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We investigate the influence of dynamical charm quarks on observables that depend explicitly
on the charm quark fields, like the pseudo-scalar and vector masses my, and m;,,, the hyper-
fine splitting (m;y, — my,)/my,, the charm quark mass and the meson decay constants. For this
purpose, instead of working in full QCD we study a simplified setup. We simulate two theories:
Ny =0 QCD and QCD with Ny = 2 dynamical quarks at the charm mass. The absence of light
quarks allows us to reach extremely fine lattice spacings (0.02 fm < a < 0.05 fm) which are crucial
for reliable continuum extrapolations. Our main result is a comparison of various quantities in the
continuum limit. For the hyperfine splitting we find that the effects of a dynamical charm quark

are below our statistical precision of 2%.
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1. Introduction

In this work we want to study the charm sea effects on charmonium systems, that are bound
states made of a charm quark (c) and a charm antiquark (¢). The high mass of a charm quark
allows the description of cC states in terms of certain non-relativistic potential models and this
makes the charmonium system an important testing ground for a comparison of theory with exper-
iment. Moreover, in the last few years, experiments also discovered a large number of unexpected
charmonium-like states, many of which are still poorly understood. This highlights the need for a
more complete theoretical understanding of these systems starting from first principles and lattice
QCD represents one of the most suitable tools to reach these purposes.

Up to date many simulations of QCD are carried out using Ny = 2 + 1 dynamical light quarks
(up, down, strange). A more complete setup would include a dynamical charm quark, but this
increases the computational cost of the simulations. Thus, to give a reliable estimate of the effects
of a dynamical charm quark in QCD, we compare results for physical observables obtained with
two different models: Ny = 0 QCD and QCD with Ny = 2 degenerate charm quarks.

The absence of light quarks allows us to keep the volumes moderately large, which in turn
makes simulations at extremely fine lattice spacings feasible. The main goal of this work is to
determine the impact of a dynamical charm quark on meson masses and decay constants, with
special focus on the mesons 1), and J/y (pseudo-scalar and vector channel respectively). Our first
results in this direction can be found in [1]. Here, we show an update of our previous results, which
includes a better strategy of the tuning of the twisted mass parameter i, continuum extrapolations
performed with a larger number of lattice spacings and increased statistics and our first results on
the meson decay constants.

2. Numerical setup

We employ six Ny = 2 ensembles at the charm mass M, and four Ny = 0 ensembles, exploring
a set of lattice spacings in the range 0.02 fm < a < 0.07 fm (see Table 1). The aim is to disentangle
the charm sea effects from possible cut-off effects due to the small correlation lengths which are
associated with charmonium states. As a lattice discretization scheme we use a clover improved
doublet of twisted-mass Wilson fermions [2, 3, 4] and Wilson’s plaquette gauge action [5] for the
gluon sector. To achieve maximal twist, the hopping parameter x has been set to its critical value by
interpolating the data published in Refs. [6, 7]. Open boundary conditions in the temporal direction
are imposed to keep auto-correlation times associated with the topological charge manageable [8].
For further details regarding the generation of these ensembles we refer to Ref. [9].

3. Methodology

3.1 Meson masses and decay constants

To extract meson masses and decay constants we compute the two-point correlation function

6
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Ny | Lx (%)3 B a[fm K ap Viomn, to/a® MDUs
2 96x24% 5300 0.066 0.135943 0.36151  1.79321(53) 1.23950(85) 8000
120x32% 5500 0.049 0.136638 0.165997  1.8049(16)  4.4730(95) 8000
19248 5600 0.042 0.136710 0.130949  1.7655(15) 6.609(15) 8000
120x 323 5700 0.036 0.136698 0.113200  1.7931(28) 9.104(36) 17184
192 x48% 5880 0.028 0.136509 0.087626  1.8129(29) 15.622(62) 23088

192 x 48> 6.000 0.023 0.136335 0.072557  1.8075(42) 22.39(12) 22400

0 | 120x32% 6.100 0.049 - - - 4.4329(32) 64000
120x 323 6.340 0.036 - - - 9.034(29) 20080
192483  6.672 0.023 - - - 21.92481) 73920
192 x 64> 6.900 0.017 - - - 39.41(15) 160200

