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Starting with the 2D Abelian Higgs model with the quartic self-coupling taken infinitely large
we study the finite-size scaling of the Polyakov loop. We find an exponential decay for large
temporal extents which is dictated by the energy gap between the ground states of a system with
the Polyakov loop inserted, and one without. We study this system using the tensor renormalization group, and we take the continuous-time limit to obtain a quantum Hamiltonian where gauge
invariance has been maintained exactly. Comparing with numerical results from the density matrix renormalization group we find universal features of the finite-size scaling of the energy gap
survive this continuous-time limit. We propose an optical-lattice ladder to quantum simulate this
model, and observe the universal features of the energy gap scaling.
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1. Introduction

2. The model
The lattice gauge theory we focus on is the Abelian Higgs model in two Euclidean dimensions,
S = − β pl ∑

∑ cos(Ax,µ + Ax+µ,ν − Ax+ν,µ − Ax,ν )

x ν<µ
2

− 2κ ∑ ∑ cos(θx+ν − θx + Ax,ν ).

(2.1)

x ν=1

Here the periodic gauge fields are Ax,µ , and the periodic scalar fields are θx . In this case the Higgs
mode has been taken infinitely massive. The gauge coupling is β pl = 1/g2 , and κ is the coupling
between the gauge field and the scalar field. This model is analogous to the Schwinger model, with
the fermion field replaced by a complex scalar field. This model is believed to be confining, in that
there is a linear potential between charges in the continuum limit. This is motivated by a study
of the topological solutions of this model, which are responsible for confinement in the “Higgs”
phase.
The partition function for this model before the change to integer fields is given by
Z

Z=

D[Ax,µ ]D[θx ]e−S

(2.2)

where the integration over the compact field variables is 0 ≤ Ax,µ , θx ≤ 2π. To carry out the compact
field integration we Fourier expand the Boltzmann weights,
eβ pl cos(Fx,µν ) =

∞

∑

Im (β pl )eimFx,µν

(2.3)

m=−∞

e2κ cos(θx+ν −θx +Ax,ν ) =

∞

∑

In (2κ)ein(θx+ν −θx +Ax,ν ) .

(2.4)

n=−∞

This expansion factorizes the integration on the sites and links, and the final partition function is
written in terms of the integer fields n, and m. There are constraints on the n and m variables from
1
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Recently there has been a vigorous effort to quantum simulate lattice gauge models. This
effort has been aimed at first-step models which are in low spatial dimensions and have only a
few fields. A prime candidate is the Abelian Higgs model in 1+1 space-time dimensions and
theoretical proposals are already being made [1, 2, 3]. In Refs. [4, 5] a method to quantum simulate
the lattice Abelian Higgs model in 2D was proposed. In that proposal, we suggest to use discrete
integer-valued fields and to maintain gauge invariance exactly from a Fourier expansion of compact
variables leading to a change of variables where the partition function is written as a product of
tensor contractions. Using this formulation we are able to measure the Polyakov loop, and we study
its universal features. On the experimental side, we propose to use a physical ladder implemented
in an optical lattice, with a single atomic species and a single particle per rung. In addition, we
show that an even simpler model can be tested first using the same experimental technology, the
quantum Ising model. In this case there are two legs in the ladder representing the two spin states.
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Figure 2: A comparison between the TRG and
Monte Carlo at a fixed spatial volume, and fixed
gauge coupling. Here the temporal extent of the lattice was varied. The little stars are the TRG data,
while the larger markers are the Monte Carlo data.

the integration which can be solved immediately, giving a partition function
!
!
Z=

∑ ∏ Im (β pl )

{m}

∏ Im−m (2κ)
0

x,µν

.

(2.5)

x,µ

This reformulation of the model is completely gauge-invariant; in fact, even if the infinite sum of
the m field is truncated, gauge invariance is maintained. Furthermore, we can rewrite this in terms
of a local tensor and use the tensor renormalization group (TRG) to study the model [5].

3. The Polyakov loop
In the quantum simulation, one needs an observable to make a measurement and compare
experiment with theory. In this case we considered the Polyakov loop and the free energy associated
with the insertion of a static charge into the system. The Polyakov loop is a Wilson loop wrapped
around the periodic temporal direction of the lattice.
Nτ

P = ∏ Ux∗ +nτ̂,τ .

(3.1)

n=1

Here the product is over the gauge fields associated with the temporal links for a single spatial site.
The expectation value of this operator is given by the usual expression,
hPi =
=

1
Z

Z

D[Ax,µ ]D[θx ]e−S P
!

∑ ∏ Im (β pl )

{m}

x,µν

!

∏ Im−m (2κ)
0

x,µ

2

Nτ

Im−m0 −1 (2κ)
∏ Im−m0 (2κ)
n=1

!
.

(3.2)
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Figure 1: A comparison between calculations done
of the Polyakov loop using the TRG and Monte
Carlo. Here the calculations were done for a fixed
gauge coupling, across a range of κ values for a fixed
space-time lattice of 16 × 16. The circles are TRG
data, while the square markers are the Monte Carlo
data.
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Figure 4: The data collapse for the energy gap between a system with open boundary conditions, and
a system with an external field. There is no Polyakov
loop in this scenario. This energy gap can be related
to the energy gap from a Polyakov loop, and this is
elaborated on in Refs. [4, 5].

In the second equality, we have carried out the Fourier expansion described in Sec. 2 and integrated
out the gauge fields and scalar fields as before. This gives a representation of the Polyakov loop in
terms of the integer m fields. This expectation value can be studied using a tensor formulation as
well.

4. Comparison between Monte Carlo and TRG
In order to verify the correctness of the tensor formulation for this model, and the tensor
formulation of the Polyakov loop, we compared calculations with Monte Carlo simulations done
using the original field variables. An example of a comparison can be seen in Fig. 1, where the
Polyakov loop is compared for a fixed value of β pl across a range of κ values at fixed space-time
volume. In Fig. 2 we compared calculations of the Polyakov loop while varying the temporal
extent, Nτ , of the lattice. We find good agreement between the two methods.
The change observed in Fig. 2 led us to investigate the temporal extent, Nτ , dependence of the
Polyakov loop. We found that for sufficiently large κ and Nτ , the Polyakov loop scales like
hPi ' e−(∆E)aNτ .

(4.1)

This isn’t completely surprising since it’s known that the Polyakov loop is related to the free energy
of a static charge by
hPi ' e−∆E/T
(4.2)
with T the temperature. A well known result from thermal field theory is that aNτ = T1 , with a the
temporal lattice spacing. Here ∆E is the energy gap between a system with a Polyakov loop (an
infinitely massive static charge inserted), and one without. We further investigated the finite-size
scaling of the energy gap and the dependence on β pl and κ. In order to confirm the scaling we saw
using the TRG, we compared with calculations of the energy gap using Monte Carlo [5].
By plotting ∆E for different spatial volumes across a range of β pl values, the data appear to
exhibit Ns dependence. In fact, by a change of variables one can rescale the energy gap to Ns ∆E
3
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Figure 3: The data collapse for the energy gap associated with the Polyakov loop inserted into a system with open boundary conditions. Here there is
data from both the fully discrete lattice model and the
continuous-time limit for a few values of the spin-flip
coupling, and the scalar-gauge coupling. As defined
in the text, U = g2 /a
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and the gauge coupling to Ns2 /β pl = Ns2 g2 = Ns2U to obtain a data collapse. This can be seen in
Figs. 3 and 4 for a few κ values. This collapse is only possible for κ sufficiently large, and in a
regime where g2 Ns2 is not too large. Outside of this region the collapse breaks down. This is further
explained in Ref. [5].

5. Continuous time limit

U≡

1
β pl a

=

g2
,
a

Y≡

1
,
2κτ a

X≡

2κs
,
a

(5.1)

one is, in essence, expanding the transfer matrix of the model about the identity,
T ' 1 − aH + . . .

(5.2)

From this limit one can extract the Hamiltonian, H, of the model and for this case we find,
H=

U
2

Ns

Y

0

Ns

z
− Liz )2 − X ∑ Uix
∑ (Liz )2 + 2 ∑(Li+1

i=1

i

(5.3)

i=1

with

1
U x = (U + +U − ), U ± |mi = |m ± 1i.
(5.4)
2
Here Lz is acting in the usual way for the z-component of angular momentum, and U ± are analogous
to raising and lowering operators; however, they are distinct from the raising and lowering operators
0
of the angular momentum algebra. The special summation, ∑ is used to denote that the open
boundary conditions must be taken into account.
Since the Polyakov loop has a representation in terms of the m fields, it’s natural to ask what is
the continuous-time limit of that operator. Using the same limits from before we find the Polyakov
loop adds an additional single-site term to the quantum Hamiltonian,
Lz |mi = m|mi,

Nτ

Im−m0 −1 (2κ)
Y
7→ − (2(Liz∗ +1 − Liz∗ ) − 1),
0
I
(2κ)
2
n=1 m−m

P=∏

(5.5)

changing the Hamiltonian to,
Y
H̃ = H − (2(Liz∗ +1 − Liz∗ ) − 1).
2

(5.6)

Here H is the Hamiltonian of the Abelian Higgs model without the Polyakov loop from Eq. 5.3,
and i∗ is the special site where the charge is inserted. In calculations this site was in the middle of
the spatial lattice. From Eq. 5.6 it’s clear that ∆E is the difference in the ground state energies of
the two Hamiltonians.
4
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In order to make contact with reality in which time is continuous, the lattice model must be
modified so that time is no longer discrete. This was worked out in detail in Refs. [6, 7, 4, 5]. In
our model this consists of taking the temporal couplings very large, that is, β pl , κτ → ∞, while
simultaneously taking the spatial couplings and temporal lattice spacing very small, κs , a → 0. By
taking this limit, but keeping combinations of these variables constant,
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6. Ladder system Hamiltonian
With the quantum Hamiltonian for the Abelian Higgs model, one needs a suitable optical
lattice Hamiltonian with which to simulate the model. Here we propose a physical multi-leg ladder
optical lattice to represent both the spatial lattice, and the angular momentum state-space. The
Hamiltonian we propose is,
Ĥ = −

Ns
Ns
s
s
J Ns s−1 †
â
+
h.c.)
−
(
â
ε
n̂
+
∑ ∑ m,i m+1,i
∑ ∑ m,i m,i ∑
∑ Vm,m0 ,i,i0 n̂m,i , n̂m0 ,i0 .
2 i=1
m=−s
i=1 m=−s
i,i0 =1 m,m0 =−s

(6.1)

In this Hamiltonian, |s| signifies the largest possible angular momentum state accessible for the
system. The operators have the usual interpretation: n̂m,i is a bosonic number operator at site i
counting state m, and âm,i is the annihilation operator at site i for state m. The couplings J, ε,
and V control the hopping between different states, the on-site potentials, and the nearest-neighbor
interactions respectively. For an illustration of a five-state system see Ref. [4].
Of the terms in the ladder Hamiltonian, the nearest-neighbor interaction term is the most difficult to engineer experimentally. This is because of the quadratic nature of the potential specified
by the Abelian Higgs Hamiltonian. In order to match the Abelian Higgs model, the potential must
have the form,
Vm,m0 ,i,i0 = Vm,m0 δi0 ,i+1
Y
= (−|V0 | + (m − m0 )2 )δi0 ,i+1 .
2

(6.2)

This type of interaction can be achieved for an asymmetric lattice using a Rydberg-dressed potential. That is, the optical lattice spacing in the spatial dimension and the angular momentum
dimension must be different. In terms of the leg and rung lattice spacing, this means al  ar . By
finding a specific tuning of al /ar one can achieve a quadratic potential for nearest neighbors in the
angular momentum state-space. A quantitative analysis demonstrating the quadratic dependence
can be found in Ref. [4].
5
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Knowing the quantum Hamiltonian for the Abelian Higgs model and the Hamiltonian for the
Abelian Higgs model with a Polyakov loop inserted, we can calculate ∆E directly. The insertion
of the Polyakov loop can be related to the presence of an external electric field. This is shown in
Ref. [5]. Here we quote results from that study. Using the density matrix renormalization group we
calculate the ground-state energies for the two Hamiltonians and compute their difference across
the same range of gauge couplings and spatials sizes that was done in the fully discrete theory. In
Figs. 3 and 4 both the data collapse from the discrete lattice theory, and the data collapse from
the continuous-time limit are plotted. Here there are two energy gaps plotted, each showing it’s
respective collapse: the energy gap between a system with a Polyakov loop, and one without,
(0)
(0)
∆E = EPL − E (0) , and a system with an external field, and one without, ∆E = E01BC − E (0) . This
data collapse demonstrates that for sufficiently small Ns2 g2 , Ns ∆E = f (g2 Ns2 ) is some function only
of the combination Ns2 g2 , and furthermore that the collapse survives the continuous-time limit.
In addition, the collapse is across values of the spin-flip coupling, X, as well as the gauge-scalar
coupling, κ, from the original discrete lattice model.
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7. Conclusion
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We presented results from recent work in Refs. [4, 5] pertaining to the quantum simulation of
the Abelian Higgs model and measuring universal features of the Polyakov loop within that model.
We found that the energy gap associated with the Polyakov loop obeys a universal finite-size scaling
in the discrete lattice model. The Abelian Higgs model has a simple continuous-time limit as a rotor
model which is gauge-invariant. Moreover the Polyakov loop has a continuous-time limit, and the
energy gap associated with it also shows a universal finite-size scaling in this continuous-time limit.
We propose a physical multi-leg optical lattice ladder to simulate the Abelian Higgs model. The
interactions on this optical lattice are all local, and the nearest neighbor interactions can be achieved
using an asymmetric optical lattice with a Rydberg-dressed potential. Using the same experimental
technology and set-up, the quantum Ising model could be simulated as a first step in understanding
the systematics of this optical lattice ladder simulator.

