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1. Introduction

It has been argued that the consideration of commutativity of coordinates at arbitrarily small
length scales is not an obvious and natural choice. Therefore, one could consider that, at small dis-
tances, coordinates of spacetime exhibit noncommutative behaviour. A direct query that emerges is
whether noncommutativity of coordinates induces modifications for gravity. A modest approach is
to consider an alternative, noncommutative version of (first-order formulation of) general relativity
and find out the modifications or corrections to the well-established results of general relativity.

The starting point is to recall the relation between gravity and gauge theories [1–4]; gen-
eral relativity, with or without cosmological constant, is obtained upon gauging the Poincaré or
(A)dS algebra. This is valid for the transformation rules of the gauge fields—the vielbein and the
spin connection—in arbitrary dimensions. However, specifically in three dimensions, besides the
transformation rules, the dynamics, i.e. the Einstein-Hilbert action, can be obtained by gauge the-
ory [5,6]. Given that noncommutative gauge theories exist and are well-defined [7], one could then
be motivated to make use of them as a guide to noncommutative gravity. Such an approach was
followed before, for example in Refs. [8–12]. In a similar way, this has been studied also in three
dimensions, using the relation to Chern-Simons gauge theory [13–16]. The above works share a
common feature, that is the noncommutative deformation is constant (Moyal-Weyl) and the whole
procedure is followed by using the corresponding star product of functions and the Seiberg-Witten
map [17].

Alternatively, there is another type of noncommutative geometries, matrix geometries, which
can be employed in order to study quantum gravity [18, 19]. Several approaches have been sug-
gested, mainly based on Yang-Mills matrix models [20–30], pointing once more at direct relations
among noncommutative gauge theories and gravity. For another approach see Refs. [31–33], where
a solid indication that the degrees of freedom of the resulting theory of gravity can be put in cor-
respondence with those of the noncommutative structure. In this case, the usual symmetries such
as coordinate invariance are built-in, and the commutator of coordinates can have arbitrary depen-
dence on them. Moreover, describing gravity as a gauge theory in the context of matrix geometry
is further motivated by gauge theories defined on fuzzy spaces [34]. It is worth noting that the
dimensional reduction of higher-dimensional gauge theories over fuzzy manifolds -used as extra
dimensions- leads to renormalizable four-dimensional theories [35]. This is a delicate and desirable
feature that is worth exploring in the case of gravity, too.

In general, formulating gravity in the noncommutative framework is a rather difficult task,
because noncommutative deformations break Lorentz invariance. Nevertheless, there are certain
types of noncommutative spaces, on which it is possible to define deformed symmetries which
are preserved, as for example in the case of κ-Minkowski spacetime [36, 37], which appears as a
solution of the Lorentzian IIB matrix model in Ref. [38]. However, there are special types of defor-
mations that constitute covariant noncommutative spacetimes [39, 40]. Studies on such spaces can
be found in Ref. [41], where the authors build a general conformal field theory defined on covari-
ant noncommutative versions of four-dimensional dS or AdS spacetime. More four-dimensional
constructions of the same spirit are studied in Refs. [42–45].

In this paper we review the study of three-dimensional gravity as a noncommutative gauge
theory [46]. First thing to do is the determination of the three-dimensional noncommutative spaces
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with the appropriate symmetry. We employ two structures for the Euclidean and the Lorentzian
signature. In the Euclidean case, such a space is the foliation of three-dimensional Euclidean
space by fuzzy spheres [47], called R3

λ
. The noncommutative coordinates of this space belong

to an SU(2) algebra, but, in contrast to the fuzzy sphere case [48, 49], the hermitian matrices are
not restricted to live in unitary irreducible representations but in reducible ones. This means that
each coordinate of R3

λ
is written as a matrix in a block diagonal form, with each block being an

irreducible representation, i.e. a fuzzy sphere. It is in this sense that a third dimension emerges
and the noncommutative space can be viewed as a foliation of the three-dimensional Euclidean
space, where each fuzzy sphere is considered as a leaf of the foliation. Then, having determined
the space, we are going to gauge its group of symmetries, SO(4) (see for example [50]), in order
to develop a model for three-dimensional gravity, combining the existing tools of doing gauge
theories on noncommutative spaces [7] and the whole procedure for building three-dimensional
gravity in the commutative case [6]. A generic feature of noncommutative non-Abelian gauge
theories is that anticommutators do not close, therefore, in order to overpass this drawback, we
will consider a larger symmetry, U(2)xU(2) in a fixed representation. The above structure has
a Lorentzian analogue, in which a three-dimensional noncommutative space whose coordinates
belong to reducible representations of SU(1,1) is involved. This space is a similar construction to
the R3

λ
, i.e. a foliation of the three-dimensional Minkowski spacetime by fuzzy hyperboloids1 [51].

