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1. Introduction and simulation details

The Standard Model (SM) of particle physics is very powerful in predicting most of the ob-
served phenomena, but it does not provide any explanation for the origin of flavor: the theory
parametrizes the hierarchy of quark masses and CKM mixing angles [1, 2] through free param-
eters (6 masses, 3 angles and 1 complex phase). While the gauge sector is constrained by the
SU(3)C⊗ SU(2)L⊗U(1)Y symmetry, the flavor sector is particularly sensitive to possible exten-
sions of the SM. The only way to constrain the free parameters of the SM and to investigate New
Physics (NP) effects is to combine experimental inputs with theoretical predictions based on first
principles. In this respect a precise determination of the decay constants of the pseudoscalar and
vector mesons Bc and B∗c using QCD simulations on the lattice is crucial. On one hand fBc is a very
important SM input to constrain possible NP effects implied by the R(D(∗)) anomalies in the lep-
tonic Bc→ τντ decay and to determine the CKM matrix element Vcb with very high accuracy. On
the other hand, fB∗c is involved in the description of semileptonic form factors, within the nearest
resonance model, and non-leptonic decays through the factorization approximation, so a precise
knowledge of fB∗c is very important today. However, since fB∗c is not directly measurable in the
experiments, its lattice determination is needed to gain access to this quantity.

In this contribution we present a preliminary lattice determination of the masses and decay
constants of the pseudoscalar and vector mesons Bc and B∗c using the gauge configurations gener-
ated by the European Twisted Mass Collaboration (ETMC) with N f = 2+1+1 dynamical quarks,
which include in the sea, besides two light mass-degenerate quarks, also the strange and the charm
quarks [3, 4]. The QCD simulations used in this work are the same adopted in Ref. [5], where the
reader is referred to for details. They have been carried out at three different values of the inverse
bare lattice coupling β , at different lattice volumes (with spacial sizes varying between ' 2 and
' 3 fm) and for pion masses ranging from ' 210 to ' 450 MeV [6].

We have simulated the heavy-quark mass mh in the range mc < mh < 3mc (see Table 1 of
Ref. [5]), where mc is the physical mass of the charm quark. Three values of the charm mass are
used to interpolate to the physical charm quark mass mc, while the physical b-quark point mh = mb,
determined in Ref. [7], is reached by using the ratio method of Ref. [8]: an appropriate set of
ratios of the masses and decay constants, having a precisely known static limit, is constructed using
nearby values of the heavy quark mass. In this way it is possible to control the behavior of the ratios
as a function of mh up to the static limit. The physical b-quark point is then reached by performing
an interpolation of such ratios at the physical b-quark mass mb. The great advantages of the ratio
method are: i) to perform B-physics applying the same relativistic action used for light and charm
quarks, and ii) the drastic reduction of both the discretisation errors and the uncertainties related
to the perturbative matching between QCD and the heavy-quark effective theory (HQET).

2. Decay constants and masses on the lattice

Let us define unphysical heavy-heavy pseudoscalar Hc and a vector H∗c mesons composed by
a valence heavy quark h, with a mass mh ≥ mc, and a charm quark. Since we employ a setup with
maximally twisted fermions, the vector, axial and pseudoscalar operators renormalize multiplica-
tively [9], i.e. V̂µ = ZA ·Vµ , Âµ = ZV ·Aµ and P̂ = ZP ·P, where Vµ = h̄γµc, Aµ = h̄γµγ5c and
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P= h̄γ5c are the local bare vector, axial and pseudoscalar operators1 with ZV , ZA and ZP being the
corresponding renormalization constants. The Hc and H∗c decay constants and masses are related
to the matrix elements of V̂µ , Âµ and P̂ as:

〈0|V̂µ |H∗c (~p,λ )〉= fH∗c MH∗c ε
λ
µ , (2.1)

(mh +mc)〈0| P̂ |Hc(~p)〉=pHc
µ 〈0| Âµ |Hc(~p)〉= fHcM

2
Hc

, (2.2)

where ελ is the vector meson polarization 4-vector. In Eq. (2.2) we used the axial Ward-Takahashi
identity, which is fulfilled also on the lattice in our maximally twisted mass Wilson formulation.
The vector and pseudoscalar matrix elements can be extracted by studying two-point correlation
functions at large time distances, viz.

CP(t) = 〈∑
~x

P̂(~x, t)P̂†(~0,0)〉 −→
t�a

|〈0|P̂(0)|Hc(~0)〉|2

2MHc

[
e−MH∗c t + e−MH∗c (T−t)

]
(2.3)

CV (t) =
1
3
〈∑

i,~x
V̂i(~x, t)V̂

†
i (
~0,0)〉 −→

t�a ∑
i,λ

|〈0|V̂i(0)|H∗c (~0,λ )〉|2

6MH∗c

[
e−MH∗c t + e−MH∗c (T−t)

]
, (2.4)

where T is the lattice temporal size. To improve the determination of M
H(∗)

c
and f

H(∗)
c

we analyzed
the whole set of correlators obtained applying local (L) and smeared (S) interpolators at both the
source and the sink, namely CLL

P,V , CSL
P,V , CLS

P,V and CSS
P,V .

