent fibers of degrees n and n−1, respectively.

For the applications to Double Field Theory, it will turn out that we need to consider some
relaxed form of symplectic Q-manifolds, in which the condition Q2 = 0 is not imposed from the
outset. We will refer to these as symplectic pre-Q-manifolds.

3. Derived brackets and symplectic NQ-manifolds

An important but rather unknown fact is now that a symplectic Lie n-algebroid comes with
an associated Lie n-algebra, which is obtained from antisymmetrizing particular derived brackets.
The details for the general case are found in [6, 15, 16, 17]; here, let us merely consider the case
of a symplectic Lie 2-algebroid (M ,Q,ω) and its associated Lie 2-algebra g. If we decompose the
functions on M according to their Z-grading as C ∞(M ) = C ∞

0 (M )⊕C ∞
1 (M )⊕ . . . , then the Lie

2-algebra consists of the vector spaces

g= g0⊕g1 = C ∞(M )1⊕C ∞
0 (M ) (3.1)

(note the exchange of grading), on which we define the higher brackets

µ1(`) = Q`−δ` ,

µ2(`1, `2) =
1
2

(
{δ`1, `2}±{δ`2, `1}

)
,

µ3(`1, `2, `3) =− 1
12

(
{{δ`1, `2}, `3}± . . .

)
,

(3.2)

where we abbreviated

δ (`) =

{
Q` ` ∈ C ∞

1 (M ) ,

0 else .
(3.3)

Such Lie 2-algebras will prove to be the relevant to describe ordinary and categorified symmetries
at an infinitesimal level.

We also note that this Lie 2-algebra g has an action4 on C ∞(M ) via

ν2(`, f ) := {δ`, f} . (3.4)

In particular, µ2 is simply the antisymmetrization of the restriction of the action ν2 to g⊂C ∞(M ).
This Lie 2-algebra action will be the relevant one for describing the infinitesimal actions on geo-
metric objects.

4By an action of an L∞-algebra g on some manifold X , we mean a morphism of L∞-algebras from g to the Lie
algebra X(X) of vector fields on X , cf. [18, 11].
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4. Examples: Lie- and Courant bracket as derived brackets

Let us now spend some time illustrating the constructions introduced above by giving some ex-
amples. Actions of infinitesimal diffeomorphisms on manifolds or, more precisely, one-parameter
groups of diffeomorphisms are determined by the Lie bracket of vector fields. The generalization
of diffeomorphisms to the case of a principal U(1)-bundle is the semidirect product of diffeomor-
phisms and U(1)-gauge transformations. Finally, the action of the Lie algebra of Ω2

cl(M)nDiff(M),
whose elements are sections of the generalized tangent bundle, T M⊕T ∗M, is given by the Dorf-
man bracket of generalized geometry. All three cases can be recast in derived bracket form by
choosing a suitable NQ-manifold.

The Lie bracket as derived bracket. Let M be a manifold. Then the Lie algebra of vector fields
X ,Y is given by the associated Lie algebra of M = V1(M). Its action on functions and general
polyvector fields on M is given by ν2 from (3.4), as we shall show now. In a local chart of M , we
have degree zero coordinates xµ ,ζµ and degree one coordinates ξ µ , pµ . The homological vector
field Q = ξ µ pµ trivially squares to zero and for vector fields X = X µζµ and Y = Y νζν we have

µ2(X ,Y ) = 1
2

(
{QX ,Y}−{QY,X}

)
= X µ

∂µY ν
ζν −Y µ

∂µXν
ζν = [X ,Y ] . (4.1)

Note that functions f on M depending exclusively on x and ζ can be identified with polyvector
fields. The action of the Lie derivative on these functions is then given by ν2 from (3.4):

LX f = {QX , f} . (4.2)

This action can be further extended to the Lie derivative of more general tensors such as the metric
in case of Riemannian geometry [11].