Since the coordinates are matrices in reducible representations of SU(1,1), they are written in block
diagonal form of irreducible representations, with each block being a fuzzy hyperboloid, which
means that the space we end up with is a foliation of the three-dimensional Minkowski spacetime
by fuzzy hyperboloids. Again we proceed in a similar way, gauging the symmetry group of the
space, which is the SO(1,3). For the same reason as in the Euclidean case, we have to enlarge the
symmetry to the GL(2,C) in a fixed representation (as in [10]).

The outline of the proceeding is the following. In section 2, we briefly review the construction
of four-dimensional gravity as a gauge theory of the Poincaré algebra and three-dimensional grav-
ity as a gauge theory of the Poincaré or (A)dS algebra, depending on the presence and sign of the
cosmological constant, since this is the basic prescription we will use later for the noncommuta-
tive case. In section 3, we include some worth-noting remarks on noncommutative gauge theories
(emphasizing on the non-Abelian case), since those will be the tools we are going to use for our
purpose, but also to make the present text self-contained. In section 4, we give some informa-
tion about the structure of the noncommutative spaces we are going to work on, i.e. the foliated
three-dimensional Euclidean and Minkowski spacetimes by fuzzy spheres and fuzzy hyperboloids,
respectively. In section 5, we proceed with building the gauge theories on those spaces, obtaining
expressions for the transformation rules of the gauge fields and their curvature tensors and taking
the commutative limit in order to compare our findings with the well-established results of the
commutative three-dimensional theory of gravity. In section 6, we write down an action of Chern -
Simons type and vary it in order to obtain the equations of motion. In section 7, we summarize our
work, discuss our findings and propose potential directions for future work.

1The fuzzy hyperboloid space is obtained after restricting the matrices of SU(1,1) live in unitary irreducible repre-
sentations (in analogy with the SU(2) case, in which fuzzy sphere is obtained in the same way).
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2. Gravity as a gauge theory

In this section we briefly review the alternative description of gravity in four and three dimen-
sions as gauge theories of their corresponding isometry groups.

2.1 Four-Dimensional case

In four dimensions, the vielbein formulation of general relativity can be understood, at least
at the kinematical level2, as a gauge theory [1–4] of the Poincaré algebra iso(1,3). The latter is
composed of ten generators, the four generators of local translations Pa,a = 1, . . . ,4, and the six
Lorentz transformations Mab, satisfying the following commutation relations3

[Mab,Mcd ] = 4η[a[cMd]b] , [Pa,Mbc] = 2ηa[bPc] , [Pa,Pb] = 0 , (2.1)

where ηab is the (mostly plus) Minkowski metric. Gauging proceeds with the introduction of a
gauge field for each algebra generator, in particular the vielbein eµ

a for translations and the spin
connection ωµ

ab for Lorentz transformations. The gauge connection is collectively given as

Aµ(x) = eµ
a(x)Pa +

1
2

ωµ
ab(x)Mab , (2.2)

and it transforms in the adjoint representation according to the standard rule

δAµ = ∂µε +[Aµ ,ε] , (2.3)

where the gauge transformation parameter is taken to be

ε(x) = ξ
a(x)Pa +

1
2

λ
ab(x)Mab . (2.4)

Thus, replacing (2.2) and (2.4) in (2.3), one finds the transformations of the vielbein and spin
connection,

δeµ
a = ∂µξ

a +ωµ
ab

ξb−λ
a

beµ
b , (2.5)

δωµ
ab = ∂µλ

ab−2λ
[a

cωµ
cb] . (2.6)

Their curvatures are obtained accordingly, using the usual formula

Rµν(A) = 2∂[µAν ]+[Aµ ,Aν ] . (2.7)

Writing Rµν(A) = Rµν
a(e)Pa +

1
2 Rµν

ab(ω)Mab and replacing it along with (2.2) in (2.7), the com-
ponent tensors of curvature turn out to be

Rµν
a(e) = 2∂[µeν ]

a−2ω[µ
abeν ]b , (2.8)

Rµν
ab(ω) = 2∂[µων ]

ab−2ω[µ
ac

ων ]c
b . (2.9)

2This is also true in arbitrary dimensions.
3We employ the standard convention that antisymmetrizations are taken with weight 1.
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Imposing the conventional curvature constraint Rµν
a(e) = 0 (vanishing torsion), leads to the solu-

tion of the spin connection in terms of the vielbein components. These are certainly well-known
and further details may be found in textbooks. The dynamic follows from the Einstein-Hilbert
action

SEH4 =
1
2

∫
d4xε

µνρσ
εabcd eµ

aeν
bRρσ

cd(ω) . (2.10)

The latter action does not follow from gauge theory and this is the reason why the four-dimensional
gravity cannot be considered as a gauge theory, even though the kinematics are correctly obtained
in this gauge-theoretical approach.

