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The latest measurements of the CKM angle γ , using data collected by the LHCb experiment, are
presented. These include a time-integrated analysis of B±→ D0K± decays, where D0→ K0

S hh,
and a decay-time-dependent analysis of B0→D∓π± decays, both presented here for the first time.
In addition, an updated LHCb combination of the CKM angle γ , produced for this conference,
is shown. This combination yields γ = (74.0+5.0

−5.8)
◦ which dominates the world average, also

presented here. Finally, an overview of the status and future prospects of γ measurements with
LHCb future upgrades is discussed.
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1. Introduction

The angle γ ≡ arg[−(Vub
∗Vud)/(Vcb

∗Vcd)] is one of the least well known constraints of the
CKM unitarity triangle. It is unique amongst CKM parameters as it is the only one which has
no dependence on the top-quark coupling. It is accesible from purely tree-level processes and
consequently, within the framework of the SM, has a very small irreducible theoretical uncertainty
at the level of |δγ/γ| ≤ 10−7 [1]. Experimental access to γ arises via interference between favoured
b→ cW and suppressed b→ uW transitions, whose phase difference has a CP-violating (γ) and
a CP-conserving (δB) component. The classic example makes use of interference in B± → DK±

decays, where D is a superposition of D0 and D0 which decay to the same final state. The ratio of
the suppressed to favoured amplitudes is given by, A f̄ /A f = rBei(δB±γ), where the ± refers to the
intial B-meson charge. The best sensitivity to γ is achevied by reconstructing the D-superposition
in several different final states. These proceedings will focus on two specific measurements of γ at
LHCb as well as the overall combination of all measurements.

2. GGSZ analysis with B±→ DK±, D→ K0
S hh decays

The GGSZ method makes use of B±→ DK± decays where the intermediate D-meson decays
to 3-body self-conjugate final states such as D→ K0

S π+π− and D→ K0
S K+K− [2]. The partial rate

of the B-meson decay depends on the kinematic position of the 3-body D-decay in the Dalitz plane
and can be written,

dΓB±(x) = A2
(±,∓)+ r2

BA2
(∓,±)

+2A(±,∓)A(∓,±)
[
rB cos(δB± γ)cos(δD(±,∓))+ rB sin(δB± γ)sin(δD(±,∓))

]
, (2.1)

where δD(±,∓) is the CP-conserving strong phase difference between the CP-conjugate final states
of the D decay. The dependence on γ is encoded in four cartesian variables defined as,

x±+ iy± = rBei(δB±γ). (2.2)

In order to extract the relevant CP-information, with the best possible sensitivity, from the distribu-
tion of B+/B− candidates across the Dalitz-space, the cosine and sine of the strong phase variation
for the D decay must be known.

LHCb has recently published a model-independent measurement of γ using these decays with
a dataset corresponding to an integrated luminosity of 2 fb−1 collected during 2015 and 2016 [3].
Mass fits to selected B± → DK± candidates, alongside those from B± → Dπ± which are used
to control the mass shapes and study cross-feed, are shown in Fig. 1. The model-independent
method divides the kinematic decay space of the D meson up into 2N symmetric bins, chosen
to optimise the sensitivity to γ . The bin boundary definitions are shown in Fig. 2. Given the
decay amplitude is a superposition of both suppressed and favoured contributions, AB(m2

−,m
2
+) ∝

AD(m2
−,D

2
+)+ rBei(δB−γ)AD̄(m

2
−,m

2
+), the expected number of B+ and B− events in bin i is given

by,

N+
±i = hB+

[
F∓i +(x2

++ y2
+)F±i +2

√
FiF−i(x+c±i− y+s±i)

]
, (2.3)

N−±i = hB−
[
F±i +(x2

−+ y2
−)F∓i +2

√
FiF−i(x−c±i− y−s±i)

]
. (2.4)
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Here, hB± is the overall normalisation which is insensitive to CP information. The parameters F±i

denote the fraction of D0 (D0) events which end up in bin i. These are obtained from the flavour-
specific double-self-tagging control channel B→ D∗±µ∓νµX in data. The parameters ci and si

are the cosine and sine of the strong phase δD in bin i. These are obtained from measurements
made by the CLEO collaboration using quantum-correlated pairs of D0-D0 meson produced by the
decay of the ψ(3770) [4]. The parameters x± and y± are the CP-violating physical parameters of
interest which are extracted by simultaneously fitting for the number of events across each bin. The
resulting values are then combined with those extracted by the equivalent Run 1 analysis [5] to
obtain a measurement of γ = (80+10

−9 )◦ using these decays alone. The resulting profile likelihood
contours for x± and y± are shown in Fig. 3. In Sec. 4 these will be further combined with all other
LHCb measurements to better determine γ .
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Figure 3: Invariant mass distributions of (left) B± ! DK± and (right) B± ! D⇡± candidates,
with D ! K0

S⇡
+⇡�, divided between the (top) long and (bottom) downstream K0

S categories.
Fit results, including the signal and background components, are superimposed.

D ! K0
Sh

+h� final states are shown in Fig. 2. Separate plots are shown for B+ and B�
203

decays. The Dalitz coordinates are calculated from the kinematic fit with all constraints204

applied.205

In order to determine the parameterisation of the signal and background components206

that are used in the fit of partitioned regions of the Dalitz plot described in Sect. 6, an207

extended maximum likelihood fit to the invariant-mass distributions of the B± candidates208

is performed, in which the B+ and B� candidates in all of the the Dalitz bins are209

combined. The sample is split into B± ! DK± and B± ! D⇡± candidates, by D-decay210

mode and by K0
S category. In order to allow sharing of some parameters, the fit is211

performed simultaneously for all of the above categories. The projections of the fit and212

the invariant-mass distributions of the selected B± candidates are shown in Figs. 3 and 4213

for D ! K0
S⇡

+⇡� and D ! K0
SK

+K� candidates, respectively. The fit range is between214

5080 MeV/c2 and 5800 MeV/c2 in the B± invariant mass.215

The peaks corresponding to actual B± ! DK± and B± ! D⇡± candidates are fitted216
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B± ! DK±
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Figure 1: Invariant mass of selected B±→ D0K± (left) and B±→ D0π± (right) candidates.

Figure 1: Binning schemes for (left) D ! K0
S⇡

+⇡� and (right) D ! K0
SK+K�. The diagonal

line separates the positive and negative bins, where the positive bins are in the region where
m2

� > m2
+ is satisfied.

The physics parameters of interest, rB, �B, and �, are translated into four CP observ-85

ables [20] that are measured in this analysis. These observables are defined as86

x± ⌘ rB cos(�B ± �) and y± ⌘ rB sin(�B ± �). (3)

From Eq. 1 it follows that the expected number of B+ (B�) decays in bin i, N+
i (N�

i ),87

are given by88

N+
±i = hB+

h
F⌥i + (x2

+ + y2
+)F±i + 2

p
FiF�i(x+c±i � y+s±i)

i
,

N�
±i = hB�

h
F±i + (x2

� + y2
�)F⌥i + 2

p
FiF�i(x�c±i + y�s±i)

i
,

(4)

where Fi are the fraction of decays in bin i of the D0 ! K0
Sh

+h� Dalitz plot, and hB± are89

normalisation factors, which can be di↵erent for B+ and B� due to production, detection,90

and CP asymmetries. In this measurement, the integrated yields are not used to provide91

information on x± and y±, and so the analysis is insensitive to such e↵ects. From Eq. 4 it92

is seen that studying the distribution of candidates over the D ! K0
Sh

+h� Dalitz plot93

gives access to the x±, y± observables. The detector and selection requirements placed94

on the data lead to a non-uniform e�ciency over the Dalitz plot, which a↵ects the Fi95

parameters. The e�ciency profile for the signal candidates is denoted as ⌘(m2
�, m2

+). The96

parameters Fi can then be expressed as97

Fi =

R
i
dm2

�dm2
+|AD(m2

�, m2
+)|2 ⌘(m2

�, m2
+)P

j

R
j
dm2

�dm2
+|AD(m2

�, m2
+)|2 ⌘(m2

�, m2
+)

(5)

The values of Fi are determined from the control decay mode
( )

B ! D⇤±µ⌥( )⌫µX, where98

the D⇤� decays to D0⇡� and the D0 decays to either the K0
S⇡

+⇡� or K0
SK

+K� final state.99

3

Figure 2: The definition of the bin boundaries for D0→ K0
S π+π− (left) and D0→ K0

S K+K− (right) samples

3. Time-dependent analysis of B0→ D∓π±

Time-dependent methods can also be used to extract the weak phase γ orginating in the in-
terference between mixing and decay of neutral B-meson decays. The classic example is the B0

s

→D∓s K± decay which has been analysed with a dataset corresponding to an integrated luminos-
ity of 3 fb−1 by LHCb in the past [6]. Recently LHCb has publised a similar analysis with the

2



P
o
S
(
B
E
A
U
T
Y
2
0
1
8
)
0
0
4

Measurements of the CKM angle γ at LHCb Matthew Kenzie

0.1 0.1
x±

0.1

0.1

y
±

γ γ

LHCb
B−

B+

Figure 3: Profile likelihood contours for the cartesian variables x± and y± extracted from the model-
independent fit to B±→ DK± decays.

analogous B0→ D∓π± decay [7], which has a much higher branching fraction but much smaller
interference effect than the B0

s equivalent. The invariant mass of selected signal candidates is shown
on the left-hand side of Fig. 4 which demonstrates the incredibly high statistics available with this
channel. The unprecedentated size of the signal sample, ∼ 500K candidates, allows for simultane-
ous calibration of the flavour tagging parameters, important for identifying the flavour of the neutral
B-meson at production. The general time-dependent decay rate for an initial state B0

(s) meson at
t = 0 decaying to a final state f or f̄ are given by,

ΓB0
(s)→ f (t) ∝ e−Γ(s)t

[
C f cos(∆m(s)t)−S f sin(∆m(s)t) + cosh

(
∆Γ(s)t

2

)

︸ ︷︷ ︸
= 1 for B0

+A f sinh
(

∆Γ(s)t
2

)

︸ ︷︷ ︸
= 0 for B0

]
,

(3.1)

ΓB0
(s)→ f̄ (t) ∝ e−Γ(s)t

[
C f̄ cos(∆m(s)t)−S f̄ sin(∆m(s)t) + cosh

(
∆Γ(s)t

2

)

︸ ︷︷ ︸
= 1 for B0

+A f̄ sinh
(

∆Γ(s)t
2

)

︸ ︷︷ ︸
= 0 for B0

]
,

(3.2)

where Γ(s) is the average width of the two flavour states of the B0
(s)-meson and ∆Γ(s) and ∆m(s)

are the width and mass differences between the two flavour states. The decay-time-dependent CP-
asymmetry is fitted in order to obtain the parameters C f , S f , S f̄ , A f and A f̄ which depend on the
ratio of the magnitude of the suppressed and favoured amplitudes, rB, the strong phase difference,
δB, and the weak phase difference, (2β(s)+γ). Note the overall weak phase includes a contribution
from the mixing phase β(s) and the decay phase γ . In the case of the B0-meson the width difference
is negligbly small so the hyperbolic terms simplify. Furthermore the value of rB is sufficiently
small, ∼ 0.02, such that the CP-coefficient C f is assumed to be unity, C f =

1−r2
B

1+r2
B
= −C f̄ ≈ 1.

Consequently, in the case of the B0 decay one is left with a decay-time-dependent asymmetry

3
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which depends on just two CP-coefficients,

S f =−
2rB sin[δB− (2β + γ)]

1+ r2
B

(3.3)

S f̄ =
2rB sin[δB +(2β + γ)]

1+ r2
B

(3.4)

The value of rB is constrained by invoking flavour-symmetries and using branching ratio mea-
surements of related processes performed by the BaBar and Belle collaborations [8, 9], whilst
the value of β is constrained from the latest HFLAV fit [10]. The values of δB vs.γ are ex-
tracted in this analysis using the determined values of S f = 0.058± 0.020(stat)± 0.11(syst) and
S f̄ = 0.038±0.020(stat)±0.007(syst). Their profile likelihood contour is shown on the right-hand
side of Fig. 4.
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Figure 1: Invariant mass distributions of the (left) pion-like and (right) kaon-like samples with
fit projections overlaid. The simultaneous fit of the two distributions is described in the text
and yields a �2 per degrees of freedom of 1.18.

The mass distribution of B0 candidates in the pion-like sample features a peak at119

the known B0 mass with a width of about 20 MeV/c2, corresponding to B0 ! D⌥⇡±
120

signal decays, and is modelled with the sum of a double-sided Hypatia function [27] and a121

Johnson SU function [28]. The combinatorial background is modelled using the sum of two122

exponential functions. At values lower than 5.2 GeV/c2, broad structures corresponding to123

partially reconstructed decays, such as B0 ! D�⇢+(! ⇡+⇡0) and B0 ! D⇤�(! D�⇡0)⇡+
124

where the neutral pion is not reconstructed, are present; the shapes of these backgrounds125

are determined from simulation. Cross-feed B0 ! D⌥K± decays, due to kaon-to-pion126

misidentification, contaminating the left tail of the signal peak, are described with a127

double-sided Hypatia function with parameters determined from simulated decays.128

The B0-mass distribution of the kaon-like sample contains analogous compo-129

nents: the B0 ! D⌥K± signal peak is modelled with a single-sided Hypatia func-130

tion; the combinatorial background with an exponential function; partially recon-131

structed B0 ! D�⇢+(! ⇡+⇡0), B0 ! D⇤�(! D�⇡0)⇡+, B0 ! D⇤�(! D�⇡0)K+ and132

B0 ! D�K⇤+(! ⇡0K+) decays, where the charged pion is misidentified as a kaon and the133

neutral pion is not reconstructed, are modelled using simulation. Cross-feed B0 ! D⌥⇡±
134

decays from pion-to-kaon misidentification in the kaon-like sample peaks to the right of135

the B0 ! D⌥K± signal region, with a long tail towards the high-mass region; the shape136

of this distribution, a double-sided Hypatia function, is taken from simulation.137

The yields of all components are floating parameters of the fit. The yield of the138

B0 ! D⌥K± cross-feed decays in the pion-like sample is constrained to that of the139

B0 ! D⌥K± signal decays in the kaon-like sample using the kaon-to-pion misidentification140

probability and the kaon identification e�ciency of the PID requirement on the companion141

particle. In a similar manner, the yield of the B0 ! D⌥⇡± cross-feed decays in the kaon-like142

sample is constrained to that of B0 ! D⌥⇡± signal decays in the pion-like sample scaled143

by the pion-to-kaon misidentification probability and the pion identification e�ciency. The144

misidentification probabilities and the identification e�ciencies are determined from a large145

sample of D⇤+ ! D0(! K�⇡+)⇡+ decays in which the charged tracks are weighted in146

momentum and pseudorapidity to match those of the companion particle in B0 ! D⌥⇡±
147

decays [29].148
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Figure 6: (Left) distribution of 1–CL for � and (right) confidence regions for � and �. The
confidence regions hold the 39% and 87% CL. Points denote the preferred values.

3.0 fb�1. We measure387

Sf = 0.058 ± 0.020 (stat) ± 0.011 (syst),

Sf̄ = 0.038 ± 0.020 (stat) ± 0.007 (syst),

with a statistical and systematic correlations of 60% and �41%, respectively. These values388

are in agreement with, and more precise than, measurements from the Belle and BaBar389

collaborations [9, 10]. This measurement, in combination with the external inputs of rD⇡390

and �, constrains the CKM angle � to be in the interval [5, 86]� [ [185, 266]� at the 68%391

CL.392

Acknowledgements393

We express our gratitude to our colleagues in the CERN accelerator departments for the394

excellent performance of the LHC. We thank the technical and administrative sta↵ at the395

LHCb institutes. We acknowledge support from CERN and from the national agencies:396

CAPES, CNPq, FAPERJ and FINEP (Brazil); MOST and NSFC (China); CNRS/IN2P3397

(France); BMBF, DFG and MPG (Germany); INFN (Italy); NWO (The Netherlands);398

13

Preliminary
Preliminary

Figure 4: Left: Invariant mass of selected B0 →D∓π± candidates. Right: Two-dimensioanl profile likeli-
hood contours for γ vs. δB from the TD B0 →D∓π± analysis.

4. Combination of LHCb γ measurements

The ultimate sensitivity to γ is only acheived when several modes are combined together. Al-
though each given B-meson decay has two hadronic unknowns, rB and δB, as well as the parameter
of interest γ , these can be extracted in several different D-meson decay modes, provided it is accesi-
ble by both D0 and D0. The extraction of γ with decays to CP-eigenstates, such as D→ K+K− and
D→ π+π−, is known as the GLW method [11,12]. These have excellent sensitivity to γ but several
ambigous solutions. The ADS method [13,14] makes use of decays to doubly-Cabibbo-suppressed
final states, such as D→ K+π−. These have poorer sensitivity but a single unambigous solution.
The GGSZ method [15,16] makes use of 3-body self-conjugate final states, such as those discussed
in Sec. 2 with D→ K0

S hh, and has both excellent sensitivity and a single solution. The LHCb col-
laboration has produced a new combination of the CKM angle γ for this conference presented in
Ref. [17]. An overview of the various inputs used in this combination is provided in Table 1.

The overall LHCb combination yields a value of γ = (74.0+5.0
−5.8)

◦ [17] which dominates the
latest world average provided by HFLAV for the Moriond 2018 conference of γ = (73.5+4.2

−5.1)
◦ [10],

although this world average does not include the latest GGSZ measurement presented in Sec. 2. The
confidence intervals for these combinations are shown in Fig. 5.
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Table 1: List of the LHCb measurements used in the combination, where TD is time-dependent and the
method acronyms refer to the authors of Refs. [11–16, 18–21].

B decay D decay Method Ref. Dataset
†

Status since last
combination [22]

B+→ DK+ D→ h+h− GLW [23] Run 1 & 2 Minor update

B+→ DK+ D→ h+h− ADS [24] Run 1 As before

B+→ DK+ D→ h+π−π+π− GLW/ADS [24] Run 1 As before

B+→ DK+ D→ h+h−π0 GLW/ADS [25] Run 1 As before

B+→ DK+ D→ K0
S h+h− GGSZ [5] Run 1 As before

B+→ DK+ D→ K0
S h+h− GGSZ [3] Run 2 New

B+→ DK+ D→ K0
S K+π− GLS [26] Run 1 As before

B+→ D∗K+ D→ h+h− GLW [23] Run 1 & 2 Minor update

B+→ DK∗+ D→ h+h− GLW/ADS [27] Run 1 & 2 Updated results

B+→ DK∗+ D→ h+π−π+π− GLW/ADS [27] Run 1 & 2 New

B+→ DK+π+π− D→ h+h− GLW/ADS [28] Run 1 As before

B0→ DK∗0 D→ K+π− ADS [29] Run 1 As before

B0→ DK+π− D→ h+h− GLW-Dalitz [30] Run 1 As before

B0→ DK∗0 D→ K0
S π+π− GGSZ [31] Run 1 As before

B0
s → D∓s K± D+

s → h+h−π+ TD [6] Run 1 Updated results

B0→ D∓π± D+→ K+π−π+ TD [7] Run 1 New
† Run 1 corresponds to an integrated luminosity of 3 fb−1 taken at centre-of-mass energies of 7 and 8TeV.
Run 2 corresponds to an integrated luminosity of 2 fb−1 taken at a centre-of-mass energy of 13TeV.

5. Conclusion

The field of flavour physics is approaching an exciting time regarding measurements of the
CKM angle γ . Given the incredibly small theoretical uncertainties involved, sensitivity to the
angle is entirely driven by experimental constraints. LHCb is a world leader in this area and, with
further data from Run 2 of the LHC still to be analysed and the expected gains with LHCb’s future
upgrades, this will continue in the future. The prospects are that within the next decade γ will
transition to become the standard candle for precision SM CKM constraints. With the expected
Belle-II dataset of 50 ab−1 and a possible 300 fb−1 or more available with LHCb’s Phase II upgrade,
the world precision for γ will reach ∼ 0.3◦ which will be dominated by LHCb measurements.
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Figure 5: Left: The LHCb experiment combination of CKM angle γ split by initial B-meson type. Right:
The world average for CKM angle γ produced by HFLAV split by analysis method.

This sub-degree precision will open up many interesting possibilties; allowing a precise tree-level
benchmark for the SM, access to penguin free measurements of β and βs, probes of NP sensitive
scenarios with subtle differences in γ between charged and neutral initial B states as well as the
ability to probe directly the tree-level Wilson coefficients, C1 and C2.

At this conference two new LHCb measurements were presented; a time-integrated determi-
nation of the CKM angle γ using B+→ DK+ decays with D→ K0

S h+h− [3] and a time-dependent
determination using B0→D∓π± decays [7]. Furthermore, the latest LHCb combination [17], pro-
duced specifically for this conference, was shown. This details the most process single-experiment
determination of γ to date and finds γ = (74.0+5.0

−5.8)
◦. Future extrapolations suggest LHCb will con-

tinue to dominate global averages of the CKM angle γ in the future, reaching degree level precision
in the next 5-10 years.
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