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In lattice QCD, both direct method and HAL QCD method are used to investigate the two-baryon
systems. We show that due to the contamination of the scattering excited states, it is challenging
to measure the eigenenergy from the temporal correlation in the direct method, while the HAL
QCD method can extract the information of the interaction from both scattering states and ground
state by using the spatial correlation. We examine the systematic uncertainty of the derivative
expansion in the HAL QCD method, which is found to be well under control at the low energies.
By using the time-dependent HAL QCD method, we study the nucleon(N)-Omega(Ω) system
in the 5 S2 channel with almost physical quark masses at mπ ' 146 MeV. We find the interaction is attractive at all distances, which produces a quasi-bound state with the binding energy
− 5
1.54(0.30)(+0.04
−0.10 ) MeV. We also consider the extra Coulomb interaction in the pΩ ( S2 ) sys+0.04
tem, whose binding energy becomes 2.46(0.34)(−0.01 ) MeV. NΩ(5 S2 ) dibaryon could be searched
through two-particle correlations in the heavy ion collision experiments.

The 36th Annual International Symposium on Lattice Field Theory - LATTICE2018
22-28 July, 2018
Michigan State University, East Lansing, Michigan, USA.
∗ Speaker.

c Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0).

https://pos.sissa.it/

PoS(LATTICE2018)090

Takumi Iritani∗

HAL QCD method and Nucleon-Omega interaction with physical quark masses

Takumi Iritani

1. Introduction

2. Two-Baryon Systems from Lattice QCD
2.1 Direct method and the pseudo plateaux problem
In the direct method, the energy eigenvalue of the two-baryon system is extracted from the
L − 2m at
temporal correlation. In practical lattice QCD calculations, the energy shift ∆EL = EBB
B
a finite box with the spatial extension L is obtained by the plateau of the effective energy shift
eff (t), which is defined by
∆EBB
RBB (t)
1
eff
(2.1)
∆EBB
(t) ≡ log
a
RBB (t + a)
where RBB (t) ≡ CBB (t)/{CB (t)}2 with the two-baryon (single baryon) correlator CBB (t) (CB (t))
and a lattice spacing a.
One of the problems in the multi-baryon systems is the signal to noise ratio, which becomes
exponentially worse as S(t)/N(t) ∼ exp [−A(mB − (3/2)mM )t], where A is the baryon number,
mB and mM are the baryon and meson masses, respectively. Furthermore, the contamination of the
elastic excited states can be a severe problem. The energy gap of the scattering states is proportional
to O(1/L2 ), which is much smaller than the inelastic gap O(ΛQCD ). It means the ground state
saturation of the two-baryon system requires a large Euclidean time than that of the single particle
system.
To demonstrate this point [17], we consider a mock-up correlator as
R(t) = b0 e−∆EBBt + b1 e−(δ Eel +∆EBB )t + c0 e−(δ Einel +∆EBB )t ,

(2.2)

with the energy shift ∆EBB = EBB − 2mB , and the energy gap of the elastic(inelastic) excited state
δ Eel (δ Einel ). Here, we adopt δ Eel = 50 MeV and δ Einel = 500 MeV, which are typical scales of
1
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The search for the dibaryons is one of the long-standing problems in hadron physics. The
most famous candidate is the H-dibaryon(uuddss), which is predicted by the MIT bag model in
1977 [1]. Recently, the model-independent studies of the H-dibaryon are reported from lattice
QCD calculations [2, 3, 4]. Due to the absence of the Pauli blocking effect, another promising
candidate for the dibaryon is NΩ(uudsss or uddsss), which is claimed to be bound from the studies
based on the phenomenological models [5, 6, 7, 8, 9, 10, 11]. This dibaryon is also reported from
the (2+1)-flavor lattice QCD study for the heavier pion mass at mπ ' 875 MeV [12].
In order to clarify the existence of the dibaryon, the reliable calculation from lattice QCD is
important. However, in the previous studies for the two-baryon systems for heavier pion masses,
inconsistent conclusions are reported from two lattice QCD approaches [13, 14, 15]. In this work,
we discuss the fundamental difficulty in the two-baryon systems from the direct method by using
the temporal correlation due to the contamination of the scattering states, while the HAL QCD
method is free from such an issue by using the spatial correlation [16, 17, 18]. We also show the
systematic uncertainty of the derivative expansion in the HAL QCD method is well under control.
By using the HAL QCD method, we discuss the NΩ system in the 5 S2 channel with almost physical
quark masses at mπ ' 146 MeV [19].
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Figure 1: (Left) The effective energy shift of the mock-up data. (Right) A mock-up data with fluctuations.

