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1. Introduction

The electric and magnetic form factors of the nucleon are important probes of its internal
structure, as they are intimately related to its distributions of electric charge and magnetization.
They have been precisely measured from elastic electron-proton scattering experiments since the
1950s. More recent experiments include the ones at JLab, MIT-Bates and Mainz. For a recent
review on electron elastic scattering experiments, see Ref. [1]. Concerning the region Q2 � m2

N ,
experimental data of the GE/GM and F2/F1 ratios currently exist up to Q2 ≈ 8.5 GeV2 for the
proton and up to Q2 ≈ 3.4 GeV2 for the neutron. The extensive physics program underway at the
upgraded Continuous Electron Beam Accelerator Facility (CEBAF) in JLab will explore proton
and neutron form factors up to Q2 = 18 GeV2, see e.g. Refs. [2, 3]. Due to the ongoing and
planned experimental activity, a lattice QCD calculation of the electromagnetic (EM) form factors
at high Q2 is particularly timely. Moreover, an ab initio calculation can test the validity of various
phenomenological and perturbative QCD (pQCD) calculations that predict the form factors’ Q2-
dependence beyond the region currently available from experiments, as well as provide crucial
input to Deeply Virtual Compton Scattering (DVCS) experiments, seeking to determine nucleon
observables related to Generalized Parton Distributions (GPDs).

We analyze two gauge ensembles with N f = 2+ 1 quark flavors, featuring the Wilson-clover
fermion action and the tree-level tadpole-improved Symanzik gauge action. The gauge configura-
tions are generated by the JLab/W&M collaboration [4]. Both ensembles have β = 6.3 and CSW =

1.205366. One iteration of Stout smearing is performed in the fermion action using ρ = 0.125 for
the weight parameter. We collect the rest of the parameters entering our calculation and the ac-
cumulated statistics for each ensemble in Table 1. The renormalization constants ZV of the vector
current, taken from Ref. [5], are calculated in the non-perturbative RI-sMOM scheme [6, 7] at a
scale of 2 GeV [8]. The lattice spacing values were obtained from the Wilson-flow scale w0 [9].

Ens. a (fm) aml ams mπ (MeV) L3×T mπL Ncfg Stat. ZV

D5 0.094(1) -0.2390 -0.2050 278(3) 323×64 4.2 1346 86144 0.832(8)
D6 0.091(1) -0.2416 -0.2050 166(2) 483×96 3.7 784 50176 0.826(9)

Table 1: Input parameters of our lattice simulations with the corresponding statistics accumulated.

2. Form factor extraction

The electromagnetic form factors are extracted from the matrix element of the vector current

〈N(p′,s′)|OV
µ |N(p,s)〉= ū(p′,s′)

[
γµF1(q2)+

iσµνqν

2mN
F2(q2)

]
uN(p,s) , (2.1)

where N(p,s) is the nucleon state with momentum p and spin s, mN is the nucleon mass, q = p′− p
is the momentum transfer from initial (p) to final (p′) momentum, uN is the nucleon spinor and
F1, F2 are the (elastic) Dirac and Pauli form factors, respectively. We use the local vector current,
OV

µ (x) = ψ̄(x)γµψ(x). The electric GE and magnetic GM Sachs form factors are expressed in terms

of F1 and F2 as GE(q2) = F1(q2)+ q2

(2mN)2 F2(q2) and GM(q2) = F1(q2)+F2(q2).
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On the lattice, after Wick-rotating to Euclidean time, the matrix element of Eq. (2.1) is ex-
tracted from three- and two-point functions, given by

Gµ(Γ;~p′,~q; ts, tins) = ∑
~xs,~xins

e−i~p′·(~xs−~x0)ei~q·(~xins−~x0)Γβα〈Jα(~xs, ts)OV
µ (~xins, tins)J̄β (~x0, t0)〉 and

C(~p′; ts) = ∑
~xs

e−i~p′·(~xs−~x0)(Γ4)βα〈Jα(~xs, ts)J̄β (~x0, t0)〉 , (2.2)

respectively. With Γ4 we denote the standard unpolarized parity projector, Γ4 ≡ (1+ γ4)/4, acting
on the Dirac indices α and β . The three-point function is projected with Γ = Γ4 as well as with
the polarized projectors Γ = Γk ≡ iγ5γkΓ4. We use the standard interpolating field for the proton,
Jα(~x, t) = εabcua

