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1. Introduction

the mass ((ν1 , ν2 , ν3 )T ) and flavor ((νe , νµ , ντ )T ) eigenstates of the neutrino sector are related by
 
 
νe
ν1
 
 
 νµ  = U  ν2  ,
ντ
ν3
where


c12 c13
s12 c13
s13 e−iδ


U =  −s12 c23 − c12 s23 s13 eiδ c12 c23 − s12 s23 s13 eiδ s23 c13 
s12 s23 − c12 c23 s13 eiδ −c12 s23 − s12 c23 s13 eiδ c23 c13


(1.1)

is the 3 × 3 unitary neutrino mixing matrix [4, 5], θ12 , θ23 , θ13 are three mixing angles, δ is a CP
phase, and c jk ≡ cos θ jk , s jk ≡ sin θ jk .
Recent results from cosmology [6] suggest that ∑ j m j < O(0.1) eV (95% C.L.), and the fact
that neutrino mass is much smaller than those of quarks and charged leptons is a mystery. The
reason that neutrinos have relevance to this conference is because of the seesaw mechanism [7, 8,
9, 10, 11] which may solve this mystery. If the heavy Majorana mass M is much heavier than the
Dirac mass m, then the absolute value of the smaller mass eigenvalue of the mass matrix
(
)
0 m
(1.2)
mM
is approximately equal to m2 /M. Assuming that the largest neutrino mass can be approximately
evaluated as (∆m2atm )1/2 ≃ 0.05eV, that the Dirac mass is roughly equal to m ∼ O(1) GeV, and
that the smaller eigenvalue of the matrix (1.2) is approximately equal to the largest neutrino mass
m3 , then the heavy Majorana mass is estimated to be M ∼ O(1010 ) GeV. Such a high mass scale
indicates that small neutrino mass may give a hint of physics beyond the Standard Model.

2. Three flavor neutrino oscillation
In the standard framework of three massive neutrinos, the parameters which describe neutrino
oscillation phenomena are the three mixing angles θ12 , θ23 , θ13 and the CP phase δ , which appear in (1.1), and two mass squared differences ∆m221 , ∆m231 , where ∆m2jk ≡ m2j − m2k . The sets of
parameters (|∆m231 |, θ23 ) and (∆m221 , θ12 ) were determined by the experiments of atmospheric and
1
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Since the discovery of atmospheric neutrino oscillation by Superkamiokande [1] and solar
neutrino oscillation by SNO [2] and KamLAND [3], we know that neutrinos have masses and mixings. Just like the mass ((d, s, b)T ) and flavor ((d ′ , s′ , b′ )T ) eigenstates of the down quark sector are
related by
 
 
d′
d
 ′
 
 s  = VCKM  s  ,
b′
b
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accelerator neutrinos, and by those of solar and long baseline reactor neutrinos, respectively [6]. On
the other hand, the value of θ13 was determined by the accelerator neutrino experiments, T2K [12],
MINOS [14] and NOν A [15], and by the reactor neutrino experiments, Double-CHOOZ [16], Daya
Bay [17] and Reno [18]. The recent results of the global analysis are given in Refs. [19, 20].

m22
m21

m23

(b)
m22
m21

m23

Figure 1: Two mass patterns: (a) the normal hierarchy (∆m231 > 0), (b) the inverted hierarchy (∆m231 < 0).

The quantities which are not yet determined are the pattern of mass hierarchy (the two mass
patterns in Fig.1 are allowed at present), the CP phase δ and the octant of θ23 (in other words the
sign of θ23 − 45◦ ). The next things to do are to determine the pattern of mass hierarchy, the octant
of θ23 and the CP phase δ . These tasks are expected to be carried out in the future long baseline
experiments, T2HK [21], DUNE [22]. and T2HKK [23]. Figure 2 shows the sensitivity of some
of these experiments together with atmospheric neutrino measurements at the Hyperkamiokande
(HK) experiment [24] to the unknown quantities.

3. Non-oscillation experiments
While neutrino oscillation gives us the value of the mass squared differences ∆m2jk ( j, k =
1, 2, 3), the mixing angles and the CP phase, complementary information can be obtained by other
experiments, such as neutrinoless double beta decays, direct measurements by tritium decays and
cosmology.
3.1 Neutrinoless double beta decay
If we assume the existence of Majorana mass terms, which violate the lepton number, then the
process of a neutrinoless double beta decay (A, Z) → (A, Z + 2) + e− + e− becomes possible. The
amplitude of the neutrinoless double beta decay process is proportional to the effective Majorana
mass
mee =

∑(Ue j )2 eiϕ m j
j

,

j

where ϕ j stands for the Majorana phases. In the case of the inverted hierarchy, the effective Majorana mass is predicted to be [6] 0.01 eV ≲ mee ≲ 0.05 eV. In the case of the normal hierarchy, on
the other hand, there can be cancellation between the contributions among m j ( j = 1, 2, 3) and the
2

PoS(HQL2018)043

(a)

Neutrino phenomenology

Significance(σ)