These pseudo plateaux cast a question on the previous studies of two-nucleon systems by the
direct method [13], which depend on the naive plateaux fitting without employing a variational
method. In Ref. [20, 21], we discuss the normality of these results based on the Lüscher’s finite
volume formula [22], and clarify all of them show anomalous behaviors, for example, the parameters of the effective range expansion are found to be singular, the S-matrix pole has the unphysical
residue. These symptoms imply the misidentification of the eigenenergies.
2.2 HAL QCD method and the convergence of the derivative expansion
The time-dependent HAL QCD method extracts the information of the interaction by using
all scattering states below the inelastic threshold [16]. In this method, the energy-independent and
non-local potential U(~r,~r0 ) is given by


Z
∂
1 ∂2
−H0 − +
R(~
r,t)
=
d~r0U(~r,~r0 )R(~r0 ,t).
(2.3)
∂t 4mB ∂t 2
Here the R-correlator is defined as
R(~r,t) ≡ 0|T {B(~x +~r,t)B(~x,t)J (0)|0 /{CB (t)}2 = ∑ An ψ Wn (~r)e−∆Wnt + O(e−∆Wtht )

(2.4)

n

with a source operator J , the Nambu-Bethe-Salpeter wave function ψ Wn (r), ∆Wn = Wn − 2mB
with n-th energy eigenvalue Wn , and the inelastic threshold ∆Wth = Wth − 2mB . For the spinsinglet channel, the potential in the leading order (LO) analysis of the velocity expansion U(~r,~r0 ) =
∑n Vn (~r)∇n δ (~r − ~r0 ) is given by
V0LO (r) = −

H0 R(~r,t) (∂ /∂t)R(~r,t)
1 (∂ 2 /∂t 2 )R(~r,t)
−
+
.
R(~r,t)
R(~r,t)
4mB
R(~r,t)
2

(2.5)
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EBB [MeV]

eff (t) − ∆E
the current lattice QCD simulations. Fig. 1 (Left) shows ∆EBB
BB for c0 /b0 = 0.01 and
b1 /b0 = 0.1, 0, −0.1. The inelastic state becomes negligible around 1 fm, while O(10) fm of the
Euclidean time is required for the ground state saturation with the elastic excited state.
The effective energy shifts with fluctuations are shown in Fig. 1 (Right). There are plateau-like
structures around t ∼ 1 fm. However, these are incorrect signals except black circles (b1 /b0 = 0).
It shows the plateau-like behavior cannot guarantee the ground state saturation at all.
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To confirm its convergence, we consider the next-to-next-to-leading order (N2 LO) analysis as
2
2
U(~r,~r0 ) ' {V0N LO (r) +V2N LO (r)∇2 }δ (~r − ~r0 ). The relation among these potentials is given by
2 LO

V0LO (r) = V0N

2 LO

(r) +V2N

(r)

∇2 R(~r,t)
,
R(~r,t)

(2.6)
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Figure 2: (Left) The leading order potential of ΞΞ(1 S0 ) at mπ = 510 MeV. (Right) The S-wave scattering
2
2
2
LO(wall)
phase shift as a function of (k/mπ )2 from V0
, V0N LO and V0N LO + V2N LO ∇2 . Both figures are taken
from [18].

3. NΩ system at almost physical quark masses
Next we apply the HAL QCD method to the NΩ system in the 5 S2 channel at almost physical masses (mπ ' 146 MeV and mK ' 525 MeV) [19]. The lattice volume is 964 with a lattice
cutoff a−1 = 2.333 GeV [23]. We employ the wall-type quark source with the Coulomb gauge
fixing. Total number of the measurements is 119,232,1 and the statistical errors are estimated by
the jack-knife sampling. The masses of a nucleon and Ω are 954.7(2.7) MeV and 1711.5(1.0) MeV,
respectively, which are slightly heavier than the physical values.
In this work, we consider a single channel potential of the NΩ(5 S2 ) in the LO analysis of the
derivative expansion. Strictly speaking, NΩ(5 S2 ) decays into the D-wave states of ΣΞ and ΛΞ. We
assume the coupling to these states is kinematically suppressed2 .
1 The

statistics are slightly improved from the result at the conference.
effect of these coupling channels is found to be small from the phenomenological study in Ref. [11], nevertheless, the coupled channel analysis would be required to confirm this assumption in the future [3].
2 The

