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1. Introduction
Among the frontiers of Nuclear and Particle Physics is the study of the immensely rich and

complex structure of the nucleon, both experimentally and theoretically. Of particular interest
are the electromagnetic form factors of the nucleon that provide information on the charge and
magnetic distributions of the hadrons, that are well-studied experimentally for more that half a
century. In particular, the proton electric form factor has been accurately measured, while the neu-
tron electric form factor is less precise as it is extracted from electron-deuteron or electron-helium
scattering. The axial form factors are also important probe of the nucleon structure, but their de-
pendence on the momentum transfer is less-known experimentally compared to the electromagnetic
form factors. One method to access the axial form factor is by using elastic scattering of neutrinos
and protons, or via analyses of charged pion electro-production data off the proton. The induced
pseudo-scalar form factor is even more challenging to measure experimentally, which has been
determined only at limited values of the momentum transfer from the longitudinal cross section
in pion electro-production. In addition, the strange quark contributions, which are subdominant
compared to the light quark contributions, are particularly challenging to measure.

Despite the intense experimental activity, there is a need to evaluate form factors theoretically
from first principles. Lattice QCD is an ideal formulation for computing hadron charges and form
factors, and may provide results that have controlled systematics uncertainties. The field of Lattice
QCD has made important progress with simulations at physical values of the quark masses, elimi-
nating the need for a chiral extrapolation, which brings in uncontrolled systematic uncertainties for
the baryonic sector.

In this work we present results for the electromagnetic and axial form factors using an ensem-
ble with two degenerate light quarks, strange and charm quarks in the sea (N f=2+1+1), all of the
them fixed to their physical value. We study both the isovector and isoscalar combinations as well
as the strange form factors, which receive purely disconnected contributions.

2. Lattice Methodology
The calculation is performed using a lattice formulation that consists of the twisted mass

fermion action with a clover term and Iwasaki improved gluon action. This formulation has the
advantage of automatic O(a) improvement once tuned to maximal twist [1]. The lattice volume of
the ensemble is 643×128 (L=5.18 fm) with mπL=3.62 [2], and the pion mass around 138 MeV.

In the connected diagram we use sequential inversions through the sink that fixes the separa-
tion between the source and sink (ts), the projector and the sink momentum ~p ′. The results are
obtained using 750 configurations with multiple source positions. For the connected contributions
we evaluate the three-point function for five source-sink time separations, ts/a=12,14,16,18,20
which correspond to 0.97 fm to 1.62 fm. The number of source positions increases with ts to ensure
a good quality of signal for the highest value. The total number of measurements for the aforemen-
tioned values of source- sink separation are: 3000, 4500, 12000, 24000, 24000, respectively. The
inversions of the Dirac operator have been accelerated using multigrid algorithms [3]. The evalu-
ation of the disconnected contributions requires a large number of two-point function for multiple
source positions to satisfactory reduce statistical uncertainties. In this work we use 200 source
positions per configuration which lead to statistically independent data given the large volume of
the ensemble. For the evaluation of the up and down quark loops we use the first 200 low modes of
the squared Dirac operator to reconstruct exactly a part of the loop. The contribution from the high
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modes is estimated stochastically using a single noise vector per configuration, hierarchical prob-
ing, one-end trick and spin-color dilution. The parameters for the calculation of the disconnected
diagram can be found in Ref [4]. The disconnected diagram requires the disconnected quark loop:

L(tins,~q) = ∑~xins Tr
[
D−1(xins;xins)G

]
e+i~q·~xins (2.1)

where D−1(xins;xins) is the quark propagator and G is the Dirac structure. We employ stochastic
techniques to estimate it, and due to the sparsity of the Dirac operator and its decay properties,
dilution schemes are favorable. We employ the hierarchical probing technique [5], which allows
one to eliminate stochastic noise entering from neighboring points on the lattice up to distance 2k

where k ∈ N. Stochastic noise entering from points with further distance is suppressed from the
properties of noise vectors: N−1

r ∑ r |ξr〉〈ξr|= 1+O
(
1/
√

Nr
)
, where Nr is the size of the stochastic

ensemble. Hierarchical probing has been employed with success in previous studies with heavier
pion mass ensemble (see e.g. Ref. [6]). For simulations at the physical point, the light quark
propagator decays more slowly and a large probing distance is needed. One can avoid the need of
increasing the distance needed by combining deflation of the low modes with hierarchical probing.
In this work we reconstruct the light quark loops from the low modes of the squared Dirac operator
while the contribution from the high modes is estimated stochastically. We also employ dilution in
spin and color spaces, and the one-end trick used in our earlier studies [7, 8].

