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We employ the leading order QCD kinetic theory to describe a consistent matching between
the initial stage of a heavy ion collision and the subsequent hydrodynamic evolution. We use
the linearized kinetic response functions around the non-equilibirum longitudinally expanding
background to map initial energy and momentum perturbations to the energy momentum tensor
at hydrodynamic initialization time τhydro . We check that hadronic observables then become
rather insensitive to the cross-over time between kinetic theory and viscous hydrodynamics. The
universal scaling of kinetic response in units of kinetic relaxation time τR ∼ η/(sT ) allows for a
straightforward application of kinetic pre-equilibration event-by-event.
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1. Introduction

2. Kinetic theory and universal scaling
We use the leading order kinetic theory known as AMY formalism [9]. The QGP is then
modelled by a collection of massless high energy quasi-particles (quarks and gluons) in a bath of
soft momentum excitations. At leading order in the coupling constant λ = Nc g2 the quasi-particles
experience elastic 2 ↔ 2 scatterings and inelastic 1 ↔ 2 medium induced splittings. In a boost
invariant expansion the QGP equilibrates according to the so called "bottom-up" thermalization
scenario, which is supported by the first principles classical-statistical Yang-Mills simulations [10,
14, 15]. We would like to emphasize that the same kinetic framework can be also used to describe
the energy loss of high-pT partons, and the electromagnetic emission in QGP [7, 8].
In this work we solve the Boltzman equation for the color averaged gluon distribution function
f (τ, p, x)
∂τ f +

pz
p
· ∇ f − ∂ pz f = −
|p|
τ

C2↔2 [ f ]
| {z }

−

C1↔2 [ f ]
| {z }

,

(2.1)

but neglect the effect of quark degrees of freedom1 . The distribution function f (τ, p, x) is decomposed into a spatially homogeneous, but anisotropic hp2⊥ i  hp2z i background f¯(τ, p) and
linearized fixed wavenumber k perturbations δ f (τ, p)eik·x in the transverse plane of the collision.
The resulting system of coupled equations is then solved [12].
1 At

early times the gluon occupation far exceeds that of quarks due to Pauli exclusion principle.
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The heavy ion collision is a multi-phase process spanning a wide range of energy scales.
Many of experimental signatures are rather successfully reproduced by modern heavy ion models,
which describe each stage and energy regime in a suitable theoretical approximation. In particular,
the low energy expansion of Quark Gluon Plasma (QGP) is well described by relativistic viscous
hydrodynamics [1, 2, 3]. The initial conditions for the hydrodynamic expansion are supplied by
initial state models at hydrodynamic initialization time τhydro . However most of initial state models
do not contain the necessary physics to describe the approach to hydrodynamic behaviour and,
therefore, create a mismatch of descriptions at the crossover time, which results in the dependence
of physical observables on the auxiliary model parameter τhydro [6]. A consistent theoretical overlap
of initial stages and hydrodynamics could be important not only for low energy medium physics,
like a build up of radial flow, but also for the high-pT physics of QGP, e.g. jets quenching and
photon emission [7, 8].
In the high energy limit, the equilibration of weakly coupled QCD matter can be described by
the leading order QCD kinetic theory [9, 10, 11]. We develop a framework of non-equilibrium kinetic response functions to smoothly map the initial conditions of far-from-equilibrium initial state
models to hydrodynamically expanding matter and thus reduce the sensitivity to the hydrodynamic
initialization time τhydro [12, 13].
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Figure 1: The universal scaling curve, Eq. (2.3), for energy density. Note that the kinetic theory curve
corresponds to an overlapping kinetic evolution for a range of couplings λ = 10 − 25, which correspond to
η/s = 0.62 − 0.16.

The key observation is that, as the system approaches equilibrium, many of the details of the
initial distribution function is lost and only the first moments of the distribution function, i.e. energy
momentum tensor, carries the necessary information for the subsequent hydrodynamic evolution.
Furthermore at late times, the approach to hydrodynamics is approximately universal if measured
in units of kinetic relaxation time τR ∼ η/(sT ). For example the energy evolution of a uniform
Bjorken expanding background can be described by an asymptotic expansion in second order hydrodynamics [16]


 
π2 4
8 η/s
η/s 2
scaling in hydro: e(τ) = νg TId.
1 −
+C2
(2.2)
τTId.
Id.
| 30
{z } |{z} |3 τT
{z } |
{z
}
“ideal” temp.

ideal

viscous

2nd order hydro

where TId. characterises the asymptotic temperature scale and C2 is a second order transport coefficient with only weak dependence on the coupling constant λ . In practice, we find that for a range
of moderate values of λ , the entire kinetic pre-equilibrium exhbits scaling and we define a scaling
function E (x)


π2 4
τTId.(τ)
generalized scaling: e(τ) = νg TId.(τ) × E x =
,
(2.3)
30
η/s
|
{z
}
non-equilibrium evolution

which smoothly interpolates between the early time free-streaming like behavior and the late
time hydrodynamics, as shown in Fig. 1. For homogeneous boost invariant background, the energy density function e(τ) completely determines the entire background energy momentum tensor
T̄ µν = diag(e, PT , PT , τ12 PL ), where PL = −∂τ (τe(τ)) and e + 2PT + PL = 0.

