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Motivated by quantum-mechanical considerations we earlier suggested an alternative ac-
tion for discretised quantum gravity which measures the perimeter of the space-time and
has a dimension of length. It is the so called perimeter action, since it is a "square root" of
the area action in gravity and has a new constant of dimension one in front. The physical
reason to introduce the perimeter/linear action was to suppress singular configurations
"spikes" in the quantum-mechanical integral over geometries. Here we shall consider the
continuous limit of the discretised perimeter action. We shall demonstrate that in the
modified theory during the time evolution of a large massive star, when a star undergoes
a collapse and develops an event horizon which confines the light, a smaller space-time
region will be created behind the event horizon which is unreachable by test particles.
These regions are located in the places where a standard theory of gravity has singulari-
ties. We are confronted here with a drastically new concept that during the time evolution
of a massive star a space-time region is created which is excluded from the physical scene,
being physically unreachable by test particles or observables. If this concept is accepted,
then it seems plausible that the gravitational singularities are excluded from the modified
theory.
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1. Area Action versus Perimeter Action

Unification of gravity with other fundamental forces within the superstring theory
stimulated the interest to the theory of quantum gravity and to physics at Planck scale
[1, 2, 3, 4, 5]. In particular, string theory predicts modification of the gravitational action
at Planck scale with additional high derivative terms. This allows to ask fundamental
questions concerning physics at Planck scale referring to these effective actions and, in
particular, one can try to understand how they influence the gravitational singularities
[6, 7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].

It is appealing to extend this approach to different modifications of classical gravity
which follow from string theory and also to develop an alternative approach which is based
on new geometrical principles [33, 34, 35]1. This approach to quantum gravity is based
on the idea that the quantum mechanical amplitudes should be proportional to the "linear
size" of the geometrical fluctuations of the space time manifold. This principle will allow
to extend the notion of the Feynman integral over paths to an integral over space-time
manifolds so that when a manifold collapses into a single world line the corresponding
quantum-mechanical amplitude becomes proportional to the length of the world line. In
other words, in this limit the gravitational action should reduce to the relativistic particle
action which is equal to the length of the world line and measures it in cm [39].

The legitimate question to be asked is why to consider alternative geometrical prin-
ciples? The reason is that when the action has a dimension larger than one, that is, the
action has dimension cmd, where d > 1, then the geometrical fluctuations of lower dimen-
sion will grow uncontrollably on a space-time manifold. This happens because the action
is "blind" toward measuring the low dimensional fluctuations [36, 37, 38, 39]. Indeed, let
us consider a discretised two-dimensional world sheet surface and a theory in which the
action is equal to the area of the surfaces. The Feynman integral here is an integral over all
vertices of the triangulated surface. The fluctuations will grow on a surface in the form of
tine spikes, because spikes have zero area and will be created with a large amplitude of or-
der one. The benefit of introducing a perimeter/linear action is that it suppresses singular
configurations in the form of "spikes" in the quantum-mechanical integral over geometries,
thus suppressing any fluctuation of lower dimensionality.

One can demonstrate this phenomenon on a beautiful example from Integral Geometry
[30, 31, 32]. Let us consider a random triangle ABC on a two-dimensional plane which
is created by three randomly distributed vertices ~x1,~x2,~x3 [31]. The measure which is
invariant under the isometries of the Euclidean plane is (see Fig.1)

dµ= d2x1d
2x2d

2x3,

and we shall consider the partition functions when the action is proportional to the area
of the triangle S or to its perimeter L. Using the triangle angles α1,2,3 one can represent
the measure dµ in the form dµ= d2x1dφ ρ2ρ3dρ2dρ3dα1, where d2x2 = ρ2dρ2dφ2, d2x3 =
ρ3dρ3dφ3, φ3−φ2 = α1 and φ2 = φ and then express it in the following form [31]:

1See also the references [36, 37, 38, 39].
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Figure 1: The measure which is invariant under isometries of the Euclidean plane is dµ =
d2x1d

2x2d
2x3. It can be transformed into the form which is expressed in terms of geometrical

characteristics of the triangle shape such as its area S or perimeter L and the angles α1, α2. The
results are presented by formulas (1.1) and (1.2).

dµS = d2x1dφ SdS
dα1dα2

sinα1 sinα2 sinα3
(1.1)

and as
dµL = d2x1dφ L3dL

sinα1 sinα2 sinα3
(sinα1 + sinα2 + sinα3)4dα1dα2. (1.2)