2.2 Three-Dimensional case

In the three-dimensional case, the first order formulation of general relativity can be recov-
ered as a gauge theory of the Poincaré algebra iso(1,2). If cosmological constant is present, the
relevant algebras are the de Sitter and Anti de Sitter ones, so(1,3) and so(2,2), respectively. The
corresponding generators are the ones of local translations Pa,a = 1,2,3 and the Lorentz transfor-
mations Jab, satisfying the commutation relations 4

[Jab,Jcd ] = 4η[a[cJd]b] , [Pa,Jbc] = 2ηa[bPc] , [Pa,Pb] = ΛJab , (2.11)

where ηab is the (mostly plus) Minkowski metric and Λ is the cosmological constant. These com-
mutation relations are valid in any dimension5, however, especially in three dimensions, a conve-
nient rewriting is allowed, converting the above commutation relations to

[Ja,Jb] = εabcJc , [Pa,Jb] = εabcPc , [Pa,Pb] = ΛεabcJc , (2.12)

using the definition Ja = 1
2 εabcJbc. Gauging proceeds with the introduction of a gauge field for

each generator of the algebra, in particular the dreibein eµ
a for translations and the spin connection

ωµ
a = 1

2 εabcωµbc for Lorentz transformations. The gauge connection is given as

Aµ(x) = eµ
a(x)Pa +ωµ

a(x)Ja , (2.13)

transforming in the adjoint representation according to the standard rule

δAµ = ∂µε +[Aµ ,ε] , (2.14)

where the gauge transformation parameter is

ε(x) = ξ
a(x)Pa +λ

a(x)Ja . (2.15)

Thus one can find the transformations of the dreibein and spin connection,

δeµ
a = ∂µξ

a− ε
abc (

ξbωµc +λbeµc
)
, (2.16)

δωµ
a = ∂µλ

a− ε
abc (

λbωµc +Λξbeµc
)
, (2.17)

4Again, we employ the standard convention that antisymmetrizations are taken with weight 1.
5They are the same used in the four-dimensional case, with Λ = 0.
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and their curvatures, using the standard formula

Rµν(A) = 2∂[µAν ]+[Aµ ,Aν ] . (2.18)

Writing Rµν(A) = Tµν
aPa +Rµν

aJa , these turn out to be

Tµν
a = 2∂[µeν ]

a +2ε
abc

ω[µbeν ]c , (2.19)

Rµν
a = 2∂[µων ]

a + ε
abc (

ωµbωνc +Λeµbeνc
)
. (2.20)

The Einstein-Hilbert action with or without cosmological constant, Λ, in three dimensions,

SEH3 =
1

16πG

∫
M

ε
µνρ

(
eµ

a (
∂νωρa−∂ρωνa

)
+ εabceµ

a
ων

b
ωρ

c +
1
3

Λεabceµ
aeν

beρ
c
)
, (2.21)

is identical to the action functional of a Chern-Simons gauge theory of the Poincaré, dS or AdS
algebra, upon choice of an appropriate quadratic form in the algebra [5, 6]. The standard choice is

tr(JaPb) = δ
ab , tr(PaPb) = tr(JaJb) = 0 . (2.22)

However, in three dimensions, for Λ 6= 0, there exists an alternative non-degenerate invariant
quadratic form, given as

tr(JaPb) = 0 ,
1
Λ

tr(PaPb) = tr(JaJb) = δ
ab , (2.23)

yielding a different, yet classically equivalent, action [6]. This second set of traces will be important
in our study too.

Therefore, we conclude that in the three-dimensional case, gravity is successfully formulated
as a gauge theory of Chern - Simons type, both for the transformations of the gauge fields and for
its dynamics.

3. Noncommutative gauge theories

In the noncommutative framework, gauge theories exist and are well-defined. Initially, one
may consider an algebra, A , of operators, Xµ , being regarded as the noncommutative space and
noncommutative coordinates, respectively. The noncommutative coordinates (operators) are sub-
jected to a commutation relation which is generically given as

[Xµ ,Xν ] = iθµν . (3.1)

We should note that θµν determines the type of noncommutativity and is not a priori specified
mainly for two reasons. First, although it is assumed to depend on the noncommutative coordinates
Xµ , it could in principle depend on the corresponding momenta Pµ , as well (see Ref. [52] for some
examples). Second, one may consider noncommutative spaces where the coordinates Xµ do not
close, as for example in the case of fuzzy 4-sphere of Ref. [53], or more generally spaces where
θµν is not a fixed tensor, as for example in Refs. [40, 41].
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A very natural way to introduce gauge theories in the noncommutative regime is through the
covariant noncommutative coordinates, Xµ [7], defined as

