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1. Introduction

Direct CP-violation – the violation of CP in particle decays – requires the participation of all
three quark flavor doublets and is therefore highly suppressed in the Standard Model. As such
it offers a promising avenue in which to search for new physics that might help to explain the
apparent insufficiency of Standard Model CP-violation (CPV) to account for the matter/antimatter
asymmetry in the Universe. This type of CPV was first observed in the decay of neutral kaons into
two pions during the late 1990s at the NA31/NA48 experiments at CERN and the KTeV experiment
at FermiLab, for which the following value was obtained:

Re(ε ′/ε)≈ 1
6

(
1−
∣∣∣∣η00

η±

∣∣∣∣2
)

= 16.6(2.3)×10−4 , (1.1)

where ε ′ and ε are the measures of direct and indirect CPV, respectively, and ηi j = A(KL →
πiπ j)/A(KS→ πiπ j). Unfortunately this quantity receives large non-perturbative QCD corrections
and therefore it is only recently that a reliable Standard Model prediction has become possible.

In 2015 the RBC & UKQCD collaborations published [1] the first direct calculation of ε ′ in
the Standard Model using lattice QCD via the isospin-definite amplitudes AI = K→ (ππ)I , where
I refers to the isospin of the ππ state. These amplitudes are computed as

AI = F
GF√

2
V ∗usVud [zi(µ)+ τyi(µ)]Zi j(µ)〈(ππ)I|Q j(µ)|K〉 , (1.2)

where F is the Lellouch-Lüscher factor [2] that represents the finite-volume correction to the decay
amplitude, z and y are c-number Wilson coefficients [3], τ =−V ∗tsVtd/VudV ∗us, Vi j are CKM matrix
elements, and Qi are a set of dimension-six four-quark operators. Zi j is the renormalization matrix
relating the bare lattice operators to MS operators normalized at the scale µ , thereby matching the
scheme used in the calculation of the Wilson coefficients. We obtained the following result:

Re
(

ε ′

ε

)
= Re

{
iωei(δ2−δ0)

√
2ε

[
ImA2

ReA2
− ImA0

ReA0

]}
= 1.38(5.15)(4.59)×10−4 ,

(1.3)

where the errors are statistical and systematic, respectively. Here δI are the s-wave ππ-scattering
phase shifts and ω = ReA2/ReA0.

While the total error on this calculation is roughly three times the experimental error, it is clear
that ε ′ is now a quantity that is accessible to lattice QCD, and our focus since that time has been to
improve our statistical errors and our understanding of the systematic errors. In this document we
provide an update on the status of this improved calculation.

2. I = 0 ππ phase-shift puzzle

The calculation of A0 requires the determination of the finite-volume I = 0 ππ energy. Through
the use of G-parity boundary conditions, which increase the ground-state pion momentum from 0
to π/L where L is the lattice box size, this energy is approximately equal to that of the kaon
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thus ensuring a physical decay. We compute this from the large-time dependence of the two-
point function of an operator that projects onto the I = 0 ππ state. We obtain such an operator
by combining pion creation/annihilation operators separated by 4 timeslices with back-to-back
momenta in the set (±1,±1,±1)π

L . The average of these eight ππ operators projects onto the A1

representation of the cubic group. We refer to this averaged operator by the label Oππ(111).
From the ground-state energy we infer the I = 0 s-wave ππ scattering phase shift at the kaon

energy scale via the Lüscher formalism [4], for which we obtained δ0 = 23.8(4.9)(1.2)◦ [1]. This
number is a few (∼2σ ) standard deviations smaller than the value of ∼34◦ obtained by combining
dispersion theory with experimental input [5]. Here we quote only an approximate value as the
dispersive calculation gives the phase shift as a function of the ππ energy, hence any systematic
error on the lattice determination will feed into the scale at which the comparison is performed.

Since the 2015 result we have increased our statistics from 216 configurations to over 1400.
At this conference we presented [6] a preliminary analysis of the ππ energy with this expanded
data set, demonstrating this inconsistency has increased to over 5σ .

A possible explanation for this discrepancy is contamination from a nearby excited state, al-
though there remains no evidence of this from multi-exponential fits to our single-operator (Oππ(111))
correlation functions despite the substantial increase in statistics. A finite-volume state with a
nearby energy of ∼770 MeV is however predicted by combining Lüscher’s formalism with phase
shifts obtained from dispersion theory. In order to account for this possibility we last year re-
ported [7] the addition of a second, scalar ππ operator Oσ to our two-point function calculation. In
Ref. [6] we also present a preliminary combined analysis of Oσ and Oππ(111) two-point functions
on 830 configurations, in which we find strong evidence of a nearby excited state and obtain a value
for the ground-state phase shift of δ0 = 30.9(1.5)(3.0)◦ that is now compatible with the dispersive
result. The effects of adding this operator are illustrated in Fig. 1.