3. Nucleon Form Factor
The form factors are extracted from nucleon matrix element given by 〈N(p′,s′)|OΓ

µ |N(p,s)〉 =√
m2

N
EN(~p′)EN(~p)

ūN(p′,s′)ΛΓ
µ(q

2)uN(p,s), where N(p,s) is the nucleon state with momentum p and spin

s, energy EN(~p)=p0, mass mN . ~q=~p′−~p represents the momentum transfer, and OΓ
µ is the current

insertion. For this work we focus on the vector (OΓ=q̄γµτaq) and axial (OΓ=q̄γ5γµτaq) currents.

Figure 1: Connected (left) and disconnected (right) diagram required for the evaluation of the nucleon
3-point functions. The source (sink) is at x0 (x2) and the current insertion at x1.

In the evaluation of quark contributions to nucleon matrix elements there are two types of
diagrams, the connected and disconnected, as shown in Fig. 1. We note that in the case of the flavor
isovector combination, (u−d), only the connected diagram contributes. For the computation of
nucleon matrix elements one needs proper 2- and 3-pt correlation functions (G2pt , G3pt) and then
form the dimensionless ratio RO :

G2pt(~p′, t f )=∑
~x f

e−i~x f ·~p′Γ0
βα
〈Jα(~x f , t f )Jβ (0)〉, G3pt

O (Γµ ,~p′, t f )=∑
~x f ,~x

ei(~x·~p′−~x f ·~p′)Γ
µ

βα
〈Jα(~x f , t f )O(~x, t)Jβ (0)〉 , (3.1)

RO(Γ,~p′, t, t f )=
G3pt

O (Γ,~p′, t)

G2pt(~0, t f )
×

√
G2pt(−~p′, t f−t)G2pt(~0, t)G2pt(~0, t f )

G2pt(~0, t f−t)G2pt(−~p′, t)G2pt(−~p′, t f )

→
t f−t→∞

t−ti→∞

Π(Γ,~p′) .

(3.2)
The usual method to extract data is to seek for a plateau with respect to the operator insertion

time, t (or alternatively ts), which must be located at a time well separated from the source and
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sink to ensure single state dominance. We also employ alternative analysis techniques to control
excited states contaminations, such as 2-state fits and the summation method, using multiple ts
values (12a−20a in this work). Renormalized matrix elements can be parameterized in terms of
generalized form factors. The vector current decomposes into the Dirac (F1) and Pauli (F2) form
factors, while the axial current yields the axial (GA) and induced-pseudoscalar (Gp):

Λ
V
µ(q

2) = γµ F1(q2)+
iσµν qν

2mN
F2(q2), Λ

A
µ(q

2) =
i
2

γ5γµ GA(q2)+
qµ γ5

2mN
Gp(q2) . (3.3)

The Dirac and Pauli form factors can also be expressed in terms of the nucleon electric GE and mag-
netic GM Sachs form factors via GE(q2) = F1(q2)+ q2

(2mN)2 F2(q2) and GM(q2) = F1(q2)+F2(q2).

3.1 Electromagnetic Form Factors
In Fig. 2 we present a demonstration of the excited states investigations for the isovector elec-

tromagnetic form factors. The data correspond to Q2=0.216 GeV2 and include the points from
the plateau method for ts/a=16,18,20 shown with blue circles, green squares and red triangles,
respectively. The ground-state value extracted from the two-state fit is shown with a gray band.
We find that the ratio for GE (upper panel) shows a trend to lower values with ts/a=20 becoming
compatible with the value extracted from the two-state fit. For GM (lower panel) the value extracted
from the two-state fit is compatible with the ratio indicating no excited states.
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Figure 2: Results showing the plateau val-
ues and two-state simultaneous fits for Gu−d

E
(upper panel) and Gu−d

M (lower panel) at
Q2=0.216 GeV2. The results from the ratio
for ts/a=16,18,20 are shown with blue cir-
cles, green squares and red triangles, respec-
tively. The gray horizontal band is the extracted
value of the ground state using the two-state fit
method.

The momentum transfer dependence of the electromagnetic form factors may be fitted assum-
ing a dipole Ansatz GE,M(Q2)=GE,M(0)/(1+Q2/M2

E,M)2 where GE(0) gives the electric charge
and GM(0) the magnetic moment, µ . The electric and magnetic mean square radii can then be
extracted from 〈r2〉=12/M2. An alternative fit form that has been used on experimental data
of both electromagnetic and axial form factors is the model independent z-expansion, and we
also use it for our lattice data. In this case, the form factor is expanded in a series given by

G(Q2)=∑
kmax
k=0 akzk, z=

√
tcut+Q2−

√
tcut√

tcut+Q2+
√

tcut
where tcut=4m2

π is the time-like cut of the isovector form fac-

tor. The series is truncated until convergence is reached at some kmax (typically 3-4) [9]. In this
case, G(0)=a0, while the mean square radius is given by 〈r2〉=−3a1/2a0tcut .

