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1. Introduction

Commutative limits of naive noncommutative field theories are very different from their com-
mutative counterparts. A noncommutative space tends to its commutative version in the limit of the
vanishing noncommutativity parameter, but the limit of the field theory does remember its origin.
This is a result of the UV/IR-mixing phenomenon. Due to the minimal length, quanta can not be
compressed into arbitrarily small volumes. Short distance in one direction becomes long distance
in the other directions and the separation between UV and IR degrees of freedom is lost.

As a result, one obtains nonlocal terms in the effective action of the theory, which do not
vanish in the commutative limit.

One of the consequences of this effect is the existence of a purely noncommutative phase
of scalar field theories. In this phase the field does not oscillate around one given value in the
whole space, but rather forms stripes of oscillations around different vacua of the theory, and the
translational symmetry of the underlying space is spontaneously broken. In this short review, we
discuss a description of this phenomenon for compact noncommutative spaces, or fuzzy spaces, by
the means of a certain class of matrix models.

We first very briefly review the construction of fuzzy spaces and fuzzy field theories and nu-
merical results for their spontaneous symmetry breaking patterns. We then describe how one can
treat such field theories by considering certain hermitian matrix models and introduce the main
ingredient, the contribution to the probability distribution due to the kinetic term of the field theory.
We review previous approaches to treatment of such contribution and before concluding with the
most interesting questions to be answered in the future, we present two models that approximate
the kinetic term in a new way.

2. Fuzzy field theory

Noncommutative spaces provide a setting with a shortest possible distance without any loss
of the underlying symmetry. Fuzzy spaces are a finite volume example, where we have a finite
number N of ”Planck cells” of the space. There are however no sharp boundaries between them
and the whole space is blurred, without a good definition of a point.

The hallmark example of this is the fuzzy sphere [1, 2, 3]. Its construction can be carried out
as follows. The information about the commutative sphere is encoded in the algebra of functions
generated by the elements

xixi = R2 , xix j− x jxi = 0 . (2.1)

With a pointwise multiplication of functions, this algebra is commutative by definition.
To obtain the fuzzy sphere, we deform the conditions (2.1) to the form

xixi = ρ
2 , xix j− x jxi = iθεi jkxk , (2.2)

where the right hand side of the condition is dictated by the anticipated rotational symmetry. These
conditions can be satisfied as an N = 2 j+1 dimensional representation of SU(2), namely

xi =
2R√

N2−1
Li , θ =

2R√
N2−1

, ρ
2 =

4R2

N2−1
j( j+1) = R2 . (2.3)
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The algebra of functions on the fuzzy sphere is then the algebra generated by these generators, i.e.
the algebra of the N×N matrices. Other fuzzy spaces are defined in a similar fashion [4].

The field theory on the fuzzy space is then defined recalling the commutative case, where the
action for an euclidean real scalar field is given by

S(Φ) =
∫

dx
[

1
2

Φ∆Φ+
1
2

m2
Φ

2 +V (Φ)

]
. (2.4)

The dynamics of the theory is given by correlation functions of the field in terms of a functional
integral

〈F〉=
∫

dΦF(Φ)e−S(Φ)∫
dΦe−S(Φ)

. (2.5)

We need to establish a dictionary between the commutative and the fuzzy cases [4]. As we
have seen the field is given by an N×N matrix. The functional integral is then given by an integral
over the space of all hermitian matrices with the measure

dM = ∏
i

dMii ∏
i< j

dReMi j dImMi j . (2.6)

The spacetime integral becomes a properly normalized trace, since it is the sum of the values of the
field. The derivative, as a change with respect to a small transformation, becomes the commutator
with the transformation generator. Translating all the objects in (2.4,2.5) we obtain

S(M) =
4πR2

N
Tr
[

1
2

M
1

R2 [Li, [Li,M]]+
1
2

m2M2 +V (M)

]
, (2.7)

〈F〉 =
∫

dM F(M)e−S(M)∫
dM e−S(M)

. (2.8)

As before, the answers to the field theory questions are hidden in the relevant correlators [5, 6].
Without too much surprise the noncommutative theory is different from the commutative one. It
however turns out that it is very different, as this difference even survives the commutative limit.
Note, that the large N limit in (2.3) leads to θ → 0, which turns (2.2) into (2.1). In the limit of a
large number of cells, the fuzzy sphere becomes an ordinary sphere. But the field theory (2.7,2.8)
does not become its commutative counterpart. There are effects that are carried over from the
noncommutative case, due to the phenomenon of UV/IR-mixing [7, 8].