In the the static limit HQET predicts that the vector and pseudoscalar mesons H∗c and Hc,
which differ only for their spin configuration, belong to a doublet of spin-flavor symmetry and
therefore they have the same mass and decay constant in that limit. This means that the ratios
MH∗c /MHc and fH∗c / fHc are equal to one in the static limit. We exploit this property of HQET by
considering the following ratios

RM
Hc
(mh) = MH∗c /MHc and R f

Hc
(mh) = fH∗c / fHc , (2.5)

where we stress discretization effects are significantly reduced with respect to the case of the in-
dividual masses and decay constants. The value of RM

Hc
is obtained from the large time distance

behavior of the ratio of the pseudoscalar and vector effective masses, namely

Reff(t)≡
MV

eff(t)
MP

eff(t)
−→
t�a

RM
Hc
(mh,a2) with MP,V

eff (t) = log
[

CP,V (t)
CP,V (t +1)

]
−→
t�a

M
H(∗)

c
. (2.6)

To extract Reff(t) we performed a simultaneous fit of LL, SL, LS and SS correlators, while the decay
constant ratio R f

Hc
has been determined in two different ways by considering only LL correlators or

a combination of SL and SS correlators:

RLL
f (t)≡ sinh(aMHc)

amh +amc

√
CLL

V (t)
CLL

P (t)
MHc

MH∗c

e−MHc t + e−MHc (T−t)

e−MH∗c t + e−MH∗c (T−t)
−→
t�a

R f
Hc
(mh,a2) , (2.7)

RSL
f (t)≡ sinh(aMHc)

amh +amc

CSL
V (t)

CSL
P (t)

√
CSS

P (t)
CSS

V (t)
MHc

MH∗c

e−MHc t + e−MHc (T−t)

e−MH∗c t + e−MH∗c (T−t)
−→
t�a

R f
Hc
(mh,a2) . (2.8)

The quality of the plateaux for the ratios Reff, RLL
f and RSL

f is shown in Fig. 1, while the time
intervals used to isolate safely the ground-state are shown in Table 1.

1The Wilson r-parameters for the heavy and the charm quarks are always chosen to be opposite, i.e. rh =−rc.
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Figure 1: Upper panel: time dependence of the effective mass ratio Reff corresponding to LL, SL and SS interpolators
in the case of the ensemble A40.32 and for mh ' 2.8 GeV. Lower panel: RLL

f and RSL
f as a function of the time distance

for the ensemble A20.48 and mh ' 1.9 GeV (see Ref. [5]).

β V/a4 [tmin, tmax](LL)/a [tmin, tmax](SL)/a [tmin, tmax](SS)/a
1.90 323×64 [19, 31] [16, 31] [13, 31]

243×48 [19, 23] [16, 23] [13, 23]
1.95 323×64 [20, 31] [17, 31] [14, 31]

243×48 [20, 23] [17, 23] [14, 23]
2.10 483×96 [27, 47] [23, 47] [19, 47]

Table 1: Time intervals adopted in the case of LL, SL (LS) and SS correlators for the extraction of the ratios RM
Hc

and

R f
Hc

from the large time distance behavior of Reff(t), RLL
f (t) and RSL

f (t).

3. Masses and decay constants of the B(∗)
c mesons

Let us define for each value of the lattice spacing and sea quark mass the following quantities:

Q(mh)≡MHc(mh)/mpole
h , F (mh)≡ fHc(mh)

√
mpole

h /CA(mh) . (3.1)

Using HQET arguments the following set of static limits holds

lim
mh→∞

Q = 1 , lim
mh→∞

F = 1 lim
mh→∞

RM
Hc

= 1 , lim
mh→∞

R f
Hc

CW
= 1 , (3.2)

which will be used to compute the masses and decay constants of the Bc and B∗c mesons. In
Eqs. (3.1-3.2) mpole

h is the heavy-quark pole mass, while the factors CA and CW are the matching
coefficients between QCD and HQET, known up to N2LO in perturbation theory [10, 11, 12],

We have interpolated our data for Q, F , RM
Hc

and RM
Hc
/CW to a sequence of heavy-quark masses

that have a common, fixed ratio: m(n)
h = λm(n−1)

h with n = 1, ...,K, such that m(K)
h = mb. We fixed

3
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the triggering point to the physical charm quark mass, i.e. m(1)
h = mc. Following Ref. [7] we use

λ = 1.160 and K = 10. As a second step we constructed at each value of the light-quark mass mud
and lattice spacing the following ratios:

yM(m(n)
h ;mud ,a2) =

Q(m(n)
h ; mud ,a2)

Q(m(n−1)
h ;mud ,a2)

= λ
−1 MHc(m

(n)
h ;mud ,a2)

MHc(m
(n−1)
h ;mud ,a2)

ρ(m(n)
h /λ , µ)

ρ(m(n)
h , µ)

, (3.3)

y f (m
(n)
h ;mud ,a2) =

F (m(n)
h ;mud ,a2)

F (m(n−1)
h ;mud ,a2)