Table 1: Simulation parameters of our ensembles. The columns show the lattice sizes, the gauge coupling
B=6/ g%, the lattice spacing in fm (determined from the Ny = 2 scale L; [10] and using decoupling for
Ny = 0), the critical hopping parameter, the twisted mass parameter (i, the pseudo-scalar mass in #( units,
the hadronic scale 7/ a* defined in [11] and the total statistics in molecular dynamics units.

between two meson states, created and annihilated by the operators 01J(“2 and Or, at the source and
sink, having coordinates (yg,y), (xo,X) respectively. In Eq. (3.1) ¢; and ¢, denote two flavors in a
twisted mass doublet, the sum over spatial coordinates X, y is performed to compute the two-point
function of the hadron at zero-momentum and the triangular brackets (- - - ) represent the expectation
value of the observable on the ensemble of gauge and fermion fields. The ground state energy amo
in a given channel O is then determined by the weighted plateau average of the effective mass

Joo(x0,y0) > ' 3.2)

anif o+ a/2.y0) =g F20L20)

From the correlators (3.1) it is also possible to extract the pseudo-scalar and vector decay constants
of the mesons 7. and J/y, whose definitions in twisted mass QCD are given by [12, 13]

3

From, = 2p{0l&1Y5e2(Me)s  frpymmapy = ;2(051%7502|1/W>- (3.3)

=

The twisted mass formulation of QCD is a particularly convenient setup for the pseudo-scalar
decay constant fp , because the renormalization factors Zp and Z;, of ¢i7¥5¢2 and u respectively
obey ZpZ, = 1. Therefore the calculation of f; does not need any renormalization factors [12].
As concerns the lattice calculation of fj/y,, the relevant matrix element must be multiplied by the
renormalization factor Z4 of ¢%Ysc>, which is known from Refs. [14, 15, 16] for the ensembles
considered here. Since we use open boundary conditions in the temporal direction, computing the
meson decay constant through an exponential fit to the two-point correlation function may lead to
unreliable results, because of the boundary effects. For this reason, we use the method described in
Ref. [17], whose advantage is to remove the unwanted boundary effects from our lattice calculation
by forming a suitable ratio of the two-point correlation functions (3.1), which contains a boundary-
boundary correlator. However, when source and sink are close to the boundaries, a determination
of the correlator (3.1) at a good accuracy is very difficult to achieve, because the relative precision
of the solution of the Dirac equation deteriorates at large distances and this becomes much more
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prominent for heavy quark masses. To overcome this problem, we use the distance preconditioning
for the Dirac operator proposed in Refs. [18, 19]. This procedure improves the quality of the signal
at large time separations, at the price that more iterations are required for the solver to converge to
the exact solution of the Dirac equation.

3.2 Mass shifts

To match Ny = 0 and Ny = 2 QCD we choose the low energy observable m' = 1/./ty, where
to is the hadronic scale that can be extracted from the Wilson flow and introduced in Ref. [11].
For this observable decoupling of heavy quarks applies [20] and we can assume [/% Zf ,5, =
[\/fo]Nf =0, Our original strategy to compare Ny =2 with Ny = 0 results is explained in [1]. It
relies on first performing the simulations at fixed charm mass and taking the continuum limit of the

pseudo-scalar mass [/ mm] /=2 in the N r = 2 theory. This value is then used to set the twisted

cont.
mass parameter [* for the measurements of meson correlators on the quenched ensembles, by
matching [\/fomy, V=0 = [\/fo 0y, V= Com . However, doing so there is an uncertainty in the value of
p* originating from the statistical error associated to [y/Zony, ] cont. %, Here, to refine our strategy, we
compare Ny = 0 and Ny = 2 QCD fixing for both theories the charm mass M. such that \/Zony,
approximately corresponds to its physical value, i.e. +/fomy = 1.8075 I In Ny =2 QCD this
requires the shift of u and of a generic observable R by Taylor expansions, for which we need to

compute the derivative dR/d . For primary observables O;, such derivatives are given by

Do (o) (Fon(D) e

where S is the action of the system. By denoting with D;ll (x,y) the inverse of the twisted mass

Dirac operator for the quark flavor ¢y, the action derivative reads (cf.[21])