25
20
15
10
5
0
-180

0
δ(True)

180

15

T2HK+HK(atm)+DUNE
DUNE
T2HK+HK(atm)
T2HK

120
100

T2HK+HK(atm)+DUNE
T2HK+HK(atm)
DUNE
T2HK

80
∆χ2

20

T2HK+HK(atm)+DUNE
DUNE
T2HK+HK(atm)
T2HK

10

60
40

5

20

0
40 42 44 46 48 50
θ23(o)(True)

0
-180

0
δ(True)

180

Figure 2: Sensitivity of the future experiments and their combinations to the unknown quantities in the
case of normal hierarchy [13]. Left panel: Significance of mass hierarchy as a function of the true value
of the CP phase δ . The DUNE experiment, the combination of the T2HK experiment and the atmospheric
neutrino observation at HK, and the combination of all these can determine the mass hierarchy irrespective
of the value of the CP phase δ . Middle panel: Significance of octant as a function of the true value of θ23 .
If θ23 ≲ 42◦ or θ23 ≳ 49◦ , then T2HK, DUNE, the combination of T2HK and the atmospheric neutrino
observation at HK, and the combination of all these can distinguish whether θ23 > 45◦ or θ23 < 45◦ . Right
panel: ∆χ 2 = {significance of CP violation(σ )}2 as a function of the true value of the CP phase δ . Unless
δ is close to 0 or 180◦ , DUNE, the combination of T2HK and atmospheric neutrino observation at HK and
the combination of all these can exclude the hypothesis δ = 0 or δ =180◦ . The horizontal straight line in
each panel stands for 5σ which corresponds to discovery.

prediction for the effective Majorana mass is [6] 0 eV ≤ mee ≲ 0.004 eV. The current best limit is
given by KamLAND-Zen [25]: mee < (0.061 − 0.165) eV, where the uncertainty comes from that
of the nuclear matrix elements which are required to estimate the value of mee .
3.2 Direct measurement
While neutrinoless double beta decays occur only when the majorana mass term exists, one
can always perform a direct measurement of neutrino mass by looking at the energy spectrum of
electrons near the end point in tritium decays. In this case the effective neutrino mass is given by
(
)1/2
mβ =

∑ |Ue j |2 m2j

.

j

In the case of the normal (inverted) hierarchy, the prediction for the effective Majorana mass is [6]
0.004 eV (0.03 eV) ≲ mβ ≲ 0.01 eV (0.06 eV), respectively. The present upper bound is obtained
by the Troitsk experiment [26]: mβ < 2.05 eV (at 95% C.L.). The KATRIN experiment [27], which
has just started, is expected to reach mβ ∼ 0.20 eV.
3.3 Cosmology
The constraint on ∑ j m j can be obtained from cosmology, and the most stringent one [28]
3
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Experimental Phenomenological
indication
constraint on the
relative deviation

Light sterile ν [32]
NSI in propagation [33, 34, 35]
NSI at production /
detection [36]
Unitarity violation
due to νR [37]

Maybe
Maybe
None

O(10%)
O(100%) (for νe ,ντ ),
O(1%) (for νµ )
O(1%)

None

O(0.1%)

Table 1: Various scenarios beyond the standard model with massive three neutrinos.

∑ j m j < 0.14 eV (95% C.L.) is obtained by the Lyα -forest power spectrum from the Baryon Oscillation Spectroscopic Survey and from the VLT/XSHOOTER legacy survey in the ΛCDMν model.

4. New physics beyond the Standard Model with massive three neutrinos
The future long baseline experiments [21, 23, 22] mentioned above have high statistics and,
as in the case of B factories [29, 30], such high precision measurements will enable us to search
for deviation from the standard three-flavor oscillations (see, e.g., Ref. [31]). Scenarios which
have been discussed as candidates for deviation from the standard three-flavor framework include
light sterile neutrinos [32], the Non-Standard flavor-dependent Interaction (NSI) in neutrino propagation [33, 34, 35], NSI at production and/or detection [36], and unitarity violation due to right
handed neutrinos [37]. As indicated in Table 1, the first two scenarios offer stronger phenomenological motivation because (i) there are experimental hints which may suggest these scenarios, (ii)
the deviation of the oscillation probability for these scenarios could be potentially larger than those
for the other scenarios and therefore it is encouraging for experimentalists to look for the effects of
these scenarios.
4.1 Light sterile neutrinos
The anomaly which was announced by the LSND group [38] would imply mass squared difference of O(1) eV2 if it is interpreted as a phenomenon due to neutrino oscillation ν̄µ → ν̄e . The
standard three flavor scheme has only two independent mass squared differences, i.e., ∆m221 ≃
8 × 10−5 eV2 (|∆m231 | ≃ 2.4 × 10−3 eV2 ) for the solar (atmospheric) neutrino oscillation. To accommodate a neutrino oscillation scheme to the LSND anomaly, therefore, an extra state should be
introduced. This extra state should be sterile neutrino, which is a singlet with respect to the gauge
group of the Standard Model, because the number of weakly interacting light neutrinos should be
three from the LEP data [6]. To test the LSND anomaly, the MiniBooNE experiment has been
performed, and their recent results [39] seem to be statistically significant, although their allowed
region seems to be incompatible with that of the negative results in the disappearance [40] and
appearance [41] channels. On the other hand, the flux of the reactor neutrino was recalculated in
Refs. [42, 43] and it was claimed that the normalization is shifted by about +3% on average. If
4
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their claim on the reactor neutrino flux is correct, then neutrino oscillation with ∆m2 ≳1eV2 may
be concluded from a re-analysis of 19 reactor neutrino results at short baselines [44]. This is called
reactor anomaly. Furthermore, it was pointed out in Ref. [45] that the measured and predicted 71 Ge
production rates differ in the Gallium radioactive source experiments GALLEX and SAGE, and
this is called Gallium anomaly. The anomalies of LSND, reactor and Gallium constitute the main
motivation to study sterile neutrino oscillations.
4.2 Non-standard interactions in propagation