α(x)[(u
b)>(x)(Cγ5)dc(x)], where C = γ0γ2 is the charge conjugation matrix. In

order to access the high-Q2 region while keeping the energy of the states as low as possible, we
set the sink momentum ~p′ to a fixed nonzero value. For each value of momentum transfer ~q the
initial momentum is then fixed accordingly as ~p = ~p′−~q. In our analysis, we obtain results for
two values of ~p′ for the D5 ensemble, ~p′ = 2π

L (−4,0,0) and ~p′ = 2π

L (−3,−3,0), which correspond
to Q2 = 10.9 GeV2 and Q2 = 12.2 GeV2 in the Breit frame, respectively. For the D6 ensemble
we use ~p′ = 2π

L (−5,0,0), corresponding to Q2 = 8.1 GeV2 in the Breit frame. We use Gaussian
“momentum” smeared point sources, as described in Ref. [10], in order to achieve increased signal-
to-noise ratio in the boosted frame. In all cases, we set (NG,αG) = (50,2.0), and choose~kb = 0.5~p′

for the boost momentum vector in the Gaussian smearing function. When smearing the propagators
entering the three-point function at the sink, we use~kb =−0.5~p′. We also apply APE smearing to
the gauge links that enter the smearing operator, with parameters (NAPE,αAPE) = (25,2.5). At this
point, we stress that throughout our calculation we consider only connected contributions to the
three-point functions coming from the up- or down-quark vector current.

In order to increase the statistical precision, we employ the all-mode-averaging (AMA) tech-
nique [11, 12]. For both the D5 and D6 ensembles we invert NLP = 64 low-precision sources per
configuration, setting the relaxed solver tolerance to 10−4, and combine them with NHP = 4 high-
precision sources (inverted to 10−10) to correct for the bias. We also employ the coherent sequential
source method [13], using two coherent sources for D5 and four for D6. For both D5 and D6, we
calculate the three-point function for five values of the source-sink time separation, tsep ≡ ts− t0,
ranging from tsep ' 0.55 fm to tsep ' 0.95 fm, in order to examine excited state effects.

Having calculated the two- and three-point functions, we form the following optimized ratio

Rµ(Γ;~p′,~q; ts, tins) =
Gµ(Γ;~p′,~q; ts, tins)

C(~p′; ts− t0)
×
√

C(~p; ts− tins)C(~p′; tins− t0)C(~p′; ts− t0)
C(~p′; ts− tins)C(~p; tins− t0)C(~p; ts− t0)

. (2.3)

We employ two methods to isolate the desired ground state matrix element. In the so-called
plateau method, we take the limits ts− tins � 1 and tins− t0 � 1 such that the unknown overlaps
and exponential factors in Eq. (2.3) cancel out, i.e. Rµ(Γ;~p′,~q; ts, tins)→ Πµ(Γ;~p′,~q), where Πµ

is a time-independent quantity. For each tsep we look for a window of tins values where the ratio
Rµ forms a plateau. We then fit Rµ to a constant within the plateau region to obtain Πµ . We
consider that excited states are sufficiently suppressed when our fitted value does not change with
tsep; the matrix element is then the value of Πµ at the selected tsep. This is demonstrated in Fig. 1,
where we plot the ratio Rµ yielding the proton F1 for our D5 ensemble at ~p′ = 2π

L (−4,0,0) and
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Q2 = 10.9 GeV2. As seen, there is a small trend towards larger values of the ratio with increased
tsep, however they are all compatible in the plateau region. We choose the rather conservative
plateau fit at tsep = 0.94 fm, shown in the light blue band. The extent of the band indicates the
plateau region considered for the fit.
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Figure 1: Ratio yielding the proton F1 form factor
at Q2 = 10.9 GeV2, from our D5 ensemble using
sink momentum ~p′ = 2π

L (−4,0,0).