For our purposes, the interesting difference is in the symmetry breaking patterns of the theory.
For example the commutative Φ4 scalar field theory has two different phases [9, 10, 11, 12]. The
disorder phase, where the field oscillates around the value Φ = 0 and the uniform order phase,
where the field oscillates around one of the global minima of the potential. Existence of a third
phase has been estabilished computationaly [13, 14] and observed numerically1 for the fuzzy sphere
[16, 17, 18, 19, 20, 21], fuzzy sphere with a commutative time [22], fuzzy disc [23] and noncom-
mutative plane [24]. This phase, a non-uniform order or a striped phase, breaks the translational
symmetry of the space and the field does not oscillate around one given value of the field in the
whole space. And most importantly it remains present even in the large N limit of the theory.

In the rest of the paper we present matrix models, which describe, qualitatively and to some
extent also quantitatively this interesting phase structure of fuzzy field theories.

1See [15] for a review.
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3. Matrix models of fuzzy field theory

Without much explanation needed, the fuzzy field theory (2.8) is a random matrix model,
since the interesting quantities are given as expectation values in a random matrix model with the
probability distribution

P(M)dM = e−S(M)dM (3.1)

and the field theory action (2.7). As mentioned in the introduction, models without the kinetic term
are well known and we shall give an extremely brief overview their treatment before we proceed to
the full model. For concreteness we will deal with the Φ4 theory from now on.

3.1 Pure matrix models

The relevant matrix model without the kinetic term is simply

S(M) =
1
2

rTr
(
M2)+gTr

(
M4) (3.2)

and the key insight is that such probability density is invariant under the conjugation of the matrix
M with a unitary matrix U ∈ SU(N). This allows us to diagonalize the matrix M→UΛU†, with
Λ = diag(λ1, . . . ,λN) the diagonal matrix of the eigenvalues of M. The integration measure in the
terms of the eigenvalues and the angular degrees of freedom changes in the following way

dM = dU

(
N

∏
i=1

dλi

)
×∏

i< j
(λi−λ j)

2 . (3.3)

The extra jacobian can be exponentiated to introduce a logarithmic repulsion between pairs of
eigenvalues. There is nothing that depends on U in the probability measure and the dU integral
is trivial if we ask U-invariant questions. The problem becomes purely eigenvalue one and can be
solved in the large N limit by the saddle point approximation [25, 26, 27].

The key feature of such model is the phase transition. For values r >−4
√

g the eigenvalue
distribution ρ(x) remains supported on a single symmetric interval. But for values r <−4

√
g the

eigenvalues split, as the two wells of the potential are too deep, and ρ(x) is supported on two
disjoint intervals (figure 1).

Figure 1: The two possible types of the eigenvalue distribution ρ(x) of the model (3.2). The gap opens at
r =−4

√
g. The graphs have different scales.

As we will see in the next sections, a correction to (3.2) can lead to a situation, where a stable
distribution which lives completely in one of the wells of the potential can become possible.
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3.2 Kinetic term of the field theory

The complete matrix model of the Φ4 theory is given by the action (2.7), which we rewrite as

S(M) =
1
2

Tr(MK M)+
1
2

r Tr
(
M2)+gTr

(
M4) (3.4)

by rescaling the parameters and the matrix and by introducing

K M = [Li, [Li,M]] . (3.5)

The kinetic term of the action is not invariant under conjugation with a unitary matrix and it
does have a very non-trivial U-dependence. Therefore in this case the integration over the angular
degrees of freedom cannot be straightforwardly performed.

4. Kinetic term effective action

However, since the angular integration is a function of the matrix eigenvalues only, we can lift
it into the exponential. We define the kinetic term effective action [28, 29]

e−Se f f =
∫

dUe−
1
2 Tr(MK M) (4.1)

and consider the following probability distribution for the eigenvalues λi only

S(M) = Se f f (Λ)+
1
2

r ∑
i

λ
2
i +g ∑

i
λ

4
i −2∑

i< j
log |λi−λ j| . (4.2)

The key goal in the analytical treatment of the fuzzy scalar theory is to determine the eigen-
value dependence of the effective action.

4.1 Perturbative calculations

Perturbative treatment of the angular integral was first introduced in [30], where the perturba-
tive expansion of the integral in terms of kinetic action was made∫

dUe−
1
2 Tr(MK M) = ∑

n

1
n!

∫
dU
(
−1

2
Tr(MK M)

)n

= ∑
n

In (4.3)

and the first few integrals were computed, in the spirit of the character expansion method for angu-
lar integrals. This method was further extended in [31] where the integrals In were calculated up to
the third order using several group techniques and identities.

