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We report on the progress of our calculation of form factors for the exclusive semileptonic decay
of B mesons to pions on 2 + 1 flavour lattices with spacings from 0.080 fm down to 0.044 fm.
Using the Möbius domain wall fermion action for all quarks, we simulate pions with masses down
to 230 MeV and extrapolate to the physical bottom quark mass by utilizing a range of heavy quark
masses up to 2.44 times the mass of the charm quark. We discuss the dependence on the pion
mass, heavy quark mass and lattice spacing in our form factors results.
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1. Introduction

µ

µ

where qµ = pB − kπ , and pB and kπ are the four-momenta of the B meson and pion, respectively.
It is also possible to express this in the language of Heavy Quark Effective Theory such that [4],
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hπ(kπ )|V |B(pB )i = 2 mB f1 (v · kπ ) v + f2 (v · kπ )
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where vµ = pB /mB and Eπ ≡ v · kπ . This parametrization of the form factors is convenient for
lattice calculations since they relate to the spatial and temporal vector matrix elements by,
f1 (v · kπ ) + f2 (v · kπ ) =
f2 (v · kπ ) =

hπ(kπ )|V 0 |B(pB )i
;
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which in turn are related back to the vector and scalar form factors by,



√
f2 (v · k) f1 (v · k)
2
f+ q = mB
+
;
v · kπ
mB
"

m2π
2
m2B
2
f0 q = √
( f1 (v · k) + f2 (v · k))
mB m2B − m2π (v · kπ )2
!#
v · kπ
m2π
−
f1 (v · k) +
f2 (v · k) .
mB
(v · kπ )2

(1.5)

(1.6)

One can then determine the |Vub | matrix element using branching fractions from experiment
through,
dΓ (B → π`ν)
G2F |Vub |2
2
|kπ |3 f+ (q2 ) .
=
dq2
24π 3

(1.7)

The scalar form factor f0 (q2 ) does not contribute in the limit of vanishing lepton masses, but it is
nevertheless a useful and important quantity for lattice QCD calculations.
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An important process for the extraction of the |Vub | element from the Cabibbo-KobayashiMaskawa matrix is B → π`ν. We report on our study of this decay, which forms part of a larger
series of studies of heavy quark processes, including B → D(∗) `ν [1] and inclusive decays [2]. We
use the Möbius domain wall action [3] for all quarks, which has the advantage of including all
relativistic effects for the heavy quarks, but necessitates extrapolating to physical mb from lower
heavy quark masses, mh . It is therefore important to assess the heavy quark scaling of the B → π`ν
form factors.
Form factors for B → π`ν can be related to vector matrix elements between B and π mesons
by,


2
2
m2B − m2π µ
µ
2
µ
2 mB − mπ µ
q
q ,
(1.1)
hπ(kπ )|V |B(pB )i = f+ (q ) (pB + kπ ) −
+
f
(q
)
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2. Lattice Calculation

3. Results
For the form factor f1 (v · kπ ) + f2 (v · kπ ) we use the global fit form,
!
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1+
f1 (v · kπ ) + f2 (v · kπ ) = C0 1 + ∑ CEπn Eπ
1 + χlog ,
mb
n=1
(3.1)
and for the f2 (v · kπ ) form factor we use,
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2
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f2 (v · kπ ) = D0 (1 + DEπ Eπ ) 1 + Dm2π mπ 1 + Da2 a
1 + χlog
,
mb
Eπ + ∆B
(3.2)
where χlog is a chiral log term and ∆B is the mB∗ -mB splitting. We only use a term linear in the pion
energy for the f2 (v · kπ ) form factor, but include quadratic and cubic terms for f1 (v · kπ ) + f2 (v · kπ ).
A pole term appears in the f2 (v · kπ ) fit form to account for the expected behaviour from pole
dominance.
In figure 1 we demonstrate the dependence on the lattice spacing by plotting the data points
corresponding to 300 MeV pions with a momentum of |p|2 = (2π/L)2 , and mh = 1.252 × mc at
each lattice spacing. The dotted lines are the corresponding results from the global fit. We see only
mild dependence on the lattice spacing for both form factors, and our fit form describes the data
well.
The pion mass dependence is shown in figure 2, where we plot the form factors against the
pion energy for three values of the pion mass (500 MeV, 400 MeV and 300 MeV). The black solid
line is the result of an extrapolation to the physical pion mass, mπ = 135 MeV. Again, the data is
well-described by our chosen fit form. The dependence on mπ is clearly milder for the f2 (v · kπ )
form factor.
Finally, we make a similar plot for the dependence on the heavy quark mass in figure 3. We
show results from the β = 4.35 ensemble with mπ = 500 MeV. The solid black line is the result
2
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We use 2 + 1 flavour Möbius domain wall gauge ensembles that are tree-level Symanzik improved in our simulations. Lattice spacings included in this calculation are approximately 0.080 fm,
0.055 fm and 0.044 fm, corresponding to β = 4.17, β = 4.35 and β = 4.47, respectively. Pion
masses range from 500 MeV down to ≈ 230 MeV, where we use a larger volume at β = 4.17 for
the lightest pion such that we maintain mπ L > 4. Heavy quark masses are chosen to be 1.252n × mc
for n = 0, 1, 2, ensuring that amh < 0.7 to avoid large discretization effects from the heavy quark
mass. This means that form factor results from our D → π`ν study [5] are included as data points
in this calculation. This gives us two values of the heavy quark mass on the coarsest ensemble and
three values on the other two.
The B meson is kept at rest in our calculations while we give pions momenta |p|2 = 0, 1, 2, 3 in
units of (2π/L)2 . We calculate correlators from all permutations of a given momentum and average
these to improve our signal.
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|p|2 = (2π/L)2 ; mπ = 0.3 GeV; 1.252 × mc
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Figure 1: Plot of the form factors f1 (v · kπ ) + f2 (v · kπ ) and f2 (v · kπ ) for B → π`ν against a2 . The results
shown are at β = 4.17 (red squares), β = 4.35 (blue circles) and β = 4.47 (green stars), with the heavy quark
masses fixed to 1.252 × amc and mπ ≈ 300 MeV. The dotted black line shows the result of the global fit (set
to the corresponding heavy quark and pion masses).
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Figure 2: Plot of the mπ dependence of form factors for B → π`ν against pion energy. The points and
the corresponding dotted lines denote results for mπ at 500 MeV (red squares), 400 MeV (blue circles) and
300 MeV (green stars) from the global fit fixed to heavy quark masses 1.252 ×amc on the β = 4.35 ensemble.
The solid black line shows the extrapolation to the physical value of mπ = 135 MeV.