3
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which means the N2 LO correction in V0LO depends on both V2N LO and the R-correlator.
Fig. 2 (Left) shows V0 potential of ΞΞ(1 S0 ) at mπ = 510 MeV from the LO analysis by using
wall-type quark source and the N2 LO analysis. The S-wave scattering phase shifts from the LO
and the N2 LO analyses are shown in Fig. 2 (Right). As shown in these figures, the LO analysis
from the wall source works well at the low energies, while the N2 LO correction appears at high
energies. These results imply that the systematic uncertainties of the derivative expansion are well
under control at the low energies [18].
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Fig. 3 (Left) shows the central potential VC (r) at t/a = 11 − 14. These results are consistent
with each other within the statistical errors. It indicates the smallness of the coupling to the Dwave octet-octet systems. VC (r) is attractive in all distances, which is qualitatively the same as the
previous study at heavier quark masses [12].

In order to calculate the scattering phase shifts and the binding energy, we fit the potential by
using Gaussian + (Yukawa)2 with a form factor [12] as

n  e−mπ r 2
−c1 r2
−c3 r2
.
(3.1)
Vfit (r) = c0 e
+ c2 1 − e
r
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Figure 3: (Left) The central potential Vc (r) of the NΩ(5 S2 ) at t/a = 11 − 14. (Right) The result of the
fitting of VC (r) (red circles) by using Eq. (3.1) at t/a = 12 (blue dashed line). The black dotted and the
orange solid lines correspond to the first and the second term in Eq. (3.1), respectively. Both figures are
taken from [19].

We find that n = 1 with mπ = 146 MeV works well as shown in Fig. 3 (Right). The details of the
analyses and parameters are summarized in Ref. [19].
Fig. 4 (Left) shows the S-wave scattering phase shifts δ0 as a function of the kinetic energy.
These results are consistent with each other within the errors from t/a = 11 to 14, and it approaches
to 180◦ at k → 0. As shown in Fig. 4 (Right), the scattering length a0 ≡ − limk→0 tan δ0 (k)/k
becomes positive. These results mean the formation of a quasi-bound state of NΩ in the 5 S2
channel.
The effective range expansion up to the NLO is given by k cot δ0 = − a10 + 21 reff k2 , where reff
is the effective range. These parameters are found to be a0 = 5.30(0.44)(+0.16
−0.01 ) fm and reff =
+0.02
1.26(0.01)(−0.01 ) fm, where the central values and the statistical errors are obtained at t/a = 12, and
the systematic errors in the second parentheses are estimated from the central values at t/a = 11,
13 and 14. The smallness of reff /a0 suggests this dibaryon system
is close to the unitary limit.
p
2
The binding energy B and the root mean square distance hr i are found to be B = 1.54(0.30)(+0.04
−0.10 ) MeV
p
+0.11
5
2
and hr i = 3.77(0.31)(−0.01 ) fm. The size of the NΩ( S2 ) bound state is comparable to its scattering length, which implies this system is a loosely bound state like deuteron from the experiments
and ΩΩ(1 S0 ) from the lattice QCD calculation [24].
Finally, we consider the pΩ− (5 S2 ) system with the Coulomb interaction. By using
p Vfit (r) −
+0.04
2
α/r with α ≡ e /(4π) = 1/137.036, we obtain B pΩ− = 2.46(0.34)(−0.11 ) MeV and hr2 i pΩ− =
4
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Figure 4: (Left) The S-wave scattering phase shifts δ0 as a function of the kinetic energy from t/a = 11−14.
(Right) k cot δ0 /mπ as a function of (k/mπ )2 from t/a = 11 − 14. Both figures are taken from [19].
− 5
3.24(0.19)(+0.06
−0.00 ) fm. Due to the additional attractive interaction, pΩ ( S2 ) dibaryon becomes
slightly deeper and compact bound system than nΩ− (5 S2 ) dibaryon.

4. Summary
In this paper, we have discussed the two-baryon systems from lattice QCD by using the direct
method and the HAL QCD method. The contamination of the scattering states can cause serious
uncertainties in the eigenenergies from the simple plateau fitting in the direct method. Therefore,
the variational method is mandatory to extract reliable eigenenergies. On the other hand, the HAL
QCD method is free from such a problem, and systematic uncertainty in the derivative expansion
has been shown to be under control.
By using the HAL QCD method, we have studied the NΩ(5 S2 ) system with almost physical quark masses. We have found a strong attractive potential in all distances, which produces a
dibaryon state. This state can be searched by the two-particle correlation at the heavy ion collisions [25]. Recently, NΩ correlation is reported by the STAR Collaboration at RHIC [26], and
updated theoretical analyses by using the HAL QCD potentials near the physical point will be
reported elsewhere [27].
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