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1. Introduction

2. Jordan algebras
A Jordan algebra (J, ◦) is a real vector space J together with a bilinear product ◦ which is
commutative and respects the following weaker version of associative property that is known as
Jordan identity:
a2 ◦ (b ◦ a) = (a2 ◦ b) ◦ a.
(2.1)
We are always going to assume that every Jordan algebra has a unit (otherwise it is always possible
to add it).
It is always possible to build a Jordan algebra starting from an associative, noncommutative one as
follows: let (A, ) be an associative algebra and equip it with the anticommutator ◦ : A × A → A
1
(ab + ba) .
(2.2)
2
It is obvious that the anticommutator is a commutative product and by direct check one can also
verify that the Jordan identity holds, hence (A, ◦) is a Jordan algebra. Any Jordan algebra which is
isomorphic to a Jordan subalgebra of this kind is called a special Jordan algebra.
If in particular the associative algebra A is endowed with an involution ∗ : A → A, that is an antilinear map ∗ : A → A such that
a◦b =

(a∗ )∗ = a

(2.3)

(ab)∗ = b∗ a∗

(2.4)

1
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Noncommutative spectral geometry in the lenguage of Connes’s spectral triples is the most
widely acclaimed mathematical formalization for the Standard Model of particle physics so far
(see e.g. [5], [7], [6],[4]). The main cause behind this success lies in the possibility to extrapolate
most of Standard Model features (above all the existence of the Higgs boson) from a purely mathematical context, provided by the well celebrated reconstruction theorem for spectral triples.
That said, this model exhibits some flaws: from a mathematical point of view, the reconstruction
theorem would prescribe to take as gauge group the unitaries inside the C∗ algebra C ⊗ H ⊗ M3 (C).
While this prescription would lead naturally to the U(1)×SU(2) gauge symmetry, the SU(3) colour
symmetry of standard model has to be selected by hand (this is referred in mathematical litterature
as unimodularity condition). From a more physical point of view, spectral triples do not provide
any justification neither to the existence of three generations of particles nor to the quark-lepton
symmetry.
As we shall review in the following sections, in [8] the author shows how these two missing features could be obtained by allowing Jordan algebras to play the role of quantum observables in the
Standard Model.
In the last section we shall present some recent development in the theory (which are given with
full details in [3]), in particular we will show the explicit description of the theory of connections
for modules over Jordan algebras which will be equivalent, once provided a certain physical interpretation, to present the admissible potentials of the theory.
Moreover, we characterized flat connections which are known in quantum field theories to be in
one to one correspondence with vacua states.
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with product which is again given by the anticommutator. It is worth to stress that J38 is not a special
Jordan algebra, due to the fact that octonions themselves form a non associative algebra (see e.g.
[2]). In the following we shall omit the product and juxtaposition of two elements in a Jordan
algebra will stand for their product.
We denote as
[x, y, z] = (xy)z − x(yz)
(2.7)
the associator of three elements in a Jordan algebra J.
The center of a Jordan algebra, denoted by Z(J), is defined as the associative and commutative
subalgebra of elements which associate with every pair of other elements:
Z(J) = {z ∈ J | [z, x, y] = 0, [x, z, y] = 0, [x, y, z] = 0 ∀x, y ∈ J} .

(2.8)

This object will play many fundamental roles in the next sections.
Every time that one gives the algebraic structure of observables of a physical theroy, one has also to
provide a space for physical states as representation space of said algebra. Hence we must explain
what does it mean to represent a Jordan algebra.
Recall the familiar requirement of a representation ρ : A → End(V ) of an associative algebra A on
a vector space V :
ρ(a1 ) (ρ(a2 )v) = ρ(a1 a2 )v
(2.9)
this definition is not suitable for a Jordan algebra though. In fact it is natural to require the possibility to represent a Jordan algebra on itself, taking as representation map ρ(a) the multiplication by
the element a; but then we see that the condition above would require the algebra to be associative.
We shall then take a different perspective and define a representation of a Jordan algebra as follows.
Let M be a vector space together with two bilinear maps
J ⊗M → M

j ⊗ x 7→ jx

(2.10)

M⊗J → M

x ⊗ j 7→ x j

(2.11)

if the direct sum J ⊕ M, endowed with the product

( j, x)( j0 , x0 ) = j j0 , jx0 + x0 j ,
2

(2.12)
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then the subspace Asa = {a ∈ A | a∗ = a} of self-adjoint elements in A is not a subalgebra of (A, )
but it is a Jordan subalgebra for the special Jordan algebra (A, ◦) : given a and b selfadjoint, one
has:
1
1
1
(2.5)
(a ◦ b)∗ = (ab + ba)∗ = (b∗ a∗ + a∗ b∗ ) = (ba∗ + ab) = a ◦ b.
2
2
2
This property can give a grasp of why Jordan algebras were initially introduced as algebraic model
for quantum mechanical observables ([1],[12]): they are a natural structure if one wants to deal
with products of self-adjoint operators, which are known to be physical observables in any quantum
theory.
The second example that we are going to show (and which is going to play a prominent role in
what follows) is the exceptional Jordan algebra J38 , whose elements are 3 × 3 hermitian matrices
with octonion entries:
J38 = {x ∈ M3 (O) | a = a∗ },
(2.6)
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is itself a Jordan algebra, we say that M is a (bi)module on J or equivalently that J is represented
on M.

3. The exceptional quantum space

Consider A = C ⊕ C3 as vector space and equip it with the following SU(3)−invariant product:

(z, Z)(z0 , Z 0 ) = zz0 − hZ, Z 0 i, zZ 0 − z0 Z + iZ × Z 0 .

(3.2)

As matter of fact, the following theorem holds (see e.g. [15]):
Proposition 3.1. The algebra A is isomorphic to the algebra of octonions O. The subgroup of
automorphisms of O which preserves the decomposition O = C ⊕ C3 is isomorphic to SU(3).
Now we are going to interpret C3 as the space of colour degrees of freedom of quarks and C
as space of internal colour degrees of freedom of leptons (which is one-dimensional, meaning that
leptons do not carry any colour charge, as it should be).
This interpretation connects the quark-lepton symmetry to the unimodularity condition, now we
show how this binds to the existence of three generations of particles. We can arrange particles of
standard model in the following table:
Q = 2/3(Quarks)
Q = 0 (Leptons)
Q = −1/3(Quarks)
Q = −1(Leptons)

u
νe
d
e

c
νµ
s
µ

t
ντ
b
τ

(3.3)

where Q is the electric charge. This arrangement expose some sort of "triality" of the theory, meaning that each column is reapeted exactly three times, Together with the interpretation of quarklepton symmetry in terms of decomposition of octonions as explained above, this suggests the
following construction.
Consider again the exceptional Jordan algebra J38 , its element are matrices whose entries are octonions which we can decompose as elements in A, writing:

 

ξ1 x3 x2
ξ1 z3 z2

 

(3.4)
x3 ξ2 x1  =  z3 ξ2 z1  ⊕ (Z1 , Z2 , Z3 ) ,
x2 x3 ξ3
z2 z3 ξ3
3
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Now we briefly resume how the structures presented in the previous section could be exploited
in particle physics, for full details see [8]. The discussion that follows deals with "internal" degrees
of freedom of elementary particles, thus it should not surprise that we will consider only finite
dimensional Hilbert spaces and algebras.
Consider C3 as Hilbert space with standard hermitian product h·, ·i : C3 × C3 → C3 . The vector product × : C3 × C3 → C3 is nonassociative and SU(3)−invariant. Equip C with the trivial
representation of SU(3) :
(g, z) 7→ z g ∈ SU(3), z ∈ C.
(3.1)
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where the diagonal elements ξi ’s are real numbers and, as consequence of the isomorphism above,
we write every octonion xi as xi = (zi , Zi ) with zi ∈ C, Zi ∈ C3 . Thus we obtain the following
decomposition of the exceptional algebra as
J38 = J32 ⊕ M3 (C),