The second technique we employ is the two-state fit method. Here, we truncate the two- and
three-point functions in Eq. (2.2), considering contributions up to the first excited state, to obtain

Gµ(Γ;~p′,~q; ts, tins) ' e−E0(~p′)(ts−tins)e−E0(~p)(tins−t0)×
[
A00(~p,~p′)+A01(~p,~p′)e−∆E1(~p)(tins−t0)+

+ A10(~p,~p′)e−∆E1(~p′)(ts−tins)+A11(~p,~p′)e−∆E1(~p′)(ts−tins)e−∆E1(~p)(tins−t0)
]
,(2.4)

C(~p′; ts) ' e−E0(~p′)(ts−t0)
[
c0(~p′)+ c1(~p′)e−∆E1(~p′)(ts−t0)

]
, (2.5)

where ∆E1(~p) ≡ E1(~p)− E0(~p) is the energy difference between the first excited state and the
ground state of the nucleon at momentum ~p. The coefficients are cn(~p′) = |〈N|n,~p′〉|2/2En(~p′) and
Anm(~p,~p′) = 〈N|n,~p′〉〈m,~p|N〉〈n,~p′|OV

µ |m,~p〉/[2
√

En(~p)En(~p′)], with 〈0,~p′|OV
µ |0,~p〉 the desired

ground state matrix element. The method first proceeds by performing a fit to the two-point func-
tion data using Eq. (2.5) as an Ansatz, to determine c0, c1, E0 and ∆E1. The next step is to fit the
three-point function according to Eq. (2.4), combining all tsep. In this fit we use as input the values
of E0 and ∆E1 determined from the two-point function fit and treat the coefficients Anm as fit param-
eters. The desired matrix element is then obtained as 〈0,~p′|OV

µ |0,~p〉 = A00(~p,~p′)/
√

c0(~p)c0(~p′).
In Fig. 1 we show the result of our two-state fit with the gray band, and it is compatible with our
plateau fit at tsep = 0.94 fm.

3. Results

We begin the presentation of our results by showing the Q2-dependence of the proton form
factor ratio F p

2 /F p
1 scaled with Q2, as well as the ratios GE/GM for the proton and neutron, scaled

with the corresponding magnetic moment µp and µn on the top panel of Fig. 2. In the plots we
include the two-state fits from both the D5 and D6 ensembles and for all the sink momenta ana-
lyzed. We also include the plateau fits from the D5 ensemble at tsep = 0.94 fm and sink momentum
~p′ = 2π

L (−4,0,0). As a general remark, we note that in these three plots, both the D5 and D6 en-
sembles for all values of sink momentum yield consistent results within our statistical uncertainty.

Concerning the ratio Q2F p
2 /F p

1 , we find very good agreement with the experimental data [14,
15, 16, 17] as well as with the recent phenomenological parametrization from Alberico et al. [18]
across our range of Q2 values. Given the agreement with experiment, our lattice data also support
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the pQCD scaling Q2F p
2 /F p

1 ∼ log2[Q2/Λ2] suggested by Belitsky et al. [19] where Λ is a non-
perturbative mass scale, rather than the originally predicted F2/F1 ∼ 1/Q2 behavior by Brodsky
and Farrar [20]. This logarithmic scaling hints that quarks carry sizable orbital angular momentum,
and it plays an important dynamical role in the Q2-evolution of the proton form factors, forming the
basis for the prediction [19]. Therefore, it is crucial to improve our statistical and systematic un-
certainties, and potentially include results at Q2 > 12 GeV2 within this project, in order to reliably
clarify the F2/F1 behavior from the lattice.
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Figure 2: Top: The Q2-dependence of the ratios: Q2F2/F1 for the proton (left), µpGE/GM for the pro-
ton (center) and µnGE/GM for the neutron (right). The experimental data are shown with the open black
lower [14] and upper [16] triangles, diamonds [15] and squares [17]. Bottom: The Q2-dependence of the
proton F1 and F2 (left), and the two-state fit results from all ensembles and sink momenta for the proton (cen-
ter) and neutron (right) F1 and F2, scaled with Q2. The phenomenological curves are taken from Ref. [18].

Concerning the proton µpGp
E/Gp

M, our data are consistent with the experimental data and phe-
nomenology, though for Q2 > 6 GeV2 our uncertainties become too large to extract a safe con-
clusion. Nevertheless, it is clear that our results support a smoother approach of the ratio towards
zero, as predicted by two vector-meson dominance (VMD) models [21], whereas other theoretical
calculations, e.g. Ref. [19, 22], predict Gp

E/Gp
M to cross zero at Q2 ≈ 7 GeV2.