The part of the measure d2x1dφ factorises, it describes the translation and rotation of
the triangle as a whole and therefore is irrelevant for our consideration. The rest of the
measure allows to calculate the entropy, that is to answer the following question: how
many of the randomly created triangles have the area S or the perimeter L? For that one
should integrate the measure in (1.1) and (1.2) over the independent parameters defining a
geometrical shape of the triangles: α1 and α2 at fixed S or L. The integral is logarithmically
diverging in the area case (1.1) and is finite in the perimeter case (1.2). Thus the results
are different: there are infinitely many triangles of fixed area, because the triangle can be
infinitely long, in the form of a spike. In the case of the perimeter action (1.2) the integral
is converging and is perfectly well defined. This example illustrates why the perimeter
action has an advantage to define a geometrical theory in which the spiky configurations
are suppressed.

In the case of a single triangle geometries it was clear what should be understood under
its perimeter or of its linear size. The question is how to measure the perimeter/linear size
of the high-dimensional manifolds and, in particular, a triangulated two-dimensional world
sheet surface in terms of cm, instead of the areas of its triangles. The invariant which
characterises the linear size of the discretised two-dimensional surface can be constructed
summing the lengths of its edges lij multiplied by the deficit angle ωij = |π−αij | on the
corresponding edge < ij > [33, 34, 35, 36, 37, 38, 39] (see Fig.2)

L=
∑

<ij>∈M2

λij |π−αij |. (1.3)

The action measures the surface in terms of cm and reduces to its length when the
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Figure 2: The discretised two-dimensional surface describing the propagation of a string from
space-time point X to Y . The action (1.3) allows to extend the notion of the Feynman integral over
paths to an integral over space-time surfaces, so that when a two-dimensional surface degenerates
into a single world line the quantum mechanical amplitude becomes proportional to the length of
the world line : L=

∑
<ij>λij ←→ L=

∑
<ij>λij |π−αij |.

surface collapses into a single world line, as one can see on Fig.2. The deficit angle in the
above formula plays an important role, because otherwise the action will be ill defined and
unbounded, in particular, if one adds a flat edge with its dihedral angle αij = π it will not
contribute into the action, only non-flat edges αij 6= π contribute into the sum over edges.

Let us now turn to a three-dimensional space-time manifolds representing a discretised
quantum gravity. In that case the action was found by Regge and it has the form [41]:

L=
∑

<ij>∈M3

lij ωij , ωij = (2π−α1− ...−αn)ij (1.4)

where lij is the length of the edge < ij > and ωij is the deficit angle on the edge (see
Fig.3). This action is the discretised version of the Hilbert-Einstein (HE) action, it has the
dimension of length

L=
∫
M3

R
√
−gd3x (1.5)

and measures the linear size of the three-dimensional manifold in cm.
Finally in four dimensions the HE action has dimension cm2 and measures the area of

the universe. The dimension of the measure [
√
−gd4x] is cm4, the dimension of the scalar

curvature [R] is 1/cm2, thus the integral
∫
R
√
−gd4x has dimension cm2 and measures the

area of the universe Fig.4. In the discretised representation the Regge action is the sum of
areas of the triangles multiplied by the corresponding deficit angles [41]

S =
∑

<ijk>∈M4

σijk ωijk, (1.6)

where σijk is the area of the triangle < ijk > and ωijk is the deficit angle on the triangle
< ijk >. Here as well, there is a cone which appears in the normal section of the triangle
< ijk > and the deficit angle is equal to its curvature. The action represents the discretised
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Figure 3: The example of discretised space-time manifold of the three-dimensional gravity. In
three dimensions the Regge action (1.4) measures the linear size of the three-dimensional space-
time as it does its continuous counterpart (1.5). The Regge action (1.4) is a sum of lengths of all
edges of the three-dimensional simplex multiplied by the deficit angles on cones which appear in
the intersection of the edges by the normal planes. On the right hand side one can see an example
of such a cone. The deficit angle is equal to the curvature of the cone ωij = (2π−α−β−γ− δ)ij .
If the cone is flat (α+β+γ+δ)ij = 2π then the deficit angle ωij is equal to zero and the edge does
not contribute to the action.

version of the HE area action in four-dimensions:

S =
∫
M4

R
√
−gd4x. (1.7)

We have been arguing above (1.1), (1.2) that the area action is unable to measure the
one-dimensional singular configurations appearing in the form of tiny spikes and that the
linear functional similar to the Feynman path integral action for the relativistic particles
can represent a desired solution.