3. Linear response functions
For central heavy ion collisions, e.g. PbPb, the physical description of initial stages τ . 2 fm
can be considerably simplified by using the approximate boost invariance symmetry and the fact
2
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that the transverse size of the collision is much larger than the duration of the pre-equilibrium
stage, i.e. RPb  ∆τ. Then the energy momentum tensor at a given point in the transverse plane
x0 is completely determined by a small neighbourhood of points which lie in the causal past of
the said point, i.e. |x − x0 | < ∆τ. Furthermore, the energy momentum tensor T µν in the causal
neighbourhood can be decomposed into a homogeneous background T̄ µν and perturbations δ T µν .
At linear order the evolution of such perturbations is determined by linear response functions,
which, in Fourier space, is a linear map between initial energy and momentum perturbations and
the final time energy momentum tensor2

output for hydro

µν
G̃(τ,i)

|



k, τ, τ0 ×
{z
}

non-equilibrium kinetic response



δ T ττ (τ0 , k)
δ T τi (τ0 , k)
or
e(τ0 )
e(τ0 )
|
{z
}



(3.1)

initial perturbations

Such k-space Green functions are obtained from the moments of the distribution function of the
linearised perturbations δ f (τ, p)eikx , which are evolved according to the coupled system of equations discussed in Sec. 2. Notably, the linear response functions become approximately invariant
if written in terms of scaling variables τTId. /(η/s) and |k|(τ − τ0 ). This allows performing a computational intensive kinetic theory evolution for a particular value of λ once, and then applying the
scalable response functions to different values of effective η/s, time τ or temperature scale TId. .

4. Results
We apply the kinetic pre-equilibration stage to a central PbPb event with a centre-of-mass
√
energy sNN = 2.76 TeV and with IP-Glasma initial conditions. IP-Glasma is a successful initial
state model motivated by Color Glass Condensate picture and includes a 2D Yang-Mills evolution
of initial gluonic fields [17, 18]. However, the classical Yang-Mills evolution does not lead to
hydrodynamization, which is achieved by first passing the initial energy and momentum densities
to a kinetic pre-equilibrium stage and then smoothly matching to viscous hydrodynamics at a later
time τhydro . We check by varying the crossover time τhydro that the integrated and differential
hydrodynamic fields, e.g. entropy density and radial velocity, are only weakly dependent on the
cross-over time 3 . Finally, we extract the hadronic observables from the constant temperature
freeze-out surface. For simplicity we only consider thermal spectra at the moment of freeze-out,
i.e. neglecting resonance decays. In Fig. 2 we present the thermal pion multiplicity dNπ /dy,
mean pion transverse momentum hpπT i and the elliptical flow vπ2 for our event. We observe that
the dependence of hadronic observables on the duration of kinetic pre-equilibrium stage is weak,
therefore the hydrodynamic simulations of heavy ion collisions with kinetic pre-equilibrium stage
could perhaps yield more reliable extractions of transport properties of QGP.
In summary, we presented a well motivated pre-equilibrium model based on a QCD kinetic
theory with a smooth and consistent approach to hydrodynamics. Thanks to an approximate scaling
2 In

general one can also consider response to the spatial perturbations of energy momentum tensor, but here we
focus only on the perturbations sourced by initial fluctuations of conserved charges of energy and momentum.
3 One of the remaining shortfalls of the matching is the difference between the conformal equation of state of
massless kinetic theory and a non-conformal lattice equation of state used in modern hydrodynamic codes.
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Figure 2: The final hadronic observables as a function of hydrodynamic initialization time τhydro with kinetic
√
pre-equilibrium stage and IP-Glasma initial conditions for a s = 2.76 Tev central PbPb event. Different
panels correspond to thermal pion multiplicity dNπ /dy, the mean transverse momentum hpπT i and the elliptic
flow vπ2 .

with η/(sT ), the tabulated linear response functions can be straightforwardly applied to event-byevent initial conditions of heavy ion collisions and thus reduce the dependence on the auxiliary
parameters of a hydrodynamic model of heavy ion collisions.
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