() el o9

du

In the case of the meson correlators (3.1), the first term of (3.4) requires the computation of new
Wick contractions, whilst the third term is zero because there is no explicit dependence on L.
However, in this work we focus on observables R (like the vector mass +/7om; Sy VoM., the hy-
perfine splitting (m;/y, —my,)/my,, etc.), which in general are non-linear functions of N,ps primary
observables (the meson correlators). Therefore, their derivatives assume the form

dR((01),(0,),-- sz: OR dO) JR
du 2(0;) du 8u'

In a pure gauge theory the action does not depend on the quark masses and we need the

(3.6)

twisted mass parameter i only for the inversion of the Dirac operator. Thus, to reproduce the
tuning value p* for our Ny = 0 ensembles, we carry out the measurements at three different values
of the twisted mass parameter y and the tuning point p* is found through a linear interpolation of
the measurements. The critical hopping parameters have been obtained through an interpolation of
the values reported in Ref. [22].

'Note that for N '+ =2 QCD we find \/fo(M,) ~ 0.11 fm, which significantly deviates from its physical value [17].
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4. Results

After Wick contractions, the computation of the meson correlators and their derivatives with
respect to U requires the evaluation of traces of matrices, that we compute making use of stochastic
time-diluted estimators with 16 U(1) noise vectors. Our results are summarized in Figs. 1, 2 and 3.
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Figure 1: Left panel: effective masses and plateaux averages for the mesons 1, (circles) and J/y (squares)
on the Ny = 2 ensemble at B = 6.0. Right panel: Continuum extrapolations linear in a’® of my /y using the
two coarsest lattices (red band) and the five finest lattices (blue band) listed in the first six rows of Table 1.
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Figure 2: Left panel: Continuum extrapolation of m;,, in Ny =0 and Ny =2 QCD, performed for lattice
spacings a < 0.06 fm. Right panel: Continuum extrapolation of the hyperfine splitting (1, —my,) /my, in
Ny =0and Ny =2 QCD. The red star denotes the physical value of the hyperfine splitting.

In Fig. 1 (left panel) we show the effective masses and the plateaux averages for the Ny =2
ensemble with B = 6. As can be seen, our numerical setup allows to take the plateau averages of
the effective masses for a large range of temporal slices and this is crucial to determine the size of
the charm sea effects with great accuracy. On the right panel of Fig. 1 a study of the lattice artifacts
for the vector mass myy, is presented. Beyond a =~ 0.06 —0.07 fm the discretization effects are
considerable, as was also already found in the context of the precision computation of the D; meson
decay constant in quenched QCD [23]. In particular, we find a non-trivial dependence on the lattice
spacing and that lattice spacings a < 0.06 fm have to be employed to obtain reliable continuum
extrapolations at 1% precision. In Fig. 2 we compare the continuum limits of +/7om, /v (left panel)
and of the hyperfine splitting (m;/y, —my,) /my, (right panel) in Ny = 0 and Ny = 2 QCD. As can
be seen, dynamical charm effects on these observables are not resolvable at a precision of 0.1%
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Figure 3: Left panel: Continuum extrapolation for the running mass /7. The continuum values in the two
theories are then converted to the RGI mass M,. Right panel: Preliminary results of the meson decay
constants fy. and f; /y onour Ny = 0 (red markers) and Ny = 2 (blue markers) ensembles.

and 2% respectively. The discrepancy between our continuum estimate of the hyperfine splitting
with its physical value is probably due to effects of light sea quarks, disconnected contributions
and electromagnetism that are neglected in this work. Finally, in Fig. 3 we present our results for
the RGI quark mass M, (left panel) and preliminary results for the meson decay constants (right
panel). To compute the RGI mass, first we determine the continuum limit of the running masses m
in Ny = 0 and Ny = 2 QCD and then multiply these values by the ratio M/, which is known in
both theories. In this case the dynamical charm effects seem relevant and we observe a deviation
between the RGI masses of the two theories of around 5%, albeit with large statistical uncertainty
(the effect is >~ 2.70). As concerns the meson decay constants, we present a preliminary study for
some of our ensembles. We see that f;/, is almost 10% larger than f;,, and it seems less affected by
cut-off effects. In a future work, we plan to increase the statistics and explore more lattice spacings
to estimate the charm sea effects on fy, and f;/y, in the continuum limit.
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