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1. Introduction

The persistent discrepancy of ≈ 3.5 standard deviations between the direct measurement of
the muon’s anomalous magnetic moment aµ = 1

2(g−2)µ and the value predicted by theory [1] is
one of the most promising hints for physics beyond the Standard Model. In view of the fact that the
experimental precision is set to increase by a factor four, owing to the efforts by the Fermilab E989
and J-PARC E34 experiments, it is of paramount importance to reduce the error of the theoretical
prediction. Lattice QCD calculations have emerged as a promising method to obtain estimates for
both the hadronic vacuum polarisation and light-by-light scattering contributions, ahvp

µ and ahlbl
µ ,

with controlled uncertainties (see the recent review in [2]). In Ref. [3] we published a result for
ahvp

µ in two-flavour QCD, i.e.
ahvp

µ = (654±32+21
−23) ·10−10, (1.1)

where the first error is statistical and the second represents a combination of various systematic
errors. Clearly, the total precision of ≈ 6 % is insufficient to have an impact on resolving the g−2
puzzle. Here we report on our ongoing effort to determine ahvp

µ in lattice QCD with Nf = 2+ 1
flavours of O(a) improved Wilson fermions. Previous accounts have been given in [4] and [2].

2. Features of our calculation

Our evaluation of ahvp
µ is based on the time-momentum representation (TMR) [5], i.e.

ahvp
µ =

(
α

π

)2 ∫ ∞

0
dx0 K̃(x0)G(x0), (2.1)

where K̃(x0) is a known kernel function depending on the Euclidean time x0 [5, 3], and G(x0) is
the spatially summed correlator of two electromagnetic currents

G(x0) =−a3
∑
~x
〈Jk(x)Jk(0)〉 , Jµ(x) = 2

3 ūγµu− 1
3 d̄γµd− 1

3 s̄γµs+ . . . . (2.2)

Previous calculations suggest that the tail of the integrand K̃(x0)G(x0), i.e. the region x0 & 3 fm
makes a sizeable contribution of about 3% to ahvp

µ . Hence, in order to determine ahvp
µ with sufficient

precision, it is important to accurately constrain the long-distance regime of the correlator G(x0),
which is dominated by the two-pion contribution to the iso-vector component.

Below we sketch the main features of our calculation. We employ the gauge ensembles gen-
erated as part of the CLS effort, using Nf = 2+ 1 flavours of O(a) improved Wilson quarks [6].
In order to combat the problem of topology freezing, a large fraction of the ensembles have open
boundary conditions in the time direction [7, 8]. The hopping parameters of the dynamical light
and strange quarks were chosen such that the physical point is reached along a trajectory where
TrM = const. Further details of the 17 ensembles used in this study are listed in Table 1: we have
computed ahvp

µ for four different lattice spacings, covering a range of pion masses from around
400 MeV down to the physical one. While all ensembles satisfy mπL≥ 4, we can also study finite-
volume effects by comparing results at different volumes for fixed mπ . The lattice scale is set via
the gradient flow time, which has been determined in [9] as

√
8t0 = 0.415(4)(2) fm. The current

uncertainty of the scale determination of about 1% limits the overall precision of our calculation of
ahvp

µ (see the discussion on the scale setting error in [3, 4]).
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ensemble BCs β a [fm] L/a T/a L [fm] mπ [MeV] mπ L
H101 obc 3.40 0.0865 32 96 2.77 420 5.9
H102 obc 32 96 2.77 350 4.9
H105 obc 32 96 2.77 280 3.9
N101 obc 48 128 4.15 280 5.9
C101 obc 48 96 4.15 220 4.6
B450 pbc 3.46 0.0765 32 64 2.45 415 5.2
S400 obc 32 128 2.45 350 4.3
N401 obc 48 128 3.67 280 5.2
H200 obc 3.55 0.0644 32 96 2.06 420 4.4
N202 obc 48 128 3.09 420 6.6
N203 obc 48 128 3.09 340 5.3
N200 obc 48 128 3.09 280 4.4
D200 obc 64 128 4.12 200 4.2
E250 pbc 96 192 6.18 135 4.2
N300 obc 3.70 0.0499 48 128 2.40 420 5.1
N302 obc 48 128 2.40 340 4.1
J303 obc 64 192 3.19 260 4.2

Table 1: Simulation parameters and pion masses of the ensembles used in this study. The labels “obc” and
“pbc” indicate the use of open or periodic boundary conditions, respectively.

In order to constrain the long-distance regime of the vector correlator, we have performed a
dedicated calculation of the light-quark iso-vector correlator, employing correlator matrices and the
distillation technique [10, 11], which allows not only for the determination of the I = 1 scattering
phase shift but also of the timelike pion form factor [12]. For the evaluation of quark-disconnected
diagrams we have resorted to using hierarchical probing [13], as well as a new covariant coordinate
space technique [14].

In our calculations we employ the O(a) improved versions of the local (loc) and conserved
(con) vector currents. For the local current, V loc

µ (x) = (ψ̄γµψ)(x), the expression is

(V loc
µ (x))I =V loc

µ (x)+acloc
V ∇̃νTµν(x), (2.3)

where Tµν = −1
2 ψ̄[γµ ,γν ]ψ is the tensor current, ∇̃0 denotes the symmetrised lattice derivative,

and cloc
V is an improvement coefficient that can be evaluated non-perturbatively by imposing chiral

Ward identities [15, 16]. There is an analogous expression for the improved conserved current,
with coefficient ccon

V . The local vector current must be renormalised, and in this contribution we
employ the non-perturbative determination of the renormalisation factor ZV from ratios of three-
and two-point correlation functions, similarly to our two-flavour calculation [3]. The expression of
the (mixed) correlator involving the conserved and local currents for quark flavour f reads

Glc
f (x0) =−

a3

3

3

∑
k=1

∑
~x

q2
f ZV

〈
V con

k, f (x0,~x)V loc
k, f (0)

〉
, f = ud,s,c, (2.4)

where Vk, f denotes the spatial component of the vector current of flavour f , and q f is the corre-
sponding electric charge.1 Note that only quark-connected contributions are included in Eq. (2.4).

1In the isospin limit we take q2
ud = 5/9.
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We also consider the correlator Gll
f (x0) of two local currents, which contains a factor of Z2

V.
A recent analysis of the renormalisation pattern of the improved local vector current has shown

that SU(3) flavour breaking induces a mixing between the local vector currents of different quark
flavours at O(a) [16]. Hence, in order to be consistent with improvement, the contributions of
individual quark flavours to ahvp

µ must be derived from linear combinations of correlators of appro-
priately renormalised quark currents. The findings of Ref. [16] were not available at the time of the
conference, and we leave the full analysis to a later publication.

3. Preliminary results

In the left panel of Fig. 1 we show the integrand K̃(x0)Gll
ud(x0) on ensemble D200, at a pion

mass of about 200 MeV. The data, denoted by black points, are compared to the results of our
auxiliary calculation of the iso-vector correlator Gρρ(x0,L), whose long-distance behaviour is

Gρρ(x0,L)
x0�0∼ ∑

n
|An|2 e−ωnx0 , ωn = 2

√
m2

π + k2, (3.1)

where k is the scattering momentum. The energy levels ωn were determined for the four lowest-
lying states by computing correlator matrices using ρ and ππ interpolating operators and stochas-
tic distillation [11] and solving the associated generalised eigenvalue problem. In a second step,
the amplitude An ≡ 〈0|V con

k,ud(0)|n〉 was determined as the matrix element of the local current and
the approximate interpolator onto the nth energy eigenstate |n〉. From the figure it is clear that
the accumulated contributions from the four lowest-lying states saturate the iso-vector correlator
for x0 & 1 fm. Furthermore, the long-distance behaviour of the integrand K̃(x0)Gll

ud(x0) is well
described by the iso-vector contribution which is also statistically more accurate. Finally, one
concludes that the two-pion contribution, denoted by the red filled circles, dominates the vector
correlator for x0 & 3 fm.

The long-distance behaviour of the vector correlator is closely related to the important issue
of finite-volume effects. In [17, 3] it was shown how finite-volume corrections can be computed
by inserting the difference of the isovector correlator in finite and infinite volume into the integral
representation Eq. (2.1). For the latter, the expression is

Gρρ(x0,∞) =
∫

∞

0
dω ω

2
ρ(ω2)e−ω|x0|, ρ(ω2) =

1
48π2

(
1− 4m2

π

ω2

)3/2

|Fπ(ω)|2 , (3.2)

where ρ(ω2) denotes the spectral function, which is related to the timelike pion form factor Fπ(ω).
In the absence of any direct lattice calculation of Fπ(ω) one may resort to the Gounaris-Sakurai
(GS) parameterisation [18]. Obviously, it is important to verify the predictions of the GS model by
confronting them with lattice data obtained on different volumes. In the right panel of Fig. 1 we
compare the TMR integrand computed on ensembles H105 and N101, which realise the same pion
mass (mπ = 280 MeV) on two different volumes, corresponding to mπL = 3.9 and 5.9, respectively.
One then finds that the finite-volume correction determined by the GS model is tiny for the larger
volume (N101). Second, one finds that the FV-corrected data on the smaller volume (H105) agree
with those on N101 within errors. We conclude that finite-size effects are well described by the
GS parameterisation of Fπ(ω). At the physical pion mass and for mπL = 4, which corresponds
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Figure 1: Left: The integrand K̃(x0)Gll
ud(x0) on ensemble D200 in units of mµ , compared to the iso-vector

contribution K̃(x0)Gρρ(x0,L). Right: the integrand K̃(x0)Glc
ud(x0) computed on ensembles H105 and N101,

before and after applying the finite-volume correction computed using the Gounaris-Sakurai parameterisa-
tion of Fπ(ω).
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Preliminary	results:	charm
Chiral	and	con6nuum	extrapola6on

Simultaneous	fits	using	two	discre6sa6ons	work	well	

Physical	pion	mass	to	be	added	—	determine	κcharm
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Preliminary	results:	light	quarks
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Figure 2: Chiral and continuum extrapolations of the contributions of the charm (left) and light quarks (right)
to ahvp

µ , in units of 10−10. Data points are plotted versus the variable ỹ = m2
π/(16π2 f 2

π ). Solid and dotted
lines describe the pion mass dependence of the results determined from the local-local and local-conserved
correlators, respectively. Estimates at the physical point are represented by black circles.

to our ensemble E250, we estimate a finite-volume correction to ahvp
µ of (20± 4) · 10−10 using

the GS model. It is interesting to note that this correction is reduced by a factor 10 for mπL = 6.
A calculation of the timelike pion form factor has been performed for a subset of our previously
studied two-flavour ensembles [19]. The implications for ahvp

µ will be discussed in a forthcoming
publication [20].

In Fig. 2 we show examples of our combined chiral and continuum extrapolations for the
charm and light quark contributions. We perform a simultaneous extrapolation of the results ob-
tained from the local-conserved and local-local correlator to a common value at the physical point,
based on the fit function f (mπ ,β ) = α1 +α2m2

π +α3m2
π lnm2

π +α4a2. One finds that the availabil-
ity of two different discretisations of the correlator leads to a much more reliable extrapolation,
in particular in the case of the charm quark contribution for which discretisation effects are quite
large. Owing to the fact that the hopping parameter corresponding to the bare charm quark mass
has not been determined yet on ensemble E250, there is currently no direct result at the physical
pion mass. Restricting the analysis to the connected contribution only, we obtain the following
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Employ	hierarchical	probing, 
Hadamard	vectors
[Statopoulos	&	Orginos,	1302.4077]
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Disconnected	diagrams
Lorentz-covariant	coordinate	space	representa6on	

Analy6c	expression	for	Hμν(x)  
in	terms	of	Bessel	func6ons

ahvp
µ = lim

R!1

Z

|x|<R
d4x Gµ⌫(x) Hµ⌫(x), Gµ⌫(x) ⌘

D
Jµ(x)J⌫(0)

E
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[H.B.	Meyer,	EPJC	77	(2017)	616]
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Expect	higher	sta6s6cal  
precision

Applica6on	to	running	of 
sin2	θW

[Marco	Cè,	FRI	15:40]

Figure 3: Left: The ratio of the disconnected over the connected light quark contribution (red circles)
compared to the asymptotic value of −1/9 (blue horizontal line) for ensemble N200. Right: Comparison of
the accumulated disconnected contribution determined using the TMR (orange circles) and the CCS method
(blue band) for ensemble D200.

estimates for the light, strange and charm quark contributions at the physical point:

(ahvp
µ )ud = 643(21) ·10−10, (ahvp

µ )s = 52.6(2.5) ·10−10, (ahvp
µ )c = 14.95(47) ·10−10. (3.3)

The quoted statistical errors are dominated by the uncertainty in the lattice scale.
We have also computed the contributions from quark-disconnected diagrams, employing the

technique of hierarchical probing with Hadamard vectors [13]. As in our previous calculation we
took advantage of the cancellation of stochastic noise between light and strange quark loops [21]. In
the left panel of Fig. 3 we plot the ratio−Gdisc(x0)/Gρρ(x0) of the disconnected and the light quark
connected isovector contribution. As shown in [3], this ratio approaches the value−1/9 as x0→∞,
and indeed we see the onset of the expected asymptotic behaviour in the data. In the right panel
we display a comparison of the accumulated disconnected contribution to ahvp

µ computed using our
standard method to the results obtained using the covariant coordinate space (CCS) method of Ref.
[14], which was also applied in a calculation of the hadronic corrections to the weak mixing angle
[22].2 While both techniques give consistent results, the CCS method is statistically more accurate.

4. Conclusions

Adding the contributions from light, strange and charm quarks in Eq. (3.3) we obtain our pre-
liminary result of ahvp

µ = 711 ·10−10, with an error of about 3% which is dominated by scale setting.
Our calculation will be improved further by increasing statistics, the inclusion of the contribution
from quark-disconnected diagrams and the effects from strong and electromagnetic isospin break-
ing. Details of our calculational framework can be found in Refs. [23, 24].

Acknowledgments: Our calculations were performed on the HPC Clusters Wilson, Clover and
MOGON-II at the University of Mainz, on the JUQUEEN computer at NIC, Jülich (Project HMZ21)

2Data computed using the CCS method are plotted as a function of the upper integration bound |x|max. For the TMR
method the values along the abscissa correspond to the integration interval over Euclidean time.
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