= λ
1/2 fHc(m

(n)
h ;mud ,a2)

fHc(m
(n−1)
h ;mud ,a2)

CA(m
(n−1)
h )

CA(m
(n)
h )

[ρ(m(n)
h , µ)]1/2

[ρ(m(n−1)
h , µ)]1/2

, (3.4)

where we have used the relation mpole
h = mh ρ(mh,µ) between the pole quark mass and the renor-

malized quark mass mh (in the MS scheme at the scale µ). Since the above quantities are double
ratios taken at nearby values of the heavy-quark mass mh, the systematic uncertainties due to dis-
cretization effects and to the use of the perturbative factor ρ(mh,µ) are suppressed even for large
values of mh. Thus, we can safely perform the chiral and continuum extrapolation for yM, y f , RM

Hc

and R f
Hc
/CW for each value m(n)

h . The quality of the scaling behaviour of these ratios is shown in
Fig. 2. Since discretization errors increase unavoidably as the heavy-quark mass gets higher, we
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Figure 2: Combined chiral and continuum extrapolation of the ratios yM and y f (see Eqs.(3.3-3.4)), and of RM
Hc

and

R f
Hc
/CW versus the light-quark mass mud . The fit ansatz is described in the text. The green circle represents the result at

the physical light-quark mass and in the continuum limit.

have considered the following ansatz for the chiral and continuum extrapolations:

yM, f (mh,a2) = yM, f (mh)
[
1+PM, f

1 mha2 +PM, f
2 (m(n)

h −mc)a4
]
, (3.5)

RM
Hc
(mh,a2) = RM

Hc
(mh)

[
1+DM

1 mha2 +DM
2 (m(n)

h −mc)a4
]
, (3.6)

R f
Hc
(mh,a2)/CW (mh) = R f

Hc
(mh)/CW (mh)

[
1+D f

1mha2 +D f
2(m

(n)
h −mc)a4

]
, (3.7)
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where yM, f (mh,0)≡ yM, f (mh), RM( f )
Hc

(mh,0)≡ RM( f )
Hc

(mh), while PM, f
i and DM( f )

i (i = 1,2) are free
parameters. From the asymptotic behaviors (3.2) it follows that

yM, f (mh) = 1+AM, f
1 /mh +AM, f

2 /m2
h , (3.8)

RM
Hc
(mh) = 1+BM

1 /m2
h +BM

2 /m3
h , (3.9)

R f
Hc
(mh)/CW (mh) = 1+B f

1/mh +B f
2/m2

h , (3.10)

where the constraints coming from the static limit are properly incorporated. In this way our data
can be interpolated in 1/mh to reach the physical b-quark mass as shown in Fig. 3. Finally, we can

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1/mh

0.97
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0.98

0.985
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0.995

1

y M
(m

h)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1/mh

1

1.01

1.02

1.03

1.04

1.05

1.06

y f
(m

h)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1/mh

1

1.01

1.02

1.03
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R
M H
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1/mh
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1
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R
f H
c/C
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Figure 3: Dependence of yM(mh), y f (mh), RM
Hc
(mh) and R f

Hc
(mh)/CW on the inverse heavy-quark mass 1/mh and their

interpolated values at the physical b quark mass. The interpolations are based on Eqs. (3.8-3.10).

compute MBc and fBc through the chain equations:

MηcyM(m(1)
h )yM(m(2)

h ) . . .yM(m(K)
h ) = λ

−KMBc ρ(m(0)
h , µ)/ρ(m(K)

h , µ) , (3.11)

fηcy f (m
(1)
h )y f (m

(2)
h ) . . .y f (m

(K)
h ) = λ

K/2 fBc CA(m
(0)
h )ρ(m(K)

h , µ)/CA(m
(K)
h )ρ(m(0)

h , µ) , (3.12)

where at the physical charm point2 we obtain Mηc = 2975(50) MeV and fηc = 391(9) MeV. The
values of MB∗c and fB∗c can be determined from MB∗c = MBcR

M
Hc
(mb) and fB∗c = fBcR

f
Hc
(mb).

4. Results and conclusions

From the analysis of Sec. 3 our preliminary results for the masses and decay constants of the
Bc and B∗c mesons are:

MBc = 6341(60)MeV , fBc = 396(12)MeV , (4.1)

MB∗c/MBc = 1.0037(39) , fB∗c/ fBc = 0.978(7) . (4.2)
2For the J/ψ meson we get the preliminary values MJ/ψ/Mηc = 1.0354(21) and fJ/ψ/ fηc = 1.0409(80).
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Our predictions for MBc and MB∗c/MBc are respectively consistent within ' 1σ with the experimen-
tal mass from the PDG [13] and the recent lattice result MB∗c/MBc = 1.0088(16) from Ref. [14].
Our value of fB∗c/ fBc agrees with the result fB∗c/ fBc = 0.988(27) obtained by the HPQCD collab-
oration [15], while for fBc there is a ' 2σ tension with the HPQCD result fBc = 434(15) MeV.
Combining Eqs. (4.1-4.2) we obtain the predictions

MB∗c = 6365(65)MeV , fB∗c = 387(12)MeV . (4.3)
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