We are presently investigating the effect of this excited state on our calculation of ε ′. Since
the two-operator data was collected only for the ππ scattering amplitudes, we cannot immediately
use the second operator to improve this calculation. In the following section we discuss our efforts
to address this issue.

3. Expansion of the calculation of A0

In response to our observation of a nearby excited state in the ππ system, we recently began
computation of K→ ππ matrix elements with the Oσ operator. This is a non-trivial extension of our
calculation as it involves linear combinations of over 100 Wick contractions that must be carefully
derived and implemented/optimized in our high performance lattice simulation environment.

We have also added a third ππ operator to both the two-point and three-point functions, com-
prising two single-pion operators with back-to-back momenta in the set (±3,±1,±1)π

L and per-
mutations thereof. The average of these 24 operators again projects onto the A1 representation of
the cubic group, and we refer to this operator as Oππ(311).

In addition we have also begun computing ππ two-point functions with non-zero total mo-
mentum. In our all-to-all propagator environment [8] these are obtained simply by combining in a
different order the “meson fields” computed for the stationary ππ correlation functions. This will
yield measurements of the phase shift at a range of lower center-of-mass energies, providing fur-
ther data that can be compared to the dispersive calculation and also enabling a first-principles lat-
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Figure 1: An illustration of the effect of adding the second ππ operator. The upper (blue) curve is
the two-point effective mass with just the Oππ(111) operator. The lower (red) curve is the result of
projecting onto the ground-state by taking linear combinations of Oππ(111) and Oσ with coefficients
determined from our fits. We see that the lower curve plateaus at a significantly lower energy,
suggesting that the upper curve contains substantial excited state contamination and that a lower
large-time ground-state plateau (consistent with the red points) is lost in the noise.

tice calculation of the energy-derivative of the phase-shift, which enters into the Lellouch-Lüscher
finite-volume correction to A0 and that currently accounts for an 11% systematic error on our cal-
culation. We intend to publish a dedicated study of these phase-shifts in the near future.

In order to make this significantly-expanded calculation computationally tractable it was nec-
essary to perform a number of optimizations, which we detail in the following section.

4. Optimizing the expanded calculation

On 512-nodes of IBM BlueGene/Q (BG/Q) computer the ππ two point function contractions
with the Oππ(111) operator require 13.6 minutes for the 8×8 = 64 different source/sink momentum
combinations. In the expanded calculation we include the Oππ(311) operator and compute correla-
tion functions with ππ total momenta of (0,0,0), (±1,0,0)2π

L , (±1,±1,0)2π

L and (±1,±1,±1)2π

L .
This increases the number of momentum combinations to 7848 and would require 27.8 hours to
perform just this small aspect of the calculation. In order to make this tractable we investigated
the effect of taking advantage of several lattice symmetries in order to reduce the number of con-
tractions needed. The goal was to determine symmetries that could be used without degrading
the statistical precision of the calculation. This study was performed using 1438 configurations of
two-point data with the Oππ(111) operator and zero total momentum, and also 121 configurations
of data with non-zero total momentum. We considered three different symmetries: parity, i.e. re-
placing ~p with −~p; the axis permutation symmetry whereby momentum components are globally
interchanged; and the “auxiliary-diagram” symmetry that we describe below.

Consider the Wick contraction in Figure 2, where we have labeled the vertices anticlockwise
with coordinates A−D that represent both the time and momentum, i.e. A = (tA,~pA). We have
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Figure 2: The “direct” and “round-the-world” contraction in which the sink connects to the image
of the source in the lattice time boundary (dashed line), both contribute to the measured lattice ππ

two-point function, thus measuring these diagrams as if they were independent would yield the
same result. The γ5-hermiticity of the propagators results in both contributions having the same
form.

Quantity Orig (64) Pty+perm (10) Aux+pty+perm (8)
|Aππ |2 0.1609(22) 0.1615(24) 0.1601(24)
Eππ 0.3686(33) 0.3690(36) 0.3672(36)

Table 1: Fit results to the zero total momentum ππ two-point function using 1438 configurations
and the Oππ(111) operator. In the second column we give the result obtained from the full set of
82 = 64 source/sink momentum combinations; in the third we use the parity and axis permutation
symmetries to reduce the number of momentum combinations to 10, and in the final column we
add the auxiliary diagram symmetry reducing this further to just 8 combinations. The number of
combinations in each case is given in parentheses.