Xµ = Xµ +Aµ , (3.2)

obeying a covariant gauge transformation rule

δXµ = i[ε,Xµ ] . (3.3)

The definition of the covariant noncommutative coordinate induces the definition of a noncommu-
tative covariant field strength tensor which in turn defines the noncommutative gauge theory

Fµν = [Xµ ,Xν ]− iC ρ

µν Xρ , (3.4)

where the second term of the right hand side is specified for the Lie-type noncommutativity. In
general, this term is determined by the type of noncommutativity of the coordinates Xµ .

Whether the gauge theory is Abelian or non-Abelian is determined by the nature of the gauge
parameter, ε . If ε is valued in the algebra A , then the gauge theory is considered to be Abelian,
while when ε is valued in Mat(A ), then the theory is non-Abelian [7]. Given that we are going to
deal with the non-Abelian case, it is a good point to settle a generic issue encountered in noncom-
mutative non-Abelian gauge theories, that is to determine where the gauge fields are valued. Let us
consider the following commutation relation

[ε,A] = [εAT A,ABT B] =
1
2
{εA,AB}[T A,T B]+

1
2
[εA,AB]{T A,T B} , (3.5)

where, T A are the generators of the algebra and the spacetime indices are suppresed for simplicity.
In the commutative case, the last term of the above relation vanishes due to the commutator factor,
which is trivially zero, since εA and AB are functions which depend on ordinary coordinates and
therefore commute. That is the reason why there is no need to pay attention in the outcome of
the anticommutator of the generators of the algebra. However, in the noncommutative case, the
commutator of the last term is not zero, therefore one has to determine the nature of the outcome of
the anticommutator. In general, the anticommutator of the generators, living in an arbitrary repre-
sentation, does not give elements of the algebra but instead, products of the generators. Therefore,
in general, restriction to a matrix algebra is not possible [7] and further measures have to be applied
in order to achieve the closure of the anticommutator. The first option is to consider the universal
enveloping algebra [54], that is to consider an algebra that includes every product of generators
produced by the anticommutator. The second option to overpass this drawback is to fix the repre-
sentation so that the anticommutator will give a limited number of elements not belonging to the
algebra and then extend the algebra by those elements produced by the anticommutator in order
to result with an enlarged -but finite- algebra in a fixed representation. In the noncommutative
non-Abelian gauge theories we are going to build we will employ the second choice.

4. Three-dimensional fuzzy spaces

Based on the methodology we reviewed in the subsection 2.2 and the tools we briefly listed
in section 3, our goal is to build a noncommutative non-Abelian gauge theory describing three-
dimensional gravity. In order to do so, it is fundamental to determine the noncommutative space-
time we are going to work and build our gauge theory on.
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A very well-known covariant noncommutative space is the fuzzy sphere [48, 49], which is
defined in terms of three rescaled angular momentum operators Xi = λJi, the Lie algebra generators
of a unitary irreducible representation of SU(2), which satisfy

[Xi,X j] = iλεi jkXk ,
3

∑
i=1

XiXi = λ
2 j( j+1) := r2 , λ ∈ R, 2 j ∈ N. (4.1)

If we choose to relax the Casimir condition, that is to allow the coordinates, Xi, to live in unitary
reducible representations of SU(2) and keeping λ fixed, the three-dimensional noncommutative
space known as R3

λ
[47] is obtained, expressed as a direct sum of fuzzy spheres with all possible

radii determined by 2 j ∈ N [47, 57–59]

R3
λ
= ∑

2 j∈N
S2

λ , j . (4.2)

Thus R3
λ

can be viewed as a discrete foliation of 3D Euclidean space by multiple fuzzy 2-spheres,
each being a leaf of the foliation [60]. The structure and relation of R3

λ
to hermitian generators of

su(2) in a matrix basis appears e.g. in [57].
The above construction of R3

λ
has a direct analogue in the case of Lorentzian signature.

This means that three-dimensional Minkowski spacetime gets foliated by another two-dimensional
fuzzy space, that is the fuzzy hyperboloid, dS2. The latter is defined in a similar way to the fuzzy
sphere, that is:

[Xi,X j] = iλCi j
kXk , ∑

i, j
ηi jXiX j = λ

2 j( j−1) , (4.3)

where Xi are matrices proportional to the generators of the SU(1,1) algebra Ji, Ci j
k are its structure

constants and ηi j is the three-dimensional Minkowskian metric. It is important to mention that
for the construction of dS2

F the irreducible representations of the group are chosen appropriately,
specifically from the continuous principle series [51].

