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1. Introduction

Chiral effective field theory (EFT) organizes the interactions of nucleons in powers of mo-
menta and factors of the pion mass near the chiral limit where the light quarks are massless. Nu-
clear lattice simulations using chiral EFT have been used in recent years to describe the structure
and scattering of atomic nuclei [1, 2, 3, 4, 5, 6]. However, the treatment of nuclear forces at higher
orders in the chiral EFT expansion is more difficult on the lattice due to the breaking of rotational
invariance produced by nonzero lattice spacing [7, 8]. Fitting the unknown coefficients of the
short-range lattice interactions to empirical phase shifts can introduce significant uncertainties.

In this work we solve these problems by introducing a new set of short-range chiral EFT
interactions on the lattice with a simpler decomposition into spin channels. The angular dependence
of the relative separation between the two nucleons is prescribed by spherical harmonics, and the
dependence on the nucleon spins is given by the spin-orbit Clebsch-Gordan coefficients. We first
discuss the lattice Hamiltonian used in our lattice transfer matrix formalism. Next we discuss the
numerical results. Finally, we present a summary and outlook.

2. Lattice Hamiltonian and transfer matrix formalism

We define the normal-ordered transfer matrix as

M =: exp[−Hαt ] :, (2.1)

where the :: symbols denote normal ordering where the annihilation operators are on the right and
creation operators are on the left. αt = at/a is the ratio between the temporal lattice spacing and the
spacial lattice spacing. We partition the lattice Hamiltonian H into a free Hamiltonian, short-range
interactions, and long-range interactions,

H = Hfree +V short
2N + V long

2N . (2.2)

For the free Hamiltonian we use an O(a4)-improved action of the form [9],

Hfree =
49

12m ∑
n

a†(n)a(n)− 3
4m ∑

n,i
∑
〈n′ n〉i

a†(n′)a(n)

+
3

40m ∑
n,i

∑
〈〈n′ n〉〉i

a†(n′)a(n)− 1
180m ∑

n,i
∑

〈〈〈n′ n〉〉〉i
a†(n′)a(n). (2.3)

2.1 Short-range interactions

At order Q0 we have two short-range interaction operators, namely, the S-wave spin singlet,

V0,1S0
(n) = ∑

Iz=−1,0,1

[
O0,sNL

0,0,0,0,1,Iz
(n)
]†

O0,sNL
0,0,0,0,1,Iz

(n) (2.4)

and the S-wave spin triplet,

V0,3S1
(n) = ∑

Jz=−1,0,1

[
O0,sNL

1,0,1,Jz,0,0(n)
]†

O0,sNL
1,0,1,Jz,0,0(n). (2.5)
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At leading order we also include an SU(4)-invariant short-range operator V0 with the form,

V0 =
C0

2
: ∑
n′,n,n′′

∑
i′, j′

asNL†
i′, j′ (n

′)asNL
i′, j′(n

′) fsL(n
′−n) fsL(n−n′′) ∑

i′′, j′′
asNL†

i′′, j′′(n
′′)asNL

i′′, j′′(n
′′) :, (2.6)

where fsL(n) = 1 for |n|= 0, sL for |n|= 1, and 0 otherwise.
At order Q2 there are seven more operators, and at order Q4 there are 15 more operators which

are reduced to 12 after the on-shell constraint is taken into account. The specific expressions of
these higher-order operators can be found in [10].

2.2 Long-range interactions

In Chiral EFT, the sources of the long-range interaction arise from the one-pion exchange
potential with the form,

VOPE =− g2
A

8F2
π

∑
n′,n,S′,S,I

: ρS′,I(n′) fS′S(n′−n)ρS,I(n) :, (2.7)

and the two-pion exchange potential,

VTPEP = V Q2

TPEP +V Q3

TPEP +V Q4

TPEP. (2.8)

3. Results for the neutron-proton scattering

We determine the LECs by reproducing the neutron-proton scattering phase shifts and mixing
angles of the Nijmegen partial wave analysis (NPWA) [11]. The results are presented in Fig. (1).
Good convergence is observed with increasing chiral order. With the full NN interactions up to
order O(Q4), the calculation using a = 0.99 fm can describe the S, P, and D waves with a good
accuracy over the whole momentum range, 0 < prel < 250 MeV.

At distance r beyond the range of the interaction, the radial wave function for the deuteron in
the 3S1 channel behaves as,

u(r) = ASe−γr, (3.1)

where AS is the S-wave asymptotic normalization coefficient. In the 3D1 channel, the radial wave
function behaves as

w(r) = ηAS

[
1+

3
γr

+
3

(γr)2

]
e−γr. (3.2)

In Fig. (2), we show the radial wave functions of the deuteron. From the plots, one can see clearly
that when the neutron and proton are well separated the S and D waves behave as the asymptotic
forms in Eq. (3.1) and (3.2) respectively. The numerical values for AS and η are shown in Table 1.

Using the radial wave functions, we can also compute the root-mean-square radius of the
deuteron,

rd =
1
2
[
∑δ rr2 (u2(r)+w2(r)

)]1/2
, (3.3)
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Figure 1: (Color online) Neutron-proton scattering phase shifts and mixing angles versus relative momenta.

LO NLO N2LO N3LO Empirical
Ed (MeV) 2.2246±0.0002 2.224575±0.000016 2.224575±0.000025 2.224575±0.000011 2.224575(9)[12]

As(fm−1/2) 0.8662±0.0007 0.8772±0.0003 0.8777±0.0004 0.8785±0.0004 0.8846(9)[13]
η 0.0212±0.0000 0.0258±0.0001 0.0257±0.0002 0.0254±0.0001 0.0256(4) [14]

Qd(fm2) 0.2134±0.00000 0.2641±0.0016 0.2623±0.0023 0.2597±0.0013 0.2859(3) [15]
rd (fm) 1.9660±0.0001 1.9548±0.0005 1.9555±0.0008 1.9545±0.0005 1.97535(85) [16]

a3S1
5.461±0.000 5.415±0.001 5.421±0.002 5.417±0.001 5.424(4) [17]

r3S1
1.831±0.0003 1.759±0.002 1.760±0.003 1.758±0.002 1.759(5)[17]

a1S0
−23.8±0.1 −23.69±0.05 −23.8±0.2 −23.678±0.038 −23.748(10)[17]

r1S0
2.666±0.001 2.647±0.003 2.69±0.02 2.647±0.004 2.75(5) [17]

PD(%) 1.92 3.48 3.41 3.36

Table 1: Deuteron properties and S-wave parameters calculated with the full NN interaction up to chiral
order O(Q4) using a = 0.99 fm. Error bars we list here indicate uncertainties from the fitting procedure only.
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Figure 2: (Color online) Radial wave functions of the deuteron Left: S wave. Right: D wave.
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and the quadrupole moment,

Qd =
1
20 ∑δ rr2w(r)

[√
8u(r)−w(r)

]
. (3.4)

Additionally, the S-wave effective range parameters at very low energies can be extracted from

pcot(δ ) =−1
a
+

1
2

rp2 +O(p4), (3.5)

In Table 1, we present the properties of the deuteron and S-wave parameters. It is clear that the
deuteron properties can be reproduced accurately. There are, however, still some small systematic
discrepancies that suggest additional corrections are needed.

4. Theoretical uncertainties

It is necessary also to address the convergence of the effective field theory expansion on the
lattice and their associated systematic errors. We follow the prescription in Refs. [18, 19] where
the theoretical uncertainty for some observable X(p) at order NmLO and momentum p is given by

∆XNmLO(p)=max
(

Qm+2 ∣∣XLO(p)
∣∣ ,Qm

∣∣XLO(p)−XNLO(p)
∣∣ , · · · ,Q1

∣∣∣XNm−1LO(p)−XNmLO(p)
∣∣∣) .

(4.1)
In Fig. (3), we show the estimated theoretical uncertainties for the neutron-proton scattering

phase shifts and mixing angles. With only a few exceptions, the error bands for each order generally
overlap with each other and cover the empirical phase shifts, which provides a promising sign of
convergence of the chiral effective field theory expansion on the lattice.

5. Spectrum of the light and medium-mass nuclei

With the new lattice action, we start calculating the binding energy of the light and medium-
mass nuclei. In Fig. (4) we show some preliminary results[20]. It it clear that the binding energy of
the light nuclei are pretty accurate with the new interaction, although there are some discrepancy
for the medium-mass nuclei. We should emphasize that in these calculations only the two-body
interaction is applied. Hopefully, these discrepancy can be fixed by including the three-body inter-
action.

6. Summary and outlook

We have proposed a new lattice formulation of the chiral NN force which is easily decomposed
into partial waves. The new lattice operators work as projection operators, which only survive in
particular channels. This advantage greatly simplifies the fitting procedure. Instead of fitting the
phase shifts and mixing angles for all the channels simultaneously, only one uncoupled channel or
two coupled channels are needed to be computed for each calculation.

We have also studied the properties of the deuteron wave function and the S-wave effective
range parameters. The numerical values are very close to the empirical values, which indicates that
the current version of NN interactions is quite accurate, and a very significant improvement over
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Figure 3: (Color online) Theoretical error bands for the neutron-proton scattering phase shifts and mixing
angles versus the relative momenta. Blue, green, and red bands signify the estimated uncertainties at NLO,
N2LO and N3LO respectively. The black solid line and diamonds denote the phase shift or mixing angle
from the Nijmegen partial-wave analysis (NPWA) and lattice calculation at N3LO, respectively.

Figure 4: Spectrum of the light and medium-mass nuclei. In the calculations only the two-body interactions
are applied.

previous lattice studies. Some small discrepancies remain, but these may well be fixed in studies
that reach a higher order in the chiral effective field theory expansion.

In summary, the new lattice interactions are far more efficient and accurate in reproducing
physical data than previous lattice interactions. We have begun studying the properties of light and
medium-mass nuclei using these interactions, and the results are promising.
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