The isovector electromagnetic Sachs form factors are shown in Fig. 3 for the largest separation
and the dipole form and the z-expansion with green and red bands, respectively. Both fit forms
describe very well our data for GE (left), which lie, however, about one to two standard deviations
above the experimental parameterization (black line). For GM the dipole and z-expansion fits are
in good agreement with the experimental parameterization in the range Q2>0.15 GeV2, while for
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Figure 3: Gu−d
E (left) and Gu−d

M (right) for ts/a=20 (blue circles) as a function of Q2. Fits of the Q2

dependence are shown for the dipole form (green band) and z-expansion (red band) for kmax=4. The black
solid line is the parameterization of the experimental data [10].

Q2<0.15 GeV2 our fits are lower. This could be due to pion cloud effects that are more prominent
for small momenta. Detailed analysis on the connected and disconnected contributions for the
electromagnetic form factors and their derived quantities can be found in Ref. [4].

0.4 0.6 0.8 1.0〈
r2

E

〉
u d [fm2]

H CO
D

A
TA

ETMC (this work)
ETMC '17

ETMC '13
LHPC '14

Mainz '15
PACS '18

PNDME '14
PNDME '18

0.3 0.5 0.7〈
r2

M

〉
u d [fm2]

PD
G

3.8 4.3 4.8 5.3
u d

PD
G

Figure 4: Results for 〈r2
E〉u−d , 〈r2

M〉u−d and µu−d

from this work (blue filled circles with blue vertical
bands for the uncertainties), compared to our pre-
vious studies using N f=2 at mπ=130 MeV (green
filled squares) and mπ=213 MeV(red filled upper
triangles). Results from other collaborations are
shown with open symbols: LHPC (mπ=149 MeV),
Mainz (mπ=193 MeV), PACS (mπ=146MeV) and
PNDME (mπ=220 MeV), (mπ=135 MeV). The ver-
tical dashed lines denote experimental result. For ref-
erences see Ref. [4].

Data on 〈r2
E〉u−d , 〈r2

M〉u−d and µu−d , are shown in Fig. 4, including results from other lattice
formulations, as given in the caption. The results for 〈r2

E〉u−d using various ensembles of twisted
mass fermions [11, 12] are in good agreement, and compatible with LHPC, PNDME and PACS
within uncertainties. However, the Mainz results are lower than other formulations. For 〈r2

M〉u−d

all lattice results are in agreement and compatible with the the PDG value. Most of the results for
µu−d slightly underestimate the PDG value, while LHPC and PACS are compatible with the PDG
value but higher than other lattice results.

The disconnected contributions to Gu+d
E and Gu+d

M are shown in Fig. 5 using selected values of
ts for clarity purposes. Using the specialized techniques for disconnected diagrams mentioned in
Section 2 the resulting statistical accuracy is well within 20% for the values shown in the figure,
which is impressive given that we are using a physical pion mass ensemble.We find that the dis-
connected Gu+d

E (Gs
E) is at the per cent (per mil) level of the connected isoscalar contribution. The

equivalent disconnected contributions to GM are one order of magnitude higher than for GE , with
clear negative contribution lowering the total GM value.
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Figure 5: Results on the disconnected contributions to GE (upper panels) and GM (lower panels). The light
(strange) quark contributions are shown with blue (black) points in the left (right) panels.

3.2 Axial Form Factors
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Figure 6: Results on the disconnected contributions to GE (upper panels) and GM (lower panels). The light
(strange) quark contributions are shown with blue (black) points in the left (right) panels.

The light and strange quark contributions to GA and Gp are shown in Fig. 6. In the same
plot we show the connected (red circles), disconnected light (blue up triangles) and strange (green
diamonds) contributions. The total contribution is also shown (maroon right triangles), and we
find that the disconnected contributions have notable effect in both form factors. Gu+d,DI

p is large
and negative, weakening the pion-pole behavior of the connected diagram, leaving a less promi-
nent dependence on Q2. Fits to a z-expansion for GA and assuming pion-pole dominance for Gp

(=GA(Q2)C/(1+Q2/m2
π)) are shown with bands. The total contribution to gu+d

A is compatible with
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the experimental value (black star) only upon inclusion of the disconnected contributions.
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