In [32], a different method to obtain the same expansion was used. The symmetries of the
kinetic term were considered

De−Se f f = O(Λ)e−Se f f . (4.4)

with D being some differential operator and O(Λ) a fuction of the eigenvalues only. Such sym-
metries were then used to put constraints on the expansion coefficients resulting in the following
perturbative expansion of the effective action up to the fourth order

Se f f (M) =
1
2

(
1
2

t2−
1
24

t2
2 +

1
2880

t4
2

)
− 1

432
t2
3 −

1
3456

(
t4−2t2

2

)2

+ . . . , (4.5)
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in term of the (normalized) symmetrized moments

tn =
1
N

Tr
(

M− 1
N

Tr(M)
)n

. (4.6)

It is possible to study this multitrace model, look for stable asymmetric solutions and for the fea-
tures of the phase diagram. It has been done, both numerically and analytically [27, 33, 34], and
it has been shown that the results are not satisfactory. The model does not have a triple point and
behaves very differently from expectations close to the origin of the parameter space.

4.2 Non-perturbative bootstrap

In [29], another treatment of the angular integral (4.1) was developed. Using this method it is
possible to determine certain part of the effective action analytically but it has little to say about the
rest of it.

The key observation is that in the case of g = 0, the matrix model corresponding to Φ4 is
solvable analytically in the commutative limit [28, 35]. In such free theory, introducing the kinetic
term into the action only rescales the probability distribution of the eigenvalues, but the distribution
remains of the same shape. This effect can be reproduced by the effective action of the form

Se f f =
1
2

F2(t2)+R , (4.7)

where F2(t2) is the part of the action that causes rescaling of the probability distribution and it is
equal to2

F2(t2) = log
(

t2
1− e−t2

)
. (4.8)

The remainder R gives a vanishing contribution for g = 0, i.e. when evaluated using (4.6) of the
Wigner semicircle distribution, which is the solution in the free case. Therefore R must contain
only the products of at least two such terms, which are simply t2n−1 or

(
t2n− (2n)!

n!(n+1)! t2
)
.

The remainder term can be dropped as an approximation and the resulting model studied [27,
36]. There is a region in the parameter space where the attraction among the eigenvalues introduced
by F2 overcomes the repulsion and an asymmetric solution living in only one of the wells of the
potential (figure 2) remains stable and the preferred solution to the model. The diagram obtained

Figure 2: The three possible types of the eigenvalue distribution ρ(x) of the model (4.8). The graphs have
different scales.

by this approximation reproduces the features of the diagram obtained numerically qualitatively
and to certain extent also quantitatively [36].

2Note, that the small t2 expansion correctly reproduces (4.5).
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4.3 Beyond the second moment

As it was mentioned in the preceding sections the perturbative expansion is not a very suc-
cessful tool to study the structure of the phase diagram of the Φ4 theory. It seems that to reproduce
the phase structure obtained through the numerical simulations, one needs to arrange the known
terms of the expansion into some non-perturbative package. It was shown that some progress can
be made considering terms involving only the second moment of the distribution.

One way of proceeding further in the analytical treatment of the theory could thus be to arrange
also the known R terms into packages similar to (4.8)

Se f f =
1
2

F(t2)+F3(t3)+F4(t4−2t2
2) . (4.9)

In principle, the functions F3(t) and F4(t) can be chosen arbitrarily, but must have the correct
perturbative expansion of the effective action (4.5). However, it is reasonable to demand that these
functions satisfy few conditions.

In order to reproduce the phase diagram of the Φ4 theory obtained in numerical simulations,
we want the phase transition line between the disorder and the non-uniform order phase going
through the origin of the parameter space. This leads to the following constraint on the behaviour
of the functions F3(t) and F4(t)

F ′3(t),F
′

4(t)→ 0 as |t| → ∞ . (4.10)

Thus, this functions cannot increase in a rate higher than log |t| as |t| → ∞.
We also expect the higher terms in the perturbative expansion to give a significant contribution

and therefore not be too small in comparison with first terms. The good trial functions could be for
example:

−A log(1+ t2) , A
(

1
1+ t2 −1

)
. (4.11)

It would be interesting to study such matrix models and analyze phase structure sensitivity on the
particular choice of the functions F3(t) and F4(t).

4.4 Two body interaction

In this section, we present a different method which might bring new insight to the problem
of the structure of the effective action. We restrict our attention only to the double-trace terms of
the multitrace expansion (4.5) and try to find a function which correctly reproduces this part of the
expansion in the form of a two body interaction

Se f f =
1
4

c2−
1
4

c2
1−

1
24

c2
2−

1
432

c2
3−

1
3456

c2
4 + . . . , (4.12)

Se f f =
1
4

c2 +∑
i

∑
j

f (λi,λi)+ . . . , (4.13)

where cn = Tr(Mn)/N. The main motivation for this is the fact, that the analysis of multritrace
models of the previous sections becomes technically very involved and we should look for a differ-
ent kind of expansion of the effective action.

6
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Interestingly, by choosing the function f (λi,λ j) of the form

f (λi,λ j) = a log(1−bλiλ j) (4.14)

with parameters equal to a = 3/2, b = 1/6 one can correctly reproduce all four relevant coefficients
in (4.11). Investigating the matrix model with the effective action given by

Se f f =
1
4

c2 +
3
2

log
(

1− 1
6

λiλ j

)
(4.15)

could thus lead to some more information about the phase structure of Φ4 theory.

5. Conclusions

To conclude this short report let us mention several questions that are still unanswered.
Approach outlined in the section 4.2 can be quite straightforwardly generalized to more com-

plicated fuzzy spaces. For some, there are numerical and perturbative results to compare against
[22, 23, 24, 37, 38], for some, such as CPn or the fuzzy four sphere, results would be an interesting
prediction for the future numerical investigation. Pursuing this line of research further would be a
very nice check of the consistency of the whole approach, suggested by the results for the fuzzy
sphere.

The presence of the striped phase in the commutative limit of the phase diagram is related to
the UV/IR-mixing. Modifications of the theories with no UV/IR-mixing are known for the fuzzy
sphere [39] and the noncommutative plane [40, 41]. It would be very interesting to investigate
these theories, both analytically and numerically, and look for the presence of the striped phase.

And finally, the journey towards the computation of the angular integral (4.1) has barely
started. The perturbative calculations become ridiculously complicated before giving enough in-
sight into the structure of the kinetic term effective action and nonperturbative approaches give us
information only about a small part of the effective action. At the moment, we are out of tricks and
spells to battle the monster and the models (4.9) and (4.14) are but a blind guess into the unknown
we face.
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[3] H. Grosse, C. Klimčík, P. Prešnajder, Towards Finite Quantum Field Theory in Non-Commutative
Geometry, Int.J.Theor.Phys. 35 (1996) 231.

7



P
o
S
(
C
O
R
F
U
2
0
1
7
)
1
4
4

Matrix Models of Fuzzy Field Theories Juraj Tekel

[4] H. Steinacker, Non-commutative geometry and matrix models, PoS QGQGS 2011 (2011) 004,
[1109.5521 [hep-th]].

[5] A.P. Balachandran, S. Kurkcuoglu and S. Vaidya, Lectures on Fuzzy and Fuzzy SUSY Physics, World
Scientific, 2007, [hep-th/0511114].

[6] R.J. Szabo Quantum Field Theory on Noncommutative Spaces, Phys. Rept. 378 (2003) 207,
[hep-th/0109162].

[7] S. Minwalla, M. Van Rammsdonk, N. Seiberg, Non-commutative perturbative dynamics, JHEP 2
(2000) 020, [hep-th/9912072].

[8] C.S. Chu, J. Madore, H. Steinacker, Scaling limits of the fuzzy sphere at one loop, JHEP 3 (2005) 075,
[hep-th/0106205].

[9] J. Glimm, A.M. Jaffe, T. Spencer, Phase transition for φ 4
2 quantum fields, Comm. Math. Phys. 45

(1975), 203-216.

[10] S. Chang, Existence of a second-order phase transition in a two-dimensional φ 4 field theory, Phys.
Rev. D 13 (2016) 2778.

[11] W. Loinaz, R.S. Willey, Monte Carlo Simulation Calculation of Critical Coupling Constant for
Continuum φ 4

2 , Phys. Rev. D 58 (1998) 076003, [hep-lat/9712008].

[12] D. Schaich, W. Loinaz, mproved lattice measurement of the critical coupling in theory, Phys. Rev. D
79 (2009) 056008, [0902.0045 [hep-lat]].

[13] G.S. Gubser, S.L. Sondhi, Phase structure of non-commutative scalar field theories, Nucl. Phys. B
605 (2001) 395, [hep-th/0006119].

[14] G.H Chen, Y.S. Wu, Renormalization group equations and the Lifshitz point in non-commutative
Landau-Ginsburg theory, Nucl. Phys. B 6022 (2002) 189, [hep-th/0110134].

[15] M. Panero, The numerical approach to quantum field theory in a non-commutative space, PoS
CORFU2015 (2016) 099, [1601.01176 [hep-th]].

[16] X. Martin, A matrix phase for the φ 4 scalar field on the fuzzy sphere, JHEP 04 (2004) 77,
[hep-th/0402230].

[17] F. García-Flores, X. Martin, D. O’Connor, Simulation of a scalar field on a fuzzy sphere, PoS LAT
2005 (2006) 262, [hep-lat/0601012].

[18] M. Panero, Numerical simulations of a non-commutative theory: the scalar model on the fuzzy sphere,
JHEP 05, 082 (2007), [hep-th/0608202].

[19] F. García-Flores, X. Martin, D. O’Connor, Simulation of a scalar field on a fuzzy sphere, Internat. J.
Modern Phys. A 24 (2009), 3917−3944, [0903.1986 [hep-lat]].

[20] B. Ydri, “New Algorithm and Phase Diagram of Noncommutative Φ4 on the Fuzzy Sphere,” JHEP
03, 065 (2014), [1401.1529 [hep-th]].
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