This raises a question: Is it possible to construct an action which measures the linear
size of the four-dimensional manifold? It is not so difficult to construct an appropriate
linear action starting from the Regge action (1.6) and taking instead of the triangle area
σijk its perimeter λijk [33, 34, 35]

L=
∑

<ijk>∈M4

λijk ·ωijk. (1.8)

The linear character of the action (1.8) requires the existence of a new fundamental coupling
constant mP of dimension 1/cm. It is natural to call this action "perimeter/linear" or
"gonihedric" because its definition contains the sum of products of the characteristic lengths
and deficit angles. The action is well defined for discretised 4D manifolds and can also be
derived by postulating geometrical principles: the linearity and the continuity of the action
functional.

Indeed, the discretised version of the linear action can be derived from: α) the coin-
cidence of the perimeter/linear action with the Feynman path integral in the cases when
a manifold collapses to a single world line and β) the continuity of the transition ampli-
tudes under the manifold deformations [33, 34, 35]. In accordance with α) the quantum
mechanical amplitude should be proportional to the length of the space-time manifold and
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Figure 4: The example of the simplicial space-time manifold of four-dimensional gravity. The
Regge action (1.6) is a sum of all areas of the triangles multiplied by the deficit angles on a cone
which appears in the intersection of the triangles by the normal planes. The perimeter/linear action
(1.8) in four-dimensions is constructed by replacing the areas of the triangles σijk in (1.6) by the
perimeters λijk, as we were advocated in the text (1.1), (1.2) and demonstrated on Fig. 1.

therefore it must be proportional to the linear combination of the lengths of all edges of the
discretised space-time manifold

∑
<i,j>λij ·Θij , where λij is the length of the edge between

two vertices < i > and < j >, summation is over all edges < i,j > and Θij is an unknown
angular factor, which can be defined through the continuity principle β). The deficit angel
Θij should vanish in the cases when the triangulation around the edge < i,j > is flat, thus∑
<i,j>λij ·

∑
(2π−

∑
βijk), where βijk are the angles on the cone which appear in the nor-

mal section of the edge < ij >. Combining terms belonging to a given triangle < ijk > we
shall get a sum λij +λjk+λki = λijk which is equal to the perimeter of the triangle < ijk >
and ωijk is the deficit angle on the triangle < ijk > [33, 34, 35], thus recovering the action
(1.8). Thus the principles of linearity and continuity allow to define the perimeter/linear
action L which can be considered as a "square root" of classical Regge area S action (1.6)
[41, 45].

Comparing the linear action L in (1.8) and the Regge area action S in (1.6) one should
emphases that there is a deep analogy between these expressions and the earlier example
considered in the beginning of this section where we were arguing that the perimeter
action (1.2) has advantage compared with area action (1.1) since the integration over all
geometries by the perimeter/linear action is well defined and nonsingular. Guided by
this consideration that the perimeter/linear action has an advantage to suppress singular
quantum-mechanical amplitudes, it is desirable to find a continuous counterpart of the
perimeter/linear action (1.8). In case of the Regge action it was proven that its continuous
limit reduces to the HE action (1.7) and our aim here is to address the same question in
the case of the perimeter/linear action (1.8).

2. Perimeter Action in Continuous Limit

It is unknown to the author how to derive a continuous limit of the linear action (1.8)
in a unique way. In this circumstance we shall try to construct a possible linear action for a
smooth space-time universe by using the available geometrical invariants. Any expression
which is quadratic in the curvature tensor and includes two derivatives could be a candidate

5
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for the linear action. The invariants we have chosen have the following form:

I1 =− 1
180Rµνλρ;σR

µνλρ;σ, I2 = + 1
36Rµνλρ�R

µνλρ , (2.1)

and we shall consider a linear combination of the above expressions2:

L=−Mc

∫
M4

3
8π (1−γ)

√
I1 +γI2

√
−gd4x, (2.2)

where we introduced the corresponding mass parameter M and the dimensionless param-
eter γ. The dimension of the invariant [

√
I1 +γI2] is 1/cm3, thus the invariant L has the

dimension of cm and measures the linear "size" of the universe. The expression (2.2) fulfils
our basic physical requirement on the action that it should has the dimension of length and
should reduce to the action of the relativistic particle in the situations when a manifold
collapses to a one-dimensional curve