(3.5)

where J32 denotes the (special) Jordan algebra given by 3 × 3 complex hermitian matrices. Now we
can look again for the automorphisms which preserve this decomposition, for which we have the
following (see again [15]):

The action of (U,V ) ∈ (SU(3) × SU(3)) /Z3 on an element (H,V ) ∈ J32 ⊕ M3 (C) is given as:
H 7→ V HV ∗ M 7→ UMV ∗

(3.6)

(H, M) ∈ J32 ⊕ M3 (C).

(3.7)

We will come back on this action very soon.
Provided a candidate for the algebra of observables, we have to select an appropriate module on
which it can be represented and whose points are going to be states of our theory. For each generation of particles there are two families, that are irreducible representations of the SU(2) symmetry
of standard model, the most natural choice is then to consider the module M = J38 ⊕ J38 . We do the
following particle assignment:

α1 ντ ν µ


J u = ν τ α2 νe  + (u, c,t)
νµ ν e α3




β1 τ µ


J d =  τ β2 e  + (d, s, b) .
µ e β3



(3.8)

Looking at the expression above and to the action of (SU(3) × SU(3)) /Z3 , some considerations
are mandatory:
• The diagonal elements ai and bi seems to represent new 1/2 fermions whose internal space
is just R. One can think of them as Majorana spinors and there seems to be no reason to rule
them out a priori from the theory, thus if one makes use of the exceptional Jordan algebra,
there could be the opportunity to go slightly beyond the Standard Model.
• The action of U ∈ SU(3) mixes different colours
• The action of V ∈ SU(3) mixes different generetions of leptons.
We have shown how we hope to overcome the greatest flaws of noncommutative Standard model
by means of modules over Jordan algebras. In order to write any significant physical action for
such objects and to study some dynamics, we will start next section talking about their differential
calculus, also introduced in [8].
4
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Proposition 3.2. The subgroup of automorphisms of the exceptional Jordan algebra J38 which preserves the decomposition J38 = J32 ⊕ M3 (C) is isomorphic to (SU(3) × SU(3)) /Z3 .
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4. Connections and curvature over Jordan modules
In the following Der(J) stands for derivations of the Jordan algebra, which are the linear
endomorphisms of J that respects the Leibniz rule for the derivation of the product:
Der(J) = {X ∈ End(J) | X(ab) = X(a)b + aX(b)}.

(4.1)

(da) (X) := X(a) ∀ a ∈ J, X ∈ Der(J).
(4.2)

We refer to the pair Ω1 (J), d as the (derivation based) first order differential calculus over J. Let
Ωn (J) be the J module of n−linear antisymmetric Z(J)−homomorphisms from Der(J) into J, that
is any ω ∈ Ωn (J) is a Z(J) linear map:
ω : ∧Z (J)n Der(J) → J,

(4.3)

then we define Ω(J) = ⊕n≥0 Ωn (J), equipped with wedge product of linear maps. We can extend d
to a linear endomorphism of ΩDer (J) by setting:
 

(dω)(X0 , ..., Xn ) = ∑ (−1)k Xk ω X0 , ..., Xbk , ...Xn +
0≤k≤n

+

∑



(−1)r+s ω [Xr , Xs ], X0 , ..., Xbr , ..., Xbs , ...Xn

(4.4)
∀ω ∈ Ωn (J).