Again, in order to obtain the Minkowskian analogue of R3
λ

, one has to lift the Casimir con-
dition and consider the Xi to live in reducible representations, with each block being an irre-
ducible representation, i.e. a fuzzy hyperboloid of fixed radius. This means that three-dimensional
Minkowski spacetime gets foliated by the fuzzy hyperboloids of various radii.

It is worth-noting that although the two constructions are similar, there is a major difference
between them. In the Euclidean case the whole construction is based on SU(2) and its unitary
irreducible representations, which are finite-dimensional since SU(2) is compact. On the other
hand, in the Minkowskian case, the structure is based on SU(1,1) which possesses only infinite-
dimensional unitary irreducible representations, since it is non-compact.

5. Gravity as a gauge theory on the three-dimensional fuzzy spaces

In section 2.2, we reviewed the description of three-dimensional gravity as a Chern-Simons
gauge theory. In this section, we propose a description for a noncommutative version of three-
dimensional gravity on the fuzzy spaces we described in section 4, employing the same method-
ology of the commutative case, using the tools of noncommutative gauge theories, mentioned in

7
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section 3. Therefore, according to the gauging procedure, the covariant coordinate should contain
information about the noncommutative versions of the dreibein and the spin connection 6.

5.1 The Lorentzian case

Since we are going to deal with the three-dimensional case with Λ > 0, the relevant group
of symmetry of the fuzzy space we are using is SO(1,3) (SO(4) for the euclidean case of R3

λ
).

This consideration will lead to a non-Abelian noncommutative gauge theory, which means that we
will have to overcome the drawback mentioned and explained in section 3, extending the algebra
appropriately. Our approach is motivated by the one followed in [10] in the Moyal-Weyl case. Ac-
cordingly, first we consider the spin group of the group of symmetry, which is the Spin(1,3) being
isomorphic to the SL(2;C) (similarly in the Euclidean case it is Spin(4) = SU(2)×SU(2)). The
generators of SL(2;C), are ΣAB = 1

2 γAB = 1
4 [γA,γB],A = 1,2,3,4, γA being 4D Lorentzian gamma

matrices, satisfying the following commutation relation:

[γAB,γCD] = 8η[A[CγD]B] , (5.1)

found through the product relation [62]:

γABγ
CD = 2δ

[C
[B δ

D]
A] +4δ

[C
[B γA]

D]+ iεAB
CD

γ5 . (5.2)

The generators of the algebra do not anticommute, yielding elements outside the algebra. There-
fore, we fix the representation to the be the spinorial, which enables us to control the elements
produced by the anticommutators to the minimum of two: the unit matrix, 1l, and γ5, due to the
above product relation:

{γAB,γCD}= 4ηC[BηA]D1l+2iεABCDγ5 . (5.3)

Therefore, the algebra has to be extended including these two elements, leading to an eight-
dimensional algebra, which is in fact the GL(2;C), generated by7 {γAB,γ5, i1l} 8.

We proceed with a decomposition to an SO(3) notation, obtaining the generators γab and
γa = γa4 with a = 1,2,3. A notational simplification is achieved after defining: γ̃a = εabcγbc. In
order to proceed we need to conform the commutation and anticommutation relations to the new
definitions of the generators after the SO(3) decomposition:

[γ̃a, γ̃b] =−4ε
abc

γ̃c , [γa, γ̃b] =−4εabcγ
c , [γa,γb] = εabcγ̃

c , (5.4)

{γ̃a, γ̃b}=−8η
ab1l , {γa, γ̃

b}= 4iδ b
a γ5 , {γa,γb}= 2ηab1l , (5.5)

[γ5,γAB] = 0 , {γ5,γAB}= iεABCD
γCD , {γa,γ5}= iγ̃a , {γ̃a,γ5}=−4iγa . (5.6)

We resume our analysis by considering GL(2;C) as the gauge group. The noncommutative
coordinates Xa are identified with the three operators of the 3D fuzzy space discussed in Section

6For similar approaches see [27, 28, 30] in the same sense that covariant derivative does in the gauging of Poincaré
and (A)dS algebra in the commutative case.

7We use the same set of γ4-hermitian generators as in Ref. [10] (according to our conventions, γ4 corresponds to
the γ0 of that paper, and our metric signature is the opposite one, with η44 =−1); see also [63], Sec. 4.2, for a detailed
explanation.

8In the Euclidean case, a similar extension takes place, SU(2)×SU(2) symmetry gets enlarged to the U(2)×U(2).