Principal U(1)-bundles. The above picture can be extended to the symmetries of principal U(1)-
bundles over M. Here, the symmetries of observables are locally the semidirect product of U(1)-
gauge transformations and diffeomorphisms on M. The corresponding Lie algebra has elements
of the form f +X where X is a vector field on M and f is a u(1)-valued function on M. The Lie
bracket is again given by

µ2( f +X ,g+Y ) = 1
2

(
{QX ,Y}−{QY,X}

)
= [X ,Y ]+LX g−LY f , (4.3)

and a Lie derivative is defined by
LX f = {QX , f} (4.4)

(as well as extensions, cf. [11]). Again, both arise from derived brackets on V1(M), where the
generalized vectors are the degree zero objects coming from functions on M and functions on
V1(M) linear in ζ µ .

The Courant bracket. Finally we recall the observation of Roytenberg and Weinstein [6, 7] that
the bracket on a Courant algebroid is a derived bracket. Let M be the base manifold and consider
the Vinogradov algebroid M = V2(M). Recall our choice of local coordinates (xµ ,ξ µ ,ζµ , pµ) of
degrees (0,1,1,2). Extended vector fields, i.e. objects of degree one, correspond to generalized

5
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vectors in the sense of Hitchin. Taking X +α = X µζµ +αµξ µ and Y +β = Y µζµ +βµξ µ and the
homological vector field Q = ξ µ pµ , we observe that (3.2) translates to

µ1( f ) = d f ,

µ2(X +α, f ) = 1
2 ιX d f ,

µ2(X +α,Y +β ) = [X ,Y ]+LX β −LY α− 1
2 d(ιX β − ιY α) .

(4.5)

Thus, µ2 gives the Courant bracket of generalized geometry. Moreover, the action (3.4) reads as

ν2(X +α,Y +β ) = [X ,Y ]+LX β − ιY dα , (4.6)

the Dorfman bracket of generalized geometry. Again, we see that the action of infinitesimal gener-
alized diffeomorphisms is of derived bracket form.

To sum up the three examples we have strong motivation to take the derived bracket construc-
tion as guiding principle to uncover the underlying algebraic structure of infinitesimal actions of
generalizations of diffeomorphisms motivated by physical theories. In the following chapter we
will see that this works for the C- and D-brackets of DFT, where generalized diffeomorphisms in-
clude ordinary diffeomorphisms as well as transformations in the direction of closed string winding
coordinates.

5. The C- and D-brackets as derived brackets

Closed string (field) theory5 on backgrounds of the form R
n−1,1× T d , where T d is the d-

dimensional torus has observables depending on the usual momentum degrees of freedom on the
flat factor plus a discrete momentum and winding degree of freedom for every torus coordinate.
Restricting the discussion to the tours part, M = T d , a Fourier transform gives a configuration
space which contains the torus coordinates plus a set of winding coordinates, i.e. locally it is of
the form M× M̃. DFT is a field theory on this doubled configuration space [23, 24] and the field
variables are the ones of the massless sector of closed string theory, i.e. a dilaton d, a metric g and a
B-field. The latter two are combined into the generalized metric H . Choosing a splitting of M×M̃
into two factors, it has the form of the metric on the generalized tangent bundle T M⊕T ∗M:

HMN =

(
gµν −Bµκgκλ Bλν Bµκgκν

−gµκBκν gµν

)
. (5.1)

For the dilaton d(x, x̃) and metric H (x, x̃), an action principle was found [25] which contains the
action of ordinary bosonic low energy supergravity in the limit where fields do not depend on the
dual coordinates:

S =
∫

M
e−2d dx1∧·· ·∧dxD

(
1
8H MN

∂MH KL
∂NHKL− 1

2H MN
∂MH KL

∂LHKN

−2∂Md∂NH MN +4H MN
∂Md∂Nd

)
.

(5.2)

5L∞-structures arising in field theories inspired by string field theory were explored in [19, 20] and for W-algebras
in [21, 22].
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This action is invariant under the structure group6 O(d,d) of generalized geometry on M and has
a local gauge symmetry whose algebra of infinitesimal transformations we are interested in. It
turns out [26] that these infinitesimal transformations are parameterized by generalized vectors as
in the third example of the previous chapter, but now depending on all of the coordinates of M×M̃.
Using the fundamental representation of O(d,d), we can introduce the coordinates XM := (X µ ,αµ)

as well as the partial derivatives ∂M := (∂µ , ∂̃
µ). In this notation, the C-bracket reads(