~pA +~pB = −(~pC +~pD) = ~ptot where ~ptot is the total momentum, and tA− tB = tD− tC = ∆ where
∆ = 4 is the separation of the two individual pion operators in two-pion operator. As the lattice
calculation is performed in a finite box with antiperiodic quark boundary conditions, it is equally
valid to consider the measured correlation function as either the direct contraction of the source and
sink ππ operators or the “round-the-world” contraction of the sink operator with the image of the
source operator in the boundary. Due to γ5 hermiticity both contractions have the same functional
form C as indicated in the figure. Giving the coordinates in anticlockwise order this implies

C(A,B,C,D)≡C(D,C,B+LT t̂,A+LT t̂) (4.1)

where t̂ is a unit vector in the time direction. Utilizing the time translation symmetry we translate
the lhs. by −tA and the rhs. by −tD =−tC−∆. With explicit coordinates this gives

C
(
(0,~pA),(LT −∆,~pB),(τ,~pC),(τ +∆,~pD)

)
≡C

(
(0,~pD),(LT −∆,~pC),(LT − τ−2∆,~pB),(LT − τ−∆,~pA)

)
≡C

(
(0,~pD),(LT −∆,~pC),(τ,~pB),(τ +∆,~pA)

) ,

where τ = tC− tA and on the second line we have used the reflection symmetry of the correlator
under τ → LT − τ − 2∆. A similar relation is found for the other Wick contraction topologies.
Writing the full ππ correlator in terms of τ , ~ptot and the inner pion momenta of the lhs., ~pπsrc

1
≡ ~pA

and ~p
πsnk

1
≡ ~pC; the “auxiliary diagram symmetry” is as follows:

Cππ(τ ;~pπsrc
1
,~p

πsnk
1
,~ptot)≡Cππ(τ ;−~ptot−~p

πsnk
1
,~ptot−~pπsrc

1
,−~ptot) . (4.2)

In Table 1 we demonstrate that applying these symmetries in the case of zero total ππ mo-
mentum reduces the number of source/sink momentum combinations required from 64 to just 8
without any significant effect on the statistical error. For the moving ππ measurements we show in
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Quantity Orig (96) Pty (48) Pty+perm (16) Fix ~ptot(Pty+aux+perm) (21)
|Aππ |2 0.3466(41) 0.3462(42) 0.3478(64) 0.3464(41)
Eππ 0.3869(23) 0.3869(23) 0.3879(40) 0.3868(23)

Table 2: Fit results to the ππ two-point function with total momentum (±1,0,0)2π

L (+permuta-
tions) using 121 configurations and the Oππ(111) operator. In the second column we give the result
obtained from the full set of 96 combinations of source/sink momentum; in the third we use parity
to reduce this to 48, and in the fourth column we add the axis-permutation symmetry reducing this
further to 16 combinations. In the final column we demonstrate the effect, after the global usage of
the parity symmetry, of utilizing the three symmetries with fixed total momentum, resulting in 21
required momentum combinations.

Table 2 that utilizing the parity symmetry results in no significant increase in the statistical error,
but including the axis permutation symmetry increases the error. This suggests that the data associ-
ated with the three orthogonal orientations of total ππ momentum; (±1,0,0)2π

L , (0,±1,0)2π

L and
(0,0,±1)2π

L are largely uncorrelated and should all be computed to minimize the statistical error.
As the combination of parity and the auxiliary diagram symmetry preserves the total momentum, as
does swapping the two axes in which the momentum components are zero, we can first apply parity
on the total momentum (at no statistical cost) and then further reduce the number of measurements
at fixed total momentum; we see from Table 2 that this does not affect the statistical error. We
found a similar picture for the other two sets of total momentum: the different orientations (up to
parity) are largely uncorrelated, but if we apply the various symmetries at fixed total momentum
we do not affect the statistical error.

For our extended measurement programme, utilizing parity reduces the number of required
momentum combinations by 2×, and a further factor of 4.3× reduction is achieved by applying the
symmetries at fixed total momentum. We thus reduce our 7848 contractions to just 1037, a 7.6×
total reduction, and the expected calculation time is reduced to a manageable 3.7 hours.

In Table 3 we give the actual time breakdown on 512-nodes of BG/Q. The total of 29 hours
is only ∼45% larger than our original calculation despite the significant increase in scope thanks
to significant optimization effort including a factor of 2.5 improvement in the timing of the ππ

two-point function contractions to just 1.5 hours versus the 3.7 hours predicted above. At the time
of writing we have completed 339 new measurements primarily with the BG/Q resources at BNL,
and recently on the NERSC Cori (Intel KNL) machine.

5. Conclusions
Through analysis of ππ two-point function data with an additional scalar (Oσ ) operator we

now have strong evidence of a nearby finite-volume excited state that when taken into account ap-
pears to resolve the ∼2σ discrepancy between the value of the I = 0 ππ scattering phase shift we
published in Ref. [1] and that predicted via dispersion theory coupled with experimental input [5].
In order to ascertain the effect of this excited state upon our calculation of A0 we have now in-
cluded the Oσ operator in the K→ ππ calculation, as well as adding an additional zero momentum
ππ operator with larger individual pion momenta to both the two- and three-point functions. We
have also begun computing the ππ two-point functions with non-zero total momentum, which will
enable us to obtain the phase shift at a range of additional center of mass energies, providing more
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Description Time (hours)
Light quark Lanczos 5.78

Light quark A2A vectors 4.48
Heavy quark A2A vectors 2.68

Gