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Proton decay is one of possible signatures of baryon number violation, which has to exist to ex-
plain the baryon asymmetry and the existence of nuclear matter. Proton decays must be mediated
through effective low-energy baryon number violating operators made of three quarks and a lep-
ton. We calculate matrix elements of these operators between the proton and various meson final
states using the direct method. We report on preliminary results of matrix element calculation
done with the 2+1 dynamical flavor domain wall fermions at the physical point for the first time.
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1. Introduction

Baryon asymmetry is the imbalance between matter and anti-matter in the universe. Matter
anti-matter asymmetry may be generated only if three necessary conditions are met [1]. Proton
decay would be evidence for the baryon number violation, which is one of the conditions. The
standard model lagrangian does not violate the baryon number, so we have to consider effective
operators originating from beyond the standard model. Grand Unified theory(GUT) and Supersym-
metric Grand Unified theory(SUSY-GUT) hypothesize a larger gauge group unifying the standard
model interactions. The larger gauge group contains new interactions between leptons and quarks
that can lead to proton decay. The large energy scale of (SUSY-) GUTs Λ∼ 1016 GeV allows us to
use effective operators for such processes with baryon number violation.

Evaluation of the matrix elements of these effective operators was attempted in numerous ways
including non-relativistic quark model[2], chiral lagrangian [3], and bag model [4, 5]. Model-
independent lattice QCD calculations of proton decay matrix elements have also been done [6, 7,
8, 9, 10]. However, previous lattice calculations have been performed with heavy pion masses,
and the chiral extrapolation to the physical mass introduces systematic uncertainties. It was also
suggested that the proton decay matrix elements may strongly depend on the quark mass [5]. In this
work, we use the 2+1 flavor chiral Domain wall fermions at the physical point to reduce systematic
uncertainties in the proton decay matrix elements.

Several next generation experiments are dedicated to search for the proton decay. The Deep
Underground Neutrino Experiment (DUNE) is the nearest future experiment to start collecting data.
It will use liquid argon time projection chamber, which can track the 3D trajectories of the particles
with high precision. DUNE is expected to reach the current bound of proton lifetime quickly, and
improve the bound starting from 4 years after the initial run. [11]

We start from the definition of the effective operator for the |∆B|= 1 baryon number violation
process in section 2. We calculate the hadronic matrix element of the operator with a proton and
a meson final state. In section 3, we describe the lattice ensemble that we use. In section 4, we
present our results on the proton decay form factor calculation and compare them with the earlier
study [10]. In section 5, we proceed to discuss these results and further calculations we plan to do.

2. Proton decay matrix elements from the effective operators

Figure 1: Proton decay effective operator

(SUSY-) GUT theories can have various types of underlying processes violating the baryon
number [2, 12, 13, 14, 15, 16, 17, 18]. Regardless of specific theory, one can always express
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a proton decay rate through matrix elements of the low energy effective operators starting from
dimension six as in Fig. 1,

OI = ε
i jk(qiq j)Γ(qk`)Γ′ , (2.1)

where q is quark field, ` is lepton field, and (qq)Γ = qT
α(CPΓ)αβ qβ and C = γ2γ4 is the charge

conjugation matrix in Euclidean spacetime, PΓ = 1±γ5
2 is fermion chirality projection matrix for

Γ = L,R [19]. With color and Dirac indices suppressed in the operators, the effective lagrangian is:

L eff
/B =−∑

I
CIOI = ∑

I
CI ¯̀C [(qq)ΓPΓ′q] , (2.2)

where CI is the Wilson coefficient of the operator OI .
We compute the proton decay matrix elements on a lattice between the incoming nucleon

state(N) and the outgoing pseudoscalar meson(Π = K,π),

〈Π, `|OI|N〉= 〈Π, `| ¯̀(qq)ΓPΓ′q|N〉= v̄`〈Π|(qq)ΓPΓ′q|N〉 (2.3)

where v̄` is the final lepton spinor. Using the shorthand notation for OΓΓ′ = (qq)ΓPΓ′q and leaving
out the leptonic part, the relevant hadronic parts of the matrix elements for the proton with incoming
momentum p, the outgoing lepton and meson with momentum q and momentum p′ respectively,

〈Π(p′)|OΓΓ′(q)|N(p,s)〉= PΓ′

[
W ΓΓ′

0 (q2)−
i/q

mN
W ΓΓ′

1 (q2)

]
uN(p,s) (2.4)

can be calculated, from which form factors W0,1 can be determined.
With these form factors W0,1, the partial decay width of proton Γ is given by:

Γ
(

p→Π+ ¯̀)= (m2
p−m2

Π
)2

32πm3
p

∣∣∣∣∣∑I
CIW I

0
(

p→Π+ ¯̀)∣∣∣∣∣
2

(2.5)

3. Physical Lattice Ensemble

We use the 2+1 flavor 243× 64(Lσ ∼ 4.8 fm) lattice ensemble generated by RBC/UKQCD
collaboration [20], with the Iwasaki-DSDR gauge action and Mobius Domain Wall Fermions with
the fifth dimension Ls = 24. Lattice cutoff is a−1 = 1.015 GeV and the quark masses are chosen to
be mla = 0.00107,mha = 0.085 resulting in the pion mass mπ = 0.140 GeV and kaon mass mK =

0.513 GeV. We employ deflated CG with 2000 compressed eigenvectors using 1000 eigenvectors
as a basis [21]. We use all-modes-averaging (AMA) method in which we approximate the quark
propagator by a truncated solution to the Mobius operator [22, 23, 24]. Per gauge configuration, we
compute 1 exact and 32 sloppy samples. With this setup, samples with three source-sink separations
tsep ∈ {8,9,10} in lattice units are computed (17 configurations for tsep = 9).

The on-shell lepton external states in proton decay require the square of momentum transfer
from the initial proton to final meson −q2 = m2

¯̀ to be small. While the largest allowed momentum
transfer squared takes place at q2 =−0.0110GeV2 when the final lepton is muon, unit momentum
on lattice is 0.26 GeV. Along with energy-momentum conservation, the smallness of −q2 should
be achieved by choosing appropriate momenta configuration. Furthermore, to suppress statistical
noise, the nucleon sources must carry the smallest momentum possible [25]. We chose momenta
configurations such that the kaon momenta are~np = (0,0,1),(0,1,1), the pion momenta are~np =

(1,1,1),(0,0,2), and the proton is at rest, where the momentum on lattice is denoted as ~p =
2π~np
Lσ

.
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4. Results

Matrix elements can be calculated on the lattice using the two point and three point functions
defined as follows,

CΓΓ′
3 (x′,x,x0) = 〈0|JΠ(t ′,~x′)OΓΓ′(t,~x)J̄N(t0,~x0)|0〉 (4.1)

CΠ(x′,x) = 〈0|JΠ(t ′,~x′)J
†
Π
(t,~x)|0〉 (4.2)

CN(x,x0) = 〈0|JN(t,~x)J̄N(t0,~x0)|0〉. (4.3)

The three point correlation function in Eq. 4.1 is constructed by contracting forward propagators
with the source at ~x0 and the backward propagator with the sequential source at the meson sink~x′.
In this study, we consider only the proton at rest. To extract the proton decay matrix elements, we
use the ratio between the two and three point functions RΓΓ′

3 :

RΓΓ′
3 (t ′, t, t0;~p′,q;P) =

∑~x,~x′ ei~p′·(~x′−~x0)ei~q·(~x−~x0)tr[PCΓΓ′
3 (x′,x,x0)]

∑~x′,~x ei~p′·(~x′−~x)CΠ(x′,x)∑~x ei~p·(~x−~x0)tr[P+CN(x,x0)]

√
ZΠZN , (4.4)

where P+ = 1
2(γ4+1), P is a spin projection operator for the proton and

√
ZΠ,
√

ZN are the overlaps
of the pseudoscalar and nucleon interpolating operators with their respective states. This ratio
approaches the matrix elements

lim
t ′−t,t−t0→∞

RΓΓ′
3 (t ′, t, t0; p′,q;P+) =W ΓΓ′

0 (q2)− iq4

mN
W ΓΓ′

1 (q2) (4.5)

lim
t ′−t,t−t0→∞

RΓΓ′
3 (t ′, t, t0; p′,q; iP+γ j) =

q j

mN
W ΓΓ′

1 (q2) (4.6)

as the source sink separation is increased. The relevant form factors W ΓΓ′
0 are computed by taking

a linear combination of the ratios with two different projectors P.