L=−Mc

∫
ds. (2.3)

Both expressions contain the geometrical invariants which are in general not positive-
definite under the square root. In the relativistic particle case (2.3) the expression under
the root becomes negative for a particle moving with a velocity which exceeds the velocity
of light. In that case the action develops an imaginary part and quantum-mechanical sup-
pression of amplitudes prevents a particle from exceeding the velocity of light [42, 43, 44].
A similar mechanism was implemented in the Born-Infeld modification of electrodynamics
with the aim to prevent the appearance of infinite electric fields [46, 48, 40]. It was found
that there is a deep relation between the maximum field strength action and the fact that
the D0-brane velocity is limited by the velocity of light [47]. The idea of a limiting curvature
action was developed in the articles [16, 21, 22, 23] to prevent gravitational singularities.

One can expect that in the case of modified gravity with linear action L in (2.2) there
may appear space-time regions which are unreachable by the test particles if in that regions
the expression under the root becomes negative. If these "locked" space-time regions happen
to appear and if that space-time regions include singularities, then one can expect that the
gravitational singularities are naturally excluded from the theory due to the fundamental
principles of quantum mechanics. The question of consistency of the new action principle,
if it is the right one, can only be decided by their physical consequences.

In the next sections we shall consider the black hole singularities and the physical effects
which are induced by the inclusion of the linear action (2.2). As we shall see, the expression
under the root becomes negative in the region which is smaller than the Schwarzschild
radius rg and includes the singularities. For the observer which is far away from the
horizon the linear action perturbation induces a small additional advance precession of
the perihelion, but has a profound influence on the physics behind the horizon. We are
confronted here with a drastically unusual concept that there may exist space-time regions
which are excluded from the physical scene, being physically unreachable by test particles

2The general form of the action is presented in the Appendix.
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or observables. If one accepts this concept, then it seems plausible that the gravitational
singularities are excluded from the modified theory. In this paper we have only taken the
first steps to describe the phenomena which are caused by the additional linear term in the
gravitational action proposed in [33, 34, 35].

The modified action which we shall consider is a sum

S =− c3

16πG

∫
R
√
−gd4x−Mc

∫ 3
8π (1−γ)

√
I1 +γI2

√
−gd4x, (2.4)

where we introduced a dimensionless parameter γ in order to consider a general linear
combination of the invariants. The additional linear term has high derivatives of the
metric and the equations of motion which follow from the variation of the action are much
more complicated than in the standard gravity case, but because the linear action became
relevant only in the situations when the metric is changing relatively fast one can consider
as a first approximation the perturbation of the solutions of standard gravity generated by
the additional linear term. It is obvious that in the space-time regions where the metric is
varying slowly the modification of the standard gravity solutions should be negligible, at the
same time the perturbations may became relevant in the space-time regions where curvature
is large and the metric is changing relatively fast.

In this section we shall consider the perturbation of the Schwarzschild solution which
is induced by the the additional linear term in the action and try to understand how it
influences the black hole physics and the singularities. The Schwarzschild solution has the
form

ds2 = (1− rg
r

)c2dt2− (1− rg
r

)−1dr2− r2dΩ2 , (2.5)

where g00 = 1− rg
r , g11 =−(1− rg

r )−1, g22 =−r2, g33 =−r2 sin2 θ, and

rg = 2GM
c2 ,

√
−g = r2 sinθ.

The nontrivial quadratic curvature invariant in this case has the form

I0 = 1
12RµνλρR

µνλρ = (rg
r3 )2 (2.6)

and shows that the singularity located at r = 0 is actually a curvature singularity. The
event horizon is located where the metric component grr diverges, that is, at rhorizon = rg.

The expressions for the two curvature polynomials (2.1) of our interest are3:

I1 =
r2
g(r− rg)
r9 , I2 =

r3
g

r9 , (2.7)

and on the Schwarzschild solution the action acquires additional term of the form

L=−Mc2
∫ 3

2ε
√

1−εrg
r

rg
r2drdt , (2.8)

3It should be stressed that all other invariant polynomials of the same dimensionality can be expressed
in terms of I1 and I2, and they are given in Appendix.
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where
ε= 1−γ. (2.9)

As one can see, the expression under the square root in (2.8) becomes negative at

r < εrg, 0< ε≤ 1 (2.10)

and defines the region in which the action develops an imaginary part. Using the analogy
with the relativistic particle action (2.3)

L=−Mc

∫
ds=−Mc2

∫ √
1− ~v

2

c2 dt. (2.11)

were the imaginary part is developing at the velocities which are larger than the velocity
of light. In the last case this leads to the destructive superposition of quantum mechanical
amplitudes outside the light-cone forbidding a particle to move with v > c. One can expect
that in our case as well the development of the imaginary action in (2.8) will lead to region
of the space-time which is unreachable by the test particles. The size of the region depends
on the parameter ε and is smaller than the gravitational radius rg if ε is less than one (see
Fig. 5).

This result seems to have profound consequences on the gravitational singularity at r=
0. In a standard interpretation of the singularities, which appear in spherically symmetric
gravitational collapse, the singularity at r = 0 is hidden in the sense that no signal from
it can reach infinity. The singularities are not visible for the outside observer, but hidden
behind an event horizon. In that interpretation the singularities are still present in the
theory. In the suggested scenario it seems possible to eliminate the singularities from the
theory based on the fundamental principles of quantum mechanics. The singularities are
excluded from the theory on the same level as the motion of particles with a velocity which
exceeds the speed of light.

Figure 5: The graphic of the potential function g00 = 1− rg
r −

[
1−
(

1−ε rg
r

)3/2]2
. At r→∞ the

g00→ 1 and at r→ εrg the g00→−1
ε .

The quantum mechanical amplitude in terms of the path integral has the form

Ψ =
∫
e
i
h̄
S[g]Dgµν(x), (2.12)

8
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where integration is over all diffeomorphism nonequivalent metrics. For the Schwarzschild
massive object which is at rest we can find the expression for the action integrating (2.8)

L=−Mc2
∫ ∞
εrg

3
2ε
√

1−εrg
r

rg
r2drdt=Mc2t (2.13)

and confirm that it is proportional to the length t of the space-time trajectory, as it should
be for the relativistic particle at rest, so that the corresponding amplitude can be written
in the form

Ψ≈ exp( i
h̄

∑
n

Mc2t). (2.14)

The perturbation (2.8) generates a contribution to the distance invariant ds in (2.5)
of the form

3
2

∫ ∞
r

ε

√
1−εrg

r

rg
r2dr =

[
1−

(
1−εrg

r

)3/2]
(2.15)

and allows to calculate the correction to the purely temporal component of the metric
tensor (2.5) caused by the additional term in the action

g00 = 1− rg
r
−
[
1−

(
1−εrg

r

)3/2]2
. (2.16)

Using the above expression of the metric one can analyse the influence of the perturbation
on the physics at different regions of the space-time. The equation used to determine
gravitational time dilation near a massive body is modified in this case and the proper
time between events is defined now by the equation

dτ =√g00dt=

√
1− rg

r
−
[
1−

(
1−εrg

r

)3/2]2
dt (2.17)

and therefore dτ ≤ dt, as in standard gravity. It follows from (2.16) that near the gravita-
tional radius r ≈ rg a purely temporal component of the metric tensor has the form

g00 ≈ 1− rg
r
−ε2 9

4
(rg
r

)2
+O(ε3) (2.18)

confirming that the perturbation is small and the infinite red shift which appears in the
standard case at r = rg now appears in its small vicinity

r ≈ rg(1 + 9
4ε

2) +O(ε4). (2.19)

To define the perturbation of the trajectories of the test particles outside of the massive
body we shall study the behaviour of the solutions of the Hamilton-Jacobi equation for
geodesics, which is modified by the perturbation of the metric:

gµν ∂A∂xµ
∂A
∂xν = g00

(
∂A
c∂t

)2
− 1

g00

(
∂A
∂r

)2
− 1

r2

(
∂A
∂φ

)2
=m2c2.

The solution has the form
A=−Et+ lφ+A(r), (2.20)

9
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where E and l are the energy and angular momentum of the test particle and

A(r) =
∫ [(

g00E
2

c2 −m
2c2− l2

r2

)
g00
]1/2

dr. (2.21)

In the non-relativistic limit E = E
′ +mc2,E

′ � mc2, and in terms of a new coordinate
r(r− rg) = r

′ we shall get

A(r)≈
∫ [

(E
′2

c2 + 2E′m) + 1
r′

(4E′mrg +m2c2rg)−
1
r′2

(
l2− 3

2m
2c2r2

g(1 + 3
2ε

2)
)]1/2

dr
′
.