[X ,Y ]C
)M

:= XK
∂KY M−Y K

∂KXM− 1
2

(
XK

∂
MYK−Y K

∂
MXK

)
. (5.3)

We now wish to identify this C-bracket as a derived bracket, analogously to the Courant
bracket on the Courant algebroid. As a local model for M× M̃, we take T ∗M. This choice is
common in the literature, especially in the description of non-geometric backgrounds [27, 28, 29].
The Courant algebroid example gives the idea: We start with V2(T ∗M) with local coordinates
(xM, pM,ξ M,ζM) = (xµ , x̃µ , ...,ζµ , ζ̃

µ). From the first chapter, we know that this has a canonical
symplectic structure and homological vector field given by

ω = dxM ∧dpM +dξ
M ∧dζM , Q =

√
2ξ

M pM , (5.4)

the scale factor in Q is introduced for later convenience. Looking at degree one, we notice that we
have too many generalized vectors. Using the metric η , we define the following combinations

θ
M =

1√
2
(ξ M +η

MN
ζN) and β

M =
1√
2
(ξ M−η

MN
ζN) . (5.5)

and drop all the dependence on β . This reduces the symplectic structure and Q of (5.4) to

ω = dxM ∧dpM + 1
2 ηMNdθ

M ∧dθ
N , Q = θ

M pM . (5.6)

We observe that {Q,Q} 6= 0, but we still have LQω = 0 for the hamiltonian vector field Q corre-
sponding to Q. Thus we arrive at a symplectic pre-NQ-manifold E2(M) := (T ∗[2]⊕T [1])(T ∗M),
obtained as a reduction of V2(T ∗M).

In order to recover a finite term L∞-algebra structure as infinitesimal symmetries by formu-
las (3.2), we have to restrict the algebra of functions in degree zero and one to a subset L(E2(M))⊂
C ∞(E2(M)):

Theorem 5.1. The elements of the subset L(E2(M)) ⊂ C ∞(E2(M)) of degree zero and one form
a Lie 2-algebra with higher brackets (3.2), if the Poisson brackets close on L(E2(M)) and the
following conditions are satisfied for all f ,g∈ L0(E2(M)) and X =XMθ M,Y =YMθ M,Z = ZMθ M ∈
L1(E2(M)):

{Q2 f ,g}+{Q2g, f}= 2∂M f ∂
Mg = 0 ,

{Q2X , f}+{Q2 f ,X}= 2∂MX ∂
M f = 0 ,

{{Q2X ,Y},Z}[X ,Y,Z] = 2θ
L((∂ MXL)(∂MY K)ZK

)
[X ,Y,Z] = 0 ,

(5.7)

where we use the metric ηMN to raise and lower indices, i.e. ∂ M := ηMN∂N .

6This is defined by matrices A ∈Mat(2d), satisfying AtηA = η , where η =
(

0 id
id 0

)
.

7



P
o
S
(
C
O
R
F
U
2
0
1
7
)
1
4
1

Pre-NQ-manifolds and derived brackets in generalized geometry and double field theory Andreas Deser

We observe that the first two conditions of the theorem give the strong section condition of DFT on
functions and on functions and vector fields, respectively. This is a purely algebraic motivation for
this constraint, independent of its physical origin as a weakening of the level matching condition
of closed string theory. The third condition of the previous theorem is a weakening of the strong
section condition, if only vector fields are considered: Indeed, the condition is fulfilled if the section
condition holds due to the contraction of partial derivatives. This weakening plays a role in setting
up Riemannian geometry for DFT, and we refer the reader to the original paper [11] for details on
this point.

The full Lie 2-algebra structure on a subset L(E2(M)) = L∞
0 (E2(M)) ⊕ L∞

1 (E2(M)) of
C ∞(E2(M)) for which conditions (5.7) hold is then given by the higher brackets

µ1( f ) = {Q, f}=: Q f = θ
M

∂M f ,

µ2(X , f ) =−µ2( f ,X) = 1
2{QX , f}= 1

2 XM
∂M f ,

µ2(X ,Y ) =−µ2(Y,X) = 1
2

(
{QX ,Y}−{QY,X}

)
= XM

∂MY −Y M
∂MX + 1

2 θ
M(Y K

∂MXK−XK
∂MYK) ,

µ3(X ,Y,Z) = 1
3

(
{µ2(X ,Y ),Z}+{µ2(Y,Z),X}+{µ2(Z,X),Y}

)
= XMZN

∂MYN−Y MZN
∂MXN +Y MXN

∂MZN

−ZMXN
∂MYN +ZMY N

∂MXN−XMY N
∂MZN .