8



P
o
S
(
C
O
R
F
U
2
0
1
7
)
1
6
2

3-d Noncommutative Gravity G. Manolakosb

4. Therefore, following the discussion of Section 3 about noncommutative gauge theories, the
covariant coordinates will incorporate the information of the deformation of the space, via the
gauge connection, Aµ :

Xµ = δµ
aXa +Aµ , (5.7)

where Aµ = A ā
µ (Xa)⊗ T ā, A ā

µ being the GL(2;C)-valued gauge fields. The tensor product is
present because component fields are no longer functions of coordinates of classical manifold, but
operators. The GL(2;C) gauge connection is written in terms of the component gauge fields as
follows:

Aµ(X) = eµ
a(X)⊗ γa +ωµ

a(X)⊗ γ̃a +Aµ(X)⊗ i1l+ Ãµ(X)⊗ γ5 . (5.8)

Accordingly, the gauge parameter is element of the algebra, therefore it is expanded on its genera-
tors, that is

ε(X) = ξ
a(X)⊗ γa +λ

a(X)⊗ γ̃a + ε0(X)⊗ i1l+ ε̃0(X)⊗ γ5 . (5.9)

Using the general form of the covariant transformation rule9, we calculate the transformations
of the component gauge fields, in a similar way to the commutative case. The transformations are
calculated to be (denoting Xµ = δµ

aXa):

δe a
µ =−i[Xµ +Aµ ,ξ

a]−2{ξb,ωµc}εabc−2{λb,eµc}εabc + i[ε0,e a
µ ]−

−2i[λ a, Ãµ ]−2i[ε̃0,ωµ
a] , (5.10)

δω
a

µ =−i[Xµ +Aµ ,λ
a]+

1
2
{ξb,eµc}εabc−2{λb,ωµc}εabc + i[ε0,ω

a
µ ]+

+
i
2
[ξ a, Ãµ ]+

i
2
[ε̃0,eµ

a] , (5.11)

δAµ =−i[Xµ +Aµ ,ε0]− i[ξa,e a
µ ]+4i[λa,ω

a
µ ]− i[ε̃0, Ãµ ] , (5.12)

δ Ãµ =−i[Xµ +Aµ , ε̃0]+2i[ξa,ω
a

µ ]+2i[λa,e a
µ ]+ i[ε0, Ãµ ] , (5.13)

where we have been cautious about the order of the generators (unlike the commutative case) and
have used the formula (3.5).

Let us consider two limits for the above transformation rules. First, the Abelian limit, that
is the case in which we would have considered an Abelian gauge group. In this case we would
have obtained just an Abelian gauge theory on the 3D fuzzy space. This effectively amounts to
setting eµ

a = ωµ
a = 0 and Ãµ = 0, having only one non-vanishing gauge parameter, that is the ε0,

therefore only Eq. (5.12) is non-trivial and it becomes:

δAµ =−i[Xµ ,ε0]+ i[ε0,Aµ ] , (5.14)

which is the anticipated transformation rule of a noncommutative Maxwell gauge field. Thus we
observe that the Maxwell sector is present, not depending on the triviality of the dreibein, with
Xµ +Aµ being the covariant coordinate.

Second, the commutative limit, in which the Yang-Mills and gravity fields disentangle, mean-
ing that the fields introduced due to noncommutativity, Aµ , Ãµ , vanish in this limit. Taking into

9More precisely, due to the choice of the conventions for the GL(2,C) generators, including i1l, we use here δX =

[ε,X ], dropping an i from the standard rule (3.3).
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consideration that Aµ vanishes and that the inner derivation becomes [Xµ , f ]→−i∂µ f , we obtain
the following transformations for the dreibein and spin connection:

δe a
µ =−∂µξ

a−4ξbωµcε
abc−4λbeµcε

abc , (5.15)

δω
a

µ =−∂µλ
a +ξbeµcε

abc−4λbωµcε
abc . (5.16)

After the redefinition of the fields, generators and parameters, that is γa→ 2i√
Λ

Pa , γ̃a→−4Ja , and

also 4λ a → λ a, ξ a 2i√
Λ
→ −ξ a, ea

µ →
√

Λ

2i ea
µ , ωa

µ → −1
4 ωa

µ , the transformation rules coincide to
Eqs. (2.16) and (2.17). Therefore, we confirm that in the commutative limit, the transformations
of [6] of the gauge fields of three-dimensional gravity are recovered.