′

ff P
where fP and fP′ are the fermions with chirality P, εαβ
is a dimensionless constant normalized in
terms of the Fermi coupling constant GF , then the matter potential in the flavor basis is modified as


1 + εee εeµ εeτ


A  εµ e εµ µ εµτ  ,
(4.2)
ετ e ετ µ εττ
√
f
where A ≡ 2GF Ne stands for the matter effect, εαβ is defined by εαβ ≡ ∑ f =e,u,d (N f /Ne )εαβ
and
N f ( f = e, u, d) stands for number densities of fermions f . Here we defined the new NSI parameters
f
f fL
f fR
as εαβ
≡ εαβ
+ εαβ
since the matter effect is sensitive only to the coherent scattering and only to
the vector part in the interaction. In the case of the solar neutrino analysis [46], since the ratio of the
f
density of protons to that of neutrons varies along the neutrino path, εαβ
( f = e, u, d) is assumed
1
to be non-zero only for one particular fermion f for simplicity. Furthermore, to discuss the effect
of NSI on solar neutrinos, because solar neutrinos are approximately driven by one mass squared
difference, 3 × 3 Hamiltonian is reduced to the following effective 2 × 2 Hamiltonian:
(
(
)
) (
)
f
f
2
2 A 0
N
∆m
−
cos
2
−
θ
sin
2
θ
c
ε
ε
f
12
12
21
13
D N
H eff =
,
+
+A ∑
f∗
f
4E
N
0 0
sin 2θ12 cos 2θ12
ε
e
N εD
f =e,u,d

where εDf and εNf are linear combinations of the standard NSI parameters:
[
(
)] (
[ ] c2 (
)
)
f
− 13 εeef − εµf µ
εDf = c13 s13 Re eiδCP s23 εefµ + c23 εefτ − 1 + s213 c23 s23 Re εµτ
2
)
s223 − s213 c223 ( f
εττ − εµf µ
(4.3)
+
2
(
(
)
[
)]
f
f∗
f
εNf = c13 c23 εefµ − s23 εefτ + s13 e−iδCP s223 εµτ
− c223 εµτ
+ c23 s23 εττ
− εµf µ .
(4.4)
It has been pointed out that the value of ∆m221 inferred from the solar neutrino data and that
from the KamLAND experiment have a tension at 2σ , and the result of Ref. [46] shows that a
nonvanishing value of (εDf , εNf ) solves this tension. This fact gives a motivation to take NSI in
propagation seriously.2
e would also affect the
case of f = e has not been analyzed because of the complication in which the NSI εαβ
rate of the interactions between neutrinos and electrons at detection.
2 It has been pointed out that a sterile neutrino scheme with the mass squared difference O(10−5 eV2 ) also solves
the tension [47].
1 The

5
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If we have a flavor-dependent neutrino non-standard interaction (NSI) in neutrino propagation:
√ f f ′P (
)(
)
LNSI = −2 2 εαβ
GF ν α L γµ νβ L f P γ µ fP′ ,
(4.1)
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4.3 Non-standard interactions at production and detection

4.4 Violation of unitarity
It is known [37] that in generic see-saw models the kinetic term gets modified after integrating
out the right handed neutrino and unitarity is expected to be violated. In the case of the so-called
minimal unitarity violation, in which only three light neutrinos are involved and sources of unitarity violation are assumed to appear only in the neutrino sector, unitarity violation is strongly
constrained. Its constraint mostly comes from the bounds of rare decays of charged leptons, and
deviation from unitarity is at most of O(0.1%) [51].

5. Summary
In the standard framework of three massive neutrinos, all the three mixing angles have been
determined, and the remaining quantities to be measured are the sign of ∆m231 , the sign of θ23 − 45◦ ,
and the CP phase δ . These quantities are expected to be determined in the future experiments. In
these future experiments, we can probe deviation from the standard three flavor framework, such
as light sterile neutrino scenarios, non-standard interactions in propagation and those at production
and detection, and unitarity violation. Some of these scenarios may account for the experimental
anomalies, and further experiments are needed to confirm or refute these scenarios.
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