(2.22)
The geodesic trajectories are defied by the equation φ+∂A(r)/∂l=Const and the advance
precession of the perihelion δφ expressed in radians per revolution is given by the expression

δφ=
3πm2c2r2

g

2l2 (1 + 3
2ε

2) = 6πGM
c2a(1−e2)(1 + 3

2ε
2), (2.23)

where a is the semi-major axis and e is the orbital eccentricity. As one can see from the
above result, the precession is advanced by the additional factor 1+ 3

2ε
2. The upper bound

on the value of ε can be extracted from the observational data for the advanced precession
of the Mercury perihelion, which is 42,98±0,04 seconds of arc per century, thus

ε≤ 0,16 .

For the light propagation we shall take m2 = 0, E = ω0, l = ρ ω0/c in (2.21):

A(r) = ω0
c

∫ √
(g00− ρ

2

r2 )g00dr ≈ ω0
c

∫ √
1 + 2rg

r
− ρ

2

r2 dr+O(ε2r2
g/r

2). (2.24)

The trajectory is defined by the equation φ+∂A(r)/∂ρ=Const and in the given approxi-
mation the deflection of light ray remains unchanged:

δφ= 2rg
ρ
, (2.25)

where ρ is the distance from the centre of gravity. The deflection angle is not influenced by
the perturbation, which is of order O(ε2r2

g/ρ
2), and does not impose a sensible constraint

on ε. In the next sections we shall consider perturbation of the Reissner-Nordström and
the Kerr solutions.

3. Reissner-Nordström Solution

The Reissner-Nordström solution has the form

ds2 = (1− rg
r

+
r2
Q

r2 )c2dt2− (1− rg
r

+
r2
Q

r2 )−1dr2− r2dΩ2 , (3.1)

where
rg = 2GM

c2 , r2
Q = Q2G

c4 ,
√
−g = r2 sinθ.

10
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The nontrivial quadratic curvature invariant is

I0 = 1
12RµνλρR

µνλρ =
3r2r2

g−12rrgr2
Q+ 14r4

Q

3r8 , (3.2)

and it shows that the singularity is located at r= 0. The event horizon and internal Cauchy
horizon are located where the metric component grr diverges:

r± = 1
2(rg±

√
r2
g−4r2

Q). (3.3)

The solutions with rQ > rg/2 represent a naked singularity. As we shall see below, at these
charges rQ the linear action develops a complex value and prevents the appearance of the
naked singularities.

The expression for the two curvature polynomials of our interest are:

I1 =
(r2− rrg + r2

Q)(45r2r2
g−216rrgr2

Q+ 304r4
Q)

45r12 ,

I2 =
9r3r3

g + 36r3rgr
2
Q−96r2r2

gr
2
Q−88r2r4

Q+ 264rrgr4
Q−200r6

Q

9r12 . (3.4)

It is convenient to introduce the dimensionless quantities:

r̂ = r

rg
, r̂Q = rQ

rg
, (3.5)

and express the linear action on the Reissner-Nordström solution in the following form:

L=−Mc2
∫ 3

2ε

√(
1− b

r̂
− c

r̂2 + f

r̂3 −
e

r̂4

) 1
r̂2dr̂dt , (3.6)

where

b= ε+ r̂2
Q

4(1 + 5ε)
5 , c= r̂2

Q

(219−480ε)
45 + r̂4

Q

8(17−55ε)
45 ,

f = r̂4
Q

8(20−33ε)
9 , e= r̂6

Q

8(87−125ε)
45 .

If the charge of the black hole is equal to zero, r̂Q = 0, then the action (3.6) reduces to the
expression (2.8) on the Schwarzschild solution. For the extremal black hole of the change
rQ = rg/2 the fourth order polynomial under the root in (3.6) is positive for r > rg/2, is
equal to zero at r = rg/2 and is negative for r < rg/2. The region which is "locked" for the
test particles in this case is defined by r = rg/2 and prevents the appearance of the naked
singularities.