Focusing on the neutron µnGn
E/Gn

M, where experimental data exist only up to Q2 ' 3.4 GeV2,
we observe that our results consistently underestimate the experiment and the phenomenological
prediction by Alberico et al. [18]. However, the qualitative behavior is very similar. This difference
might be due to disconnected contributions, which we neglect in this calculation. We anticipate that
with a full investigation of systematics and excited state effects this discrepancy will be reduced.
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We continue our discussion by showing representative results on the proton and neutron in-
dividual form factors F1 and F2 on the bottom panel of Fig. 2. On the bottom left, we plot the
Q2-dependence for F p

1 and F p
2 , showing all five tsep and the two-state fit, from the D5 ensem-

ble at sink momentum ~p′ = 2π

L (−4,0,0). As indicated by the data, results with different tsep are
compatible, and are also in agreement with the two-state fit. However, these results overestimate
phenomenology across our range of Q2 values. In order to display this discrepancy, we plot F1

and F2 for the proton and neutron, scaled with Q2, on the bottom center and right panels of Fig. 2,
respectively. In these plots we show the results from the two-state fits, including all ensembles and
sink momenta. Concerning the F1 form factor for both proton and neutron, the lattice results from
D5 with ~p′ = 2π

L (−3,−3,0) (red squares) follow the qualitative behavior of the phenomenological
description better than the other two cases, which appear to not follow the curve, especially for
Q2 > 4 GeV2. On the other hand, our results for the proton and neutron F2 from all ensembles and
sink momenta follow the qualitative behavior of phenomenology quite well, while still overesti-
mating it by absolute value. These discrepancies observed for the individual form factors can be
attributed to various systematic effects discussed in the next section. However, it is still remarkable
that the discrepancies seem to vanish in the ratios of form factors.

4. Discussion, Conclusions, and Outlook

In this lattice calculation we obtain high statistics results for the nucleon EM form factors for
momentum transfer up to about Q2 = 12 GeV2, from two Wilson-clover gauge ensembles at pion
masses mπ ≈ 170 MeV and mπ ≈ 280 MeV. In the analysis presented here, only statistical errors are
considered. As discussed in Sec. 3, we find very good agreement with experiment and phenomenol-
ogy for the proton and neutron ratios F2/F1 and GE/GM. However, we observe discrepancies of
multiple σ when looking at the Q2-dependence of the individual form factors.

We first note that pion mass and volume effects appear to be small, given that all of our results
show a broad agreement. We also do not observe any significant dependence on the source-sink
separation, making large excited state contributions unlikely. Moreover, we have studied possi-
ble contamination of our nucleon correlators with negative-parity states using Parity-Expanded
Variational analysis (PEVA) [23] and found that these effects are negligible within our statistical
accuracy (this will be presented in a separate publication).

Another systematic effect is the breaking of rotational symmetry in the source construction due
to momentum smearing. Comparing our current results from the D5 ensemble with two orientations
of nucleon sink momenta, we do not observe any significant discrepancies. The only exception is
the case of the proton and neutron form factor F p,n

1 , where we observe that results obtained with
diagonal boosting momentum are in better qualitative agreement with the phenomenological fits.
A separate study of rotational symmetry breaking in the nucleon propagator is underway.

The relation between the lattice wave vector ~κ = 2π

L ~n (~n = 1
a [−L/2,L/2)) and the nucleon

momentum ~p is also a potential systematic issue. In our study we adopt the commonly accepted
convention that the momentum ~p entering the nucleon polarization matrix −i/p+m is linear in
~κ . However, this relation holds only up to O(a2κ3), and may be subject to discretization effects,
especially at large~n 1. An investigation on this effect is currently ongoing.

1One can compare that to the “momentum” from nearest-neighbor difference, (~p)i =
1
a sin(aκi)≈ κi(1− 1

6 (aκi)
2).
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A further pending calculation is the O(a) improvement of the vector current, which is expected
to provide a correction of about 5%− 10% in our lattice results. This procedure is of paramount
importance in order to assure that the O(a) discretization effects of the Wilson-clover fermion
action are removed. Finally, a future calculation that would complete this project is the inclusion
of contributions from disconnected diagrams, which require special techniques and large amounts
of computational power to overcome bad signal-to-noise ratio, especially at high momentum [24].

Given the quality of our results, this calculation is a strong indication that accessing large Q2

from the lattice is feasible, provided that proper techniques are employed in order to control the
statistical errors. With a careful and complete investigation of all systematic uncertainties, a lattice
calculation of the nucleon EM form factors at high Q2 can provide robust predictions and input to
current and future related experiments.
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