The next step is to calculate the commutator of the covariant coordinates in order to obtain the
curvature tensors. Since we are dealing with a case in which the right-hand side of the commutator
of the coordinates is linear in generators, an additional linear term is included in the definition of
curvature, that is:

Rµν(X) = [Xµ ,Xν ]− iλCµν
ρXρ . (5.17)

The curvature tensor is valued in the algebra of GL(2,C), therefore it can be expanded on its gen-
erators as:

Rµν(X) = T a
µν(X)⊗ γa +Ra

µν(X)⊗ γ̃a +Fµν(X)⊗ i1l+ F̃µν(X)⊗ γ5 . (5.18)

Therefore, the various tensors are calculated as:

T a
µν = i[Xµ +Aµ ,e a

ν ]− i[Xν +Aν ,e a
µ ]−2{eµb,ωνc}εabc−2{ωµb,eνc}εabc−

−2i[ωµ
a, Ãν ]+2i[ων

a, Ãµ ]− iλC ρ

µν e a
ρ , (5.19)

Ra
µν = i[Xµ +Aµ ,ω

a
ν ]− i[Xν +Aν ,ω

a
µ ]−2{ωµb,ωνc}εabc +

1
2
{eµb,eνc}εabc+

+
i
2
[eµ

a, Ãν ]−
i
2
[eν

a, Ãµ ]− iλC ρ

µν ω
a

ρ , (5.20)

Fµν = i[Xµ +Aµ ,Xν +Aν ]− i[e a
µ ,eνa]+4i[ω a

µ ,ωνa]− i[Ãµ , Ãν ]− iλC ρ

µν (Xρ +Aρ) , (5.21)

F̃µν = i[Xµ +Aµ , Ãν ]− i[Xν +Aν , Ãµ ]+2i[e a
µ ,ωνa]+2i[ω a

µ ,eνa]− iλC ρ

µν Ãρ . (5.22)

Once more, in the commutative limit the expected results appearing in Eqs. (2.19) and (2.20) are
recovered, after applying the aforementioned rescalings.

5.2 The Euclidean case

As explained in the previous subsection, in the Euclidean case one has to consider the U(2)×
U(2) to be the gauge group with its representation fixed. Recalling that U(2) is spanned by four
generators, i.e. the Pauli matrices and the unit matrix, one understands that the expansions of the
gauge field and the gauge parameter should involve the following 4×4 matrices:

JL
a =

(
σa 0
0 0

)
, JR

a =

(
0 0
0 σa

)
, (5.23)
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and

JL
0 =

(
1l 0
0 0

)
, JR

0 =

(
0 0
0 1l

)
. (5.24)

However, one should be careful with the identification of the noncommutative dreibein and spin
connection in the expansion of the gauge field. The correct interpretation is achieved after consid-
ering the following linear combination of the above matrices:

Pa =
1
2
(JL

a − JR
a ) =

1
2

(
σa 0
0 −σa

)
, Ma =

1
2
(JL

a + JR
a ) =

1
2

(
σa 0
0 σa

)
, (5.25)

and also
1l = JL

0 + JR
0 , γ5 = JL

0 − JR
0 . (5.26)

These are the generators that satisfy the expected commutation and anticommutation relations:

[Pa,Pb] = iεabcMc , [Pa,Mb] = iεabcPc , [Ma,Mb] = iεabcMc , (5.27)

{Pa,Pb}=
1
2

δab1l , {Pa,Mb}=
1
2

δabγ5 , {Ma,Mb}=
1
2

δab1l . (5.28)

[γ5,Pa] = [γ5,Ma] = 0 , {γ5,Pa}= 2Ma , {γ5,Ma}= 2Pa . (5.29)

One then proceeds in a similar way to the Lorentzian case, with the covariant coordinate being:

Xµ(X) = Xµ ⊗ i1l+ eµ(X)⊗Pa +ωµ(X)⊗Ma +Aµ(X)⊗ i1l+ Ãµ(X)⊗ γ5 , (5.30)

and the gauge parameter given as:

ε(X) = ξ
a(X)⊗Pa +λ

a(X)⊗Ma + ε0(X)⊗ i1l+ ε̃0(X)⊗ γ5 . (5.31)

The only difference to the Lorentzian case is the metric signature, thus it is redundant to rewrite the
results.

5.3 Action of 3D fuzzy gravity

Finally, we give an action of the present noncommutative three-dimensional gravity model. In
Ref. [51], it is shown that fuzzy 2-hyperboloids give dynamical brane solutions of a Yang-Mills type
matrix model with the characteristic term of squared commutator. From our point of view, since
we work in three dimensions and we know that general relativity has no dynamics, we propose the
following action (cf. [64])10:

S0 =
1
g2 Tr

(
i
3

CµνρXµXνXρ −m2XµX µ

)
. (5.32)

The three-dimensional fuzzy space we considered is indeed a solution of the field equations derived
from the above action,

[Xµ ,Xν ]−2im2Cµν
ρXρ = 0 , (5.33)