(5.8)

Here, f is a function on the base, interpreted as degree zero element in C ∞(E2(M)) and X =

XMθ M,Y = YMθ M,Z = ZMθ M are generalized (extended) vector fields, i.e. degree one objects in
C ∞(E2(M)).

This picture clarifies the algebraic structure of infinitesimal symmetry transformations in DFT.
Furthermore, we observe that the C-bracket is given by the operation µ2 when acting on degree one
objects.

The D-bracket between generalized vectors is again given by the action (3.4). This action is
readily generalized to arbitrary tensors in DFT as defined in [11]. These include in particular the
generalized metric HMN .

6. Generalizations

Let us finish our discussion of derived brackets with a new result. So far, the derived brack-
ets we encountered were obtained from Poisson brackets on NQ- and pre-NQ-manifolds. In the
following, we develop a sufficient criterion for a general bracket to lead to a Lie 2-algebra of sym-
metries via the derived bracket construction. An explicit example of such a general bracket is given
by the α ′-deformed Poisson bracket underlying heterotic generalized geometry and Double Field
Theory [30, 10].

We start from an N-graded manifold M concentrated in degrees 0, 1 and 2, together with a
function Q of degree 3 and a bilinear bracket

{[−,−]} : C ∞(M )×C ∞(M )→ C ∞(M ) (6.1)

of degree −2. Then we have the following theorem.

8
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Theorem 6.1. The graded vector space

g= g0⊕g1 = C ∞
1 (M )⊕C ∞

0 (M ) (6.2)

together with the antisymmetrized derived brackets

µ1(`) = {[Q, `]}−δ (`) ,

µ2(`1, `2) =
1
2

(
{[δ`1, `2]}±{[δ`2, `1]}

)
,

µ3(`1, `2, `3) =− 1
12

(
{[{[δ`1, `2]}, `3]}± . . .

) (6.3)

with

δ (`) =

{
{[Q, `]} ` ∈ C ∞

0 (M ) ,

0 else ,
(6.4)

forms a Lie 2-algebra, if the following conditions are satisfied:

{[ f ,g]}=−(−1)(2+| f |)(2+|g|){[g, f ]} ,
{[Q,{[Q, f , ]}]}= 0 ,

{[Q,{[ f ,g]}]}= {[{[Q, f ]},g]}+(−1)2+| f |{[ f ,{[Q,g]}]} ,
{[X ,{[{[Q,Y ]},{[Q,Z]}]}]}= {[{[X ,{[Q,Y ]}]},{[Q,Z]}]}+{[{[Q,Y ]},{[X ,{[Q,Z]}]}]} ,
{[{[{[Q,X ]},{[Q,Y ]}]},Z]}= {[{[Q,X ]},{[{[Q,Y ]},Z]}]}+{[{[{[Q,X ]},Z]},{[Q,Y ]}]} ,

{[X ,{[{[Q,Y ]},Z]}]}= {[{[X ,{[Q,Y ]}]},Z]}+{[{[Q,Y ]},{[X ,Z]}]}

(6.5)

for all f ,g ∈ C ∞(M ), X ,Y,Z ∈ C ∞
1 (M ) = g0. Here, | f | denotes the degree of f as an element of

C ∞(M ).

The proof for this theorem is a cumbersome but straightforward insertion of the antisym-
metrized derived brackets (6.3) into the higher homotopy Jacobi relations of a Lie 2-algebra. Using
the conditions (6.5), the latter become identities.

To show that this theorem is non-trivial, we should give at least one relevant example. Con-
sider again the Vinogradov algebroid V2(M) = T ∗[2]T [1]M with coordinates (xµ ,ξ µ ,ζµ , pµ) of
degrees 0,1,1,2, respectively and symplectic form and Hamiltonian given by

ω = dxµ ∧dpµ +dξ
µ ∧dζµ , Q = ξ

µ pµ . (6.6)

Then we can make the following statement.