0≤r<s≤n

d is an antiderivation and d 2 = 0. We refer to (ΩDer (J), d) as the (derivation based) differential
calculus over J.
Let now M be a module over a Jordan algebra J. We define a connection ∇ as a map from Der(J)
into End(M) such that it respects the generalized Leibniz rule
∇X (am) = X(a)m + a∇X m ∀X ∈ Der(J), a ∈ J, m ∈ M,

(4.5)

where we have denoted the evaluation of ∇ at X ∈ Der(J) with ∇X . Also we require that a connection shall be linear with respect to elements in the center of the Jordan algebra:
∇(zX) = z∇X

∀z ∈ Z(J).

(4.6)

Notice that if ∇ and ∇0 are two different connections, then their difference is an endomorphism of
the module, in the sense that:



∇X − ∇0X (am) = a ∇X − ∇0X (m)
(4.7)
Thus we can classify all possible connections on a module by starting from an already known
base connection and adding any module endomorphism of M to it. In analogy to what we do in
differential geometry, we can also define the curvature of a connection as:
R(X,Y ) = [∇X , ∇Y ] − ∇[X,Y ] .
We will say that a connection is flat if its curvature is identically zero.
5
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Der(J) is a Lie algebra with the commutator of derivations as product.
Let us denote as Ω1 (J) the J−module homomorphisms from Der(J) into J, linear with respect to
Z(J). We define the differential d : J → Ω1Der (J) from the relation:
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5. Flat connections on modules of the exceptional Jordan algebra

And all other connections are going to be written as ∇ = ∇0 +A where A is a module endomorphism
of M. One can find the following result (see in [3] for theorems in the general context of free
modules over any Jordan algebra):
Proposition 5.1. Let M = J38 be a free module over the exceptional Jordan algebra J38 , every
connection on M is then written as:
∇ = ∇0 + A
where the map A : f4 → Mn (R) is linear.
Here the exceptional Lie algebra f4 plays the role algebra of derivations for J38 (see e.g. [15]
for more details) and the evaluation on the derivation X ∈ f4 is given by ∇X = ∇0X + A(X). For
what concerns flat connection, one can use the characterization given above and combine it with
definition (4.8) to get the following result which is quite similar to its counterpart in the setting of
non abelian gauge theories:
Proposition 5.2. Flat connections on M are in one to one correspondence with Lie algebra ho

momorphisms A : f4 → Mn (R). That is, for a basis {Xµ } ⊂ f4 with structure constants Xµ , Xν =
cτµν Xτ :


A(Xµ ), A(Xν ) = cτµν A(Xτ ).
(5.2)
It is important to stress that, once one introduces external degrees of freedom, all of this
characterization will allow us to write down the analogue of a Yang Mills lagrangian for a Jordantype quantum field theory, as we shall do in a further work.

6. Conclusions
We have shown how Jordan algebras could provide good ground for a rigorous mathematical
formalization of Standard Model. Before doing any attempt to do some actual physics within this
framework some further preparatory studies have to be conducted.
From a physical point of view one has of course to understand how to implement all gauge
symmetries of Standard Model in terms of Jordan algebras; in particular the SU(2) ×U(1)
symmetry might be linked to the automorphisms of the special Jordan algebra J24 .
6
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The classification of flat connections has huge physical relevance in quantum field theory, in
particular for gauge theories. It is in fact well known that flat connections for modules over the Lie
algebra of the gauge group are in one to one correspondence with the admissible ground states of
any quantum field theory (see e.g. [9], [10],[11]).
For our purpose it will suffices to characterize flat connections on free modules of the exceptional
Jordan algebra J38 . Dealing with free modules, the most obvious choice for a base connection ∇0
is the lift of the differential which is just given by differentiating component-wise elements of a
module M. As example, on the module M = J38 ⊗ R2 = J38 ⊕ J38 one has:
!
!
!
x1
dx1 (X)
X(x1 )
0
∇X
:=
=
(5.1)
x2
dx2 (X)
X(x2 )
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From a more mathematical point of view, one should provide in this new language all definitions
and theorems of the noncommutative formulation of Standard Model, in particular giving meaning
to the notion of first order operators in a nonassociative setting.
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