10A similar action was proposed in Ref. [29] for a gravity theory on the fuzzy sphere. See also [65].
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when 2m2 = λ .
Furthermore, we would like to write the action including the gauge fields. One could either

consider the fluctuations around the above solution, or directly write down an action for the curva-
tures in the spirit of [7]. This action should be written in terms of the covariant coordinates Xµ and
it should also contain a prescription for taking the trace over the gauge algebra. Regarding this mat-
ter, although there are two different trace prescriptions available [6], only one of them works in our
case. This is because we have fixed the representation and used gamma matrices in our expansions.
Thus the prescription imposed on us by the algebra of gamma matrices is the one corresponding to
Eq.(2.23). More specifically, we use the trace relations

tr(γaγb) = 4ηab , tr(γ̃aγ̃b) =−16ηab . (5.34)

Therefore, the action we propose is

S =
1
g2 Tr tr

(
i
3

CµνρXµXνXρ −
λ

2
XµX µ

)
, (5.35)

where the first trace Tr is over the matrices X and the second trace tr is over the algebra. We can
rewrite this action as

S =
1

6g2 Tr tr
(
iCµνρXµRνρ

)
+Sλ , (5.36)

where Sλ =− λ

6g2 Tr tr
(
X µXµ

)
and it vanishes in the limit λ → 0. Using the explicit form of the

algebra trace, the first term in the action is proportional to

Tr Cµνρ(eµaT a
νρ −4ωµaRa

νρ − (Xµ +Aµ)Fνρ + Ãµ F̃νρ) . (5.37)

This action is similar to the one obtained in Section 2.3 of Ref. [6]. Upon taking the commutative
limit and performing again the redefinitions, the first two terms are identical to that action; however,
in the present case we necessarily obtain an additional sector, associated to the additional gauge
fields that cannot decouple in the noncommutative case.

Variation of the above action, (5.35), with respect to the covariant coordinate gives the equa-
tions of motion

T a
µν = 0 , R a

µν = 0 , Fµν = 0 , F̃µν = 0 (5.38)

It is worth-noting that the same equations of motion are obtained after variation with respect to the
gauge fields of the action in the form (5.36), after using the algebra trace and replacing with the
explicit expressions of the component tensors (5.22).

6. Conclusions

In this review we presented a model for three-dimensional gravity on two specific fuzzy spaces,
the R3

λ
and its Lorentzian analogue. In order to make it self-contained, we included the correspond-

ing commutative well-established model of three-dimensional gravity obtained as a gauge theory
of the isometry group of the three dimensional Minkowski or (A)dS spacetime. Combining this
formulation with the existence of gauge theories on noncommutative spaces, via the definition of

12
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the covariant coordinate, we obtained a Chern-Simons type action for three-dimensional noncom-
mutative gravity and the corresponding equations of motion.

More specifically the two three-dimensional noncommutative spaces we considered are the
R3

λ
and its Lorentzian analogue. The first one is the discrete foliation of the Euclidean space

by fuzzy spheres and is based on reducible representations of the SU(2) having a natural SO(4)
symmetry, while the latter is the discrete foliation of Minkowski spacetime by fuzzy hyperboloids
based on reducible representations of the SU(1,1) group having an SO(1,3) symmetry (for positive
cosmological constant).

Then, we considered gauge theories on the above fuzzy spaces, with gauge groups the ones
of their underlying symmetries. The fact that the symmetry groups are non-Abelian resulted into
the consideration of fixed representations as well as the extension of the two algebras in order
that the anticommutators close, that is to yield elements within the algebra. More specifically the
SO(1,3) was extended to the GL(2,C), while the SO(4) to the U(2)×U(2). We should note that
noncommutative gauge theories describing gravity have been considered before with gauge group
the GL(2,C), but for a four-dimensional case, on the Moyal-Weyl space [9, 10].

Then, following the standard procedure of building gauge theories on noncommutative spaces,
we defined the covariant coordinate and along with the consideration of a Lie-valued parameter, we
ended up with the transformations of the gauge fields. The definition of the covariant coordinate led
to the calculation of the corresponding curvatures and finally to a matrix action of Chern-Simons
type, which after variation gave the equations of motion. It is worth-noting that the above results
reproduce the expressions of the commutative limit, after taking the corresponding limit.

The present work is the first step of a long-plan project which lies in four directions. The
first one is a further analysis of the Lorentzian analogue of the R3

λ
, that is to obtain the algebra of

its functions and its differential structure. The second would be an effort to write the action in a
specific matrix basis and study its behaviour using perturbation theory [66]. The third direction is
the upgrade of the present noncommutative three-dimensional gravity model to a four-dimensional
one, modifying the procedure of the first. The general idea is to work on an extended R3

λ
four-

dimensional space and apply the gauge theory procedure on it. The last direction is to incorporate
the gauge group and the four-dimensional non-commutative space into a larger symmetry group,
in the spirit of [41, 42].
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