It is helpful to represent the polynomial under the square root in (3.6) in the form(
1− b

r̂
− c

r̂2 + f

r̂3 −
e

r̂4

)
= (1− r̂1

r̂
)...(1− r̂4

r̂
) , (3.7)

where r̂i, i= 1, ...,4 are the roots of the fourth order polynomial. The largest positive real
valued root at which the polynomial turns out to be negative is defined as r̂4. Near that
radius one can approximate the polynomial as

(1− r̂1
r̂4

)(1− r̂2
r̂4

)(1− r̂3
r̂4

) (1− r̂4
r̂

) = Γ(r̂1, ..., r̂4) (1− r̂4
r̂

). (3.8)

11
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Thus the action will take the form

S ≈−Mc2Γ
∫ 3

2ε

√
(1− r̂4

r̂
) 1
r̂2dr̂dt (3.9)

and it has a form similar to the case we had in the Schwarzschild black hole (2.8). As one
can see, the expression under the square root in (3.9) becomes negative at

r < r4(rQ,ε) (3.10)

and defines the region which is unreachable by the test particles.
The Table 1 presents the values of the radius r̂4 at which the polynomial under the root

changes its sign from positive to negative and the action becomes complex as a function of
the charge r̂Q and the parameter ε. As it follows from the Table 1 for the extremal black
hole, r̂Q = 1/2, the "locked" region has the radius r̂4 = 1/2 and increases with the charge
r̂Q > 1/2, preventing the appearance of naked singularities. At r̂Q = 1 the locked region
has the radius r̂4 ≈ 2.14. For r̂Q < 1/2 the locked region is smaller than horizon r̂4 < 1/2.

Charge Parameter Maximal real solution
r̂Q ε r̂4

1 0.1 2.14
1/2 0.1 0.50
1/4 0.1 0.47
1/8 0.1 0.29
1/16 0.1 0.18

Table 1: The table of the solutions r̂4 at which the four order polynomial under the root function
in (3.6) becomes negative. The value of r̂4 is measured in rg units (3.5) . For the extremal black
hole r̂Q = 1/2 the "locked" region has the radius r̂4 = 1/2 and increases with the black hole charge
r̂Q > 1/2, thus preventing the appearance of naked singularities. For r̂Q < 1/2 the locked region is
smaller than horizon r̂4 < 1/2, that is r4 < rg/2.

4. Kerr Solution

Let us also consider the Kerr metric

ds2 = (1− rgr
ρ2 )c2dt2− ρ2

r2− rgr+a2dr
2−ρ2dθ2−(r2 +a2 + rgra

2

ρ2 sin2 θ)sin2 θdφ2 +2rgra
ρ2 sin2 θdφcdt ,

(4.1)
where

g00 = 1− rgr
ρ2 , g11 =− ρ2

r2−rgr+a2 , g22 =−ρ2, g33 =−(r2 +a2 + rgra2

ρ2 sin2 θ)sin2 θ,

g03 = g30 = rgra
ρ2 sin2 θ (4.2)

and
a= J

Mc
, rg = 2GM

c2 , ρ2 = r2 +a2 cos2 θ,
√
−g = ρ2 sinθ.

12
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The nontrivial quadratic curvature invariant is

I0 = 1
12RµνλρR

µνλρ =
r2
g(r2−a2 cos2 θ)[(r2 +a2 cos2 θ)2−16a2r2 cos2 θ]

(r2 +a2 cos2 θ)6 (4.3)

and it shows that the singularity located at r = 0, θ = π/2 is a curvature singularity.
The event horizon is defined by the largest root of the equation r2−rgr+a2 = 0 where the
metric component g11 diverges:

rhorizon = 1
2(rg +

√
r2
g−4a2). (4.4)

For a> rg/2 there are no real valued solutions and there is no event horizon. With no event
horizons to hide it from the rest of the universe, the black hole ceases to be a black hole
and will instead be a naked singularity. The outer ergosurface is defined by the equation
where the purely temporal component g00 of the metric changes the sign from positive to
negative:

rergosur = 1
2(rg +

√
r2
g−4a2 cos2 θ). (4.5)

These two critical surfaces are tangent to each other at poles θ = 0,π and they exist only
when a < rg/2. The space between these two surfaces defines the ergosphere. At maximum
value of the angular momentum a= rg/2 these surfaces are defined by the equations

rhorizon = rg
2 , rergosur = rg

2 (1 + sinθ). (4.6)

Let us now consider the expressions for the curvature polynomials I1 and I2 in the case of
Kerr solution

I1 =
r2
g(r2− rgr+a2 cos2 θ)[r8−28a2r6 cos2 θ+ 70a4r4 cos4 θ−28a6r2 cos6 θ+a8 cos8 θ]