from the global fit set to the physical value of mb . We only include a term of order 1/mb in our
global fit forms, and conclude from this plot that this is sufficient.
The overall results from these fits to our data is shown in figure 4 where the upper band is
the result for f1 (v · kπ ) + f2 (v · kπ ) and the lower for f2 (v · kπ ). The form factors are shown after
extrapolations to physical mπ and mb , and to the continuum limit. We find χ 2 /dof = 0.88 for
f1 (v · kπ ) + f2 (v · kπ ) and χ 2 /dof = 0.69 for f2 (v · kπ ).
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Figure 3: Plot of the heavy quark dependence of form factors for B → π`ν against pion energy. The red
squares, blue circles and green stars – and the corresponding dotted lines – denote results from the global fit
fixed to heavy quark masses amc , 1.252 × amc and 1.254 × amc , respectively, on the β = 4.35 ensemble with
mπ ≈ 500 MeV. The solid black line shows the extrapolation to the physical value of mb .
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Figure 4: Results for form factors f1 (v · kπ ) + f2 (v · kπ ) and f2 (v · kπ ) from the global fit forms in eq. (3.1)
and eq. (3.2), respectively. The dashed black lines show the central values and the coloured bands depict the
statistical uncertainty only.

3.1 z-expansion
Experimental branching fraction results are available for B → π`ν from the Belle and BaBar
collaborations [6, 7, 8, 9]. In contrast to the lattice, this is most precise at low q2 and thus a
determination of |Vub | benefits from a robust extrapolation of the lattice data towards this region.
This is typically done through the use of a so-called z-parameter expansion where we have used the
form,
1
f+/0 =
(3.3)
∑ b(n) zn .
P(q2 ) n=0
4
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The momentum transfer is now mapped onto z through,
p
√
t+ − q 2 − t+ − t0
,
z= p
√
t+ − q 2 + t+ − t0
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Figure 5: z-parameter expansion of the two form factors across the entire q2 range. Synthetic data points
from the global fit results are shown. The bands only depict statistical uncertainties.
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Figure 6: Form factors across the entire q2 range after a z-parameter expansion fit using synthetic data from
the global fit results. The bands only depict statistical uncertainties.
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where t+ = (mB + mπ )2 . We have chosen t0 = 0 so that z = 0 corresponds to q2 = 0. For the pole
factor P(q2 ) in eq. (3.3) we use 1 for f0 (q2 ) and (1 − q2 /MB∗ ) for f+ (q2 ).
A fit result for this expansion is shown in figure 5, where we have used synthetic data from the
results of our global fits in the physical mπ , mb and continuum limits. We convert back to q2 and
again plot the form factors across the entire momentum-transfer range in figure 6. The bands only
show statistical uncertainties for each of the form factors.
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4. Outlook
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We have presented an update of our work on B → π`ν form factors using Möbius domain
wall fermions. We find the dependences on lattice spacing and pion mass to be well under control.
Similarly, the scaling of the heavy quark mass is well-described by a 1/mb HQET expansion. By
using a z-parameter expansion on synthetic data after extrapolations to physical mπ , mb and the
continuum limit, we obtain preliminary results for the form factors f+ (q2 ) and f0 (q2 ) across the
entire q2 range with statistical uncertainties only.
We now work towards a complete error budget for these form factors, after which we will fit
our results alongside differential branching fractions from experiment to make a new determination
of the CKM matrix element |Vub |.