Proposition 6.2. The deformed Poisson bracket

{[ f ,g]}= { f ,g}+α
′

(
f
←−−

∂

∂xµ

←−−
∂

∂ζν

−−→
∂

∂xν

−−→
∂

∂ζµ

g

)
. (6.7)

satisfies the conditions (6.5) and therefore gives rise to a Lie 2-algebra structure on g=C ∞
1 (M )⊕

C ∞
0 (M ) via antisymmetrized derived brackets.
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The proof follows by straightforward computation: First, we readily observe that

{[ f ,g]}=−(−1)(2+| f |)(2+|g|){[g, f ]} and {[Q, f ]}= {Q, f} . (6.8)

The latter straightforwardly implies

{[Q,{[ f ,g]}]}= {[{[Q, f ]},g]}+(−1)2+| f |{[ f ,{[Q,g]}]} . (6.9)

The checks of the remaining special cases of the Jacobi identity for {[−,−]} are again tedious but
straightforward.

We note that the deformed Poisson bracket (6.7) governs heterotic generalized geometry in
the reduced picture, where the generalized tangent bundle is restricted from T M⊕ adg⊕T ∗M to
T M⊕T ∗M. In particular, we have the pairing, the generalized Lie derivative or Dorfman bracket
and the Courant bracket:

〈X ,Y 〉α ′ = {[X ,Y ]} ,

L̂ α ′
X Y = {[{[Q,X ]},Y ]} ,

[X ,Y ]α
′

C = 1
2

(
{[{[Q,X ]},Y ]}−{[{[Q,Y ]},X ]}

)
.

(6.10)

For further details on this particular description, see [10].
It is now an obvious question whether the above generalizes to heterotic Double Field Theory.

And indeed, the guiding principle of derived brackets works as expected and we find a deformation
of the Poisson bracket on a pre-NQ-manifold, which describes the pairing, the D-bracket and the
whole Lie 2-algebra of symmetries of heterotic Double Field Theory, cf. [30, 10].

7. Conclusion

We outlined the significance of derived bracket constructions in finding the action of infini-
tesimal symmetries on various physically motivated configuration spaces. The infinitesimal action
is given by a derived bracket in all instances and the corresponding Lie-, Courant, or binary L∞-
algebra bracket is its antisymmetrization. The latter is part of the structure maps of a Lie n-algebra,
which we claim to be a unifying description of infinitesimal symmetries.

These structures continue to exist even if we consider derived brackets with respect to de-
formed Poisson structures as is the case in α ′-deformed generalized geometry (and DFT) for the
heterotic string. Theorem 6.1 lists the necessary conditions for such deformations to give Lie 2-
algebras.

Clearly, our construction should next be applied to exceptional generalized geometries ob-
tained from toroidal compactification of eleven dimensional supergravity [31, 32, 33, 34, 35, 36] .
In case of compactification on a four dimensional torus, the corresponding higher brackets of the
underlying Lie 3-algebra are described by the antisymmetrized derived brackets on the Vinogradov
algebroid V3. For compactification on higher dimensional tori, the construction is more involved.
However, it was again shown in [37] that the higher brackets are of a derived bracket type. The
general formulation in terms of Poisson structures on certain graded manifolds remains an open
problem (as seems to be the structure of the generalized tangent bundle).
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The extended field theories, which are the analogues of DFT for 11d supergravity are far less
understood. Here, the derived bracket construction might be a first tool to actually identify the
correct tangent bundle structure as well as the action of infinitesimal symmetries. Going beyond
the group E7 is an even more ambitious goal.

We want to conclude with a remark about quantization. Whenever an action of an infinitesi-
mal symmetry can be written in derived bracket form via Poisson brackets on a suitable (graded)
Poisson manifold, it is tempting to interpret it as semi-classical limit of some quantized version.
However, the phase space which is quantized in our case is not the canonical phase space consist-
ing of position and momenta obtained from the underlying field theory. Instead it is the graded
Poisson algebra corresponding to the exterior algebra of the configuration space manifold in the
simplest case. It remains an intriguing open question what kind of theories result in, e.g., replacing
the Poisson brackets by star commutators for suitable (graded) star products.
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