W ΓΓ′
0 = RΓΓ′

3 (t ′, t, t0;~p′,q;P+)+ i
q4

q j
RΓΓ′

3 (t ′, t, t0;~p′,q; iP+γ j) (4.7)

(a) (b)

Figure 2: (a) Plateau for the pion channel form factor (b) Plateau for the kaon channel form factor
~pπ = [111] ~pK = [011] ~pp = [000] at tsep = 8 (bare lattice operators)
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We calculate the ratio R3 as in (Eq. 4.4) and W0 as in (Eq. 4.7) to obtain bare lattice values
for the proton decay form factors. We fit the matrix elements in Fig. 2 with a constant over t = 3
to t = 5 with full covariance matrices. Within each Jackknife sample, fit parameters are estimated
using covariance matrix on the Jackknife subset. We find that decay form factors W0 for each
channel with different source-sink separations are in agreement (see Fig. 3a). Different symbols ,
, and mean different source sink separation tsep = t ′− t0 = 8, 9, and 10, respectively. All the

values discussed above are not renormalized.

Since the proton decay matrix elements have only multiplicative renormalization factors [6],
we can examine their ratios to compare to the earlier study [10] (Fig. 3b). In Ref. [10], the proton
decay matrix elements were calculated with chiral 2+1 fermions at heavier pion masses of 340
– 690 MeV and extrapolated to the physical quark mass. We normalize the proton decay form
factors for all channels by 〈K+|(ds)LuL|p〉 and compare them in Fig. 3b. Errors in Eq. 4.8 are
estimated with the propagation of errors in the numerator and the denominator into the errors in the
normalized form factors.

W norm
0 =

∣∣∣∣∣ W ΓΓ′
0 (Channel)

W ΓΓ′
0 (〈K+|(ds)ΓuΓ′ |p〉)

∣∣∣∣∣ (4.8)

(a) (b)

Figure 3: (a) Decay form factors for different channels Symbols represent the source sink separa-
tions : tsep = 8 ( ), 9( ), and 10( ). (b) Comparison of normalized form factors with our data at
tsep = 8 and the earlier study [10].

The error estimates in this preliminary calculation include only statistical uncertainties, while
the earlier study included systematic and statistical errors. Each value agrees within errors, in-
dicating the normalized form factors over different channels did not get spoiled by a long chiral
extrapolation in Ref [10]. The statistical errors from both studies are compared in columns 2 and 3
of Table 1. For the kaon channels, we have reached a comparable level of statistical errors, while
the pion channel shows the errors are larger than in Ref. [10]. The systematic errors in the earlier
study (columns 3–6 in Table 1) can be reduced by avoiding the chiral extrapolation. The other large
source of error is renormalization, which we will study next.
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Stat. [%]
(This study)

Stat.[%]
(Aoki:2017)

Chiral
extrapol.[%] a2 [%] ∆Z [%]

〈K0|(us)LuL|p〉 4.97 3.5 3.1 5.0 8.1
〈K0|(us)LuR|p〉 2.81 2.8 2.8 5.0 8.1
〈K+|(us)LdL|p〉 6.78 4.4 7.5 5.0 8.1
−〈K+|(us)LdR|p〉 7.28 3.7 3.5 5.0 8.1
〈K+|(ud)LsL|p〉 3.71 3.0 3.9 5.0 8.1
−〈K+|(ud)LsR|p〉 4.21 3.2 1.6 5.0 8.1
−〈K+|(ds)LuL|p〉 4.25 2.8 2.1 5.0 8.1
−〈K+|(ds)LuR|p〉 4.98 3.6 2.7 5.0 8.1
〈π+|(ud)LdL|p〉 10.44 3.4 5.7 5.0 8.1
−〈π+|(ud)LdR|p〉 8.52 3.0 1.8 5.0 8.1

Table 1: Left : Comparison of statistical errors. Right: Systematic errors in chiral extrapolation,
O(a2), ∆Z ( [10])

5. Discussion and outlook

Our preliminary calculation shows that the proton decay matrix elements can be computed on
a lattice at the physical point with good statistical precision. We find that the proton decay matrix
elements computed with three different source-sink separations are in agreement indicating negligi-
ble excited state effects. The ratios of the proton decay matrix elements for different channels also
agree with those from the earlier calculation. The strong dependence suggested in [5] on the quark
mass in the proton decay matrix elements does not appear in the normalized form factors. However,
these are only preliminary results of our simulation and they require additional steps to have solid
physical meaning. Increasing the number of samples will reduce the statistical errors. Multi-state
fits will be done to control the excited states contamination. Non-perturbative renormalization will
be computed to obtain values in a continuum renormalization scheme.

We plan to explore other channels to which DUNE will be sensitive, such as decay of proton
into two mesons and a lepton. These additional channels can be easily implemented on a lattice,
however, studying two-meson final states will require recently developed lattice methodology [26].
Studying the three body channel of proton decay will be relevant for the future experiments. The
rate of the three body decays p→ ππe+ have been estimated using the effective pion-nucleon
interaction L eff = gr(N̄~τ ·~πN) and may be 140% of the rate of the two body decay for isospin 0
state and 24% for isospin 1 state [27]. The SUSY-GUT model estimation of the p→ Kπ` three
body decay predicts the decay width to be 7 –15 % of the two body decay width [28].

Acknowledgments

We are grateful to RBC/UKQCD collaboration for QCD ensemble, discussions and supports.
SS also acknowledges support by the RHIC Physics Fellow Program of the RIKEN BNL Research
Center. This computational resources in this work are provided by the Scientific Data and Com-
puting Center (SDCC), Computational Science Initiative (CSI) at BNL, and Jefferson Laboratory

5



P
o
S
(
L
A
T
T
I
C
E
2
0
1
8
)
1
8
7

Proton Decay Matrix element Jun-Sik Yoo

through USQCD. This work is supported in part by US DOE Contract #AC-02-98CH10886(BNL)
and JSPS KAKENHI Grant #16K05320 and #17H02906.

References

[1] A. D. Sakharov, Pisma Zh. Eksp. Teor. Fiz. 5, 32 (1967), [Usp. Fiz. Nauk161,no.5,61(1991)].

[2] M. B. Gavela, A. Le Yaouanc, L. Oliver, O. Pene, and J. C. Raynal, Phys. Rev. D23, 1580 (1981).

[3] O. Kaymakcalan, C.-H. Lo, and K. C. Wali, Phys. Rev. D29, 1962 (1984).

[4] T. Okazaki and K. Fujii, Phys. Rev. D27, 188 (1983).

[5] A. Martin and G. C. Stavenga, Phys. Rev. D85, 095010 (2012).

[6] S. Aoki et al., Phys. Rev. D62, 014506 (2000).

[7] Y. Aoki, C. Dawson, J. Noaki, and A. Soni, Phys. Rev. D75, 014507 (2007).

[8] Y. Aoki et al., Phys. Rev. D78, 054505 (2008).

[9] Y. Aoki, E. Shintani, and A. Soni, Phys. Rev. D89, 014505 (2014).

[10] Y. Aoki, T. Izubuchi, E. Shintani, and A. Soni, Phys. Rev. D96, 014506 (2017).

[11] R. Acciarri et al., (2015).

[12] J. Hisano, T. Moroi, K. Tobe, and T. Yanagida, Physics Letters B 342, 138 (1995).

[13] N. Sakai and T. Yanagida, Nucl. Phys. B197, 533 (1982).

[14] B. Grinstein, Nucl. Phys. B206, 387 (1982).

[15] K. S. Babu and S. M. Barr, Phys. Rev. D48, 5354 (1993).

[16] P. Nath and P. Fileviez Perez, Phys. Rept. 441, 191 (2007).

[17] B. Bajc, J. Hisano, T. Kuwahara, and Y. Omura, Nucl. Phys. B910, 1 (2016).

[18] C.-H. Lee and R. N. Mohapatra, JHEP 02, 080 (2017).

[19] S. Weinberg, Phys. Rev. Lett. 43, 1566 (1979).

[20] Robert mawhinney, lattice 2018: Kaon matrix elements from coarse lattices,
https://indico.fnal.gov/event/15949/session/3/contribution/259/

material/slides/0.pdf.

[21] M. A. Clark, C. Jung, and C. Lehner, EPJ Web Conf. 175, 14023 (2018).

[22] T. Blum, T. Izubuchi, and E. Shintani, Phys. Rev. D88, 094503 (2013).

[23] T. Blum, T. Izubuchi, and E. Shintani, PoS LATTICE2012, 262 (2012).

[24] E. Shintani et al., Phys. Rev. D91, 114511 (2015).

[25] G. P. Lepage, What is renormalization?, in Boulder ASI 1989:483-508, pages 483–508, 1989.

[26] R. A. Briceño, M. T. Hansen, and A. Walker-Loud, Phys. Rev. D91, 034501 (2015).

[27] M. B. Wise, R. Blankenbecler, and L. F. Abbott, Phys. Rev. D23, 1591 (1981).

[28] F. Vissani, Phys. Rev. D52, 4245 (1995).

6