(r2 +a2 cos2 θ)9 ,

I2 =
rr3
g(r2−3a2 cos2 θ)(r6−33a2r4 cos2 θ+ 27a4r2 cos4 θ−3a6 cos6 θ))

(r2 +a2 cos2 θ)9 . (4.7)

It is convenient to introduce the dimensionless quantities

r̂ = r

rg
, â= a

rg
, σ2 = â2 cos2 θ (4.8)

so that the linear action will takes the form

S =−Mc2
∫ 3

2ε
√
f(r̂, â, ε,θ) 1

r̂2dr̂dt , (4.9)

where

f(r̂, â, ε,θ) =
(
1− ε

r̂
− 27σ2

r̂2 −
8σ2

r̂3 + 36σ2ε

r̂3 + 42σ4

r̂4 + 56σ4

r̂5 −
126σ4ε

r̂5 +

+42σ6

r̂6 −
56σ6

r̂7 + 84σ6ε

r̂7 − 27σ8

r̂8 + 8σ8

r̂9 −
9σ8ε

r̂9 + σ10

r̂10

)(
1 + σ2

r̂2

)−9
. (4.10)

The region which is locked for the test particles is defined by the largest real positive root
of the polynomial (4.10) at which the polynomial turns out to be negative. It is denoted as

13
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r̂10 = r̂10(â,θ,ε). Let us consider the situation with maximal angular momentum a= rg/2
as in (4.6). The roots r̂10(1/2,θ,ε,) can be found numerically for different parameters of
the Kerr solutions. In the maximal angular momentum case some of the values are:

a= rg/2, θ = 0,π rhorizon = rg/2, rergosur = rg/2, r10 = 2.6rg
a= rg/2, θ = π/2, rhorizon = rg/2, rergosur = rg, r10 = rg/2. (4.11)

Thus the singularity is unreachable by the test particles. In the case of smaller angular
momentum the locked region shrinks and is inside the event horizon.

In the above sections we were considered the perturbation of the exact solutions of
the classical gravity by the linear action which suppresses the singular fluctuations. It is
a difficult task to find the exact solutions of the equations which follow from the action
(2.2) and (2.4) and we were unable to find exact solutions of these equations, but in the
first approximation consider above the results are pointing out into the existence of the
space-time regions surrounding the singularity which are inaccessible by the test particles.

In conclusion I would like to thank Jan Ambjorn for invitation and kind hospitality in
the Niels Bohr Institute, where part of the work was done. I would like to thank Alex Keha-
gias for references and Kyriakos Papadodimas for useful remarks. The author acknowledges
support by the ERC-Advance Grant 291092, "Exploring the Quantum Universe" (EQU)
and COST Action MP1405. This lecture was presented in the Corfu Summer Institute
2017 "School and Workshops on Elementary Particle Physics and Gravity", 2-28 Septem-
ber 2017, Corfu, Greece and COST Action MP1405 "Quantum Structure of Spacetime" III.
Annual Workshop: Quantum Spacetime ’18, 19 - 23 February 2018, Sofia, Bulgaria.

5. Appendix

The general form of the linear action has the form:

SL =−mP c

∫ 3
8π

√√√√ 3∑
1
ηiKi+

4∑
1
χiJi+

9∑
1
γiIi
√
−gd4x ,

where the curvature invariants have the form

I0 = 1
12RµνλρR

µνλρ,

I1 =− 1
180Rµνλρ;σR

µνλρ;σ ,

I2 = + 1
36Rµνλρ�R

µνλρ ,

I3 =− 1
72�(RµνλρRµνλρ) = 5I1− I2 ,

I4 =− 1
90Rµνλρ;αR

ανλρ;µ = I1 ,

I5 =− 1
18(RανλρRµ νλρ);µ;α = 5I1− I2 ,

I6 =− 1
18(RανλρRµ νλρ);α;µ = 5I1− I2 ,

14
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I7 = 1
18R

ανλρRµνλρ;α;µ = I2 ,

I8 =Rµνλρ;µR
σνλρ

;σ ,

I9 =RανλρRµνλρ;µ;α ,

J0 =RµνR
µν , J1 =Rµν;λR

µν;λ , J2 =Rµν�Rµν , J3 = �(RµνRµν) , J4 =R ;µ
µσ Rνσ ;ν

K0 =R2 , K1 =R;µR
;µ , K2 =R�R , K3 = �R2 . (5.1)

The ηi,χi and γi are free parameters. Some of the invariants can be expressed through
others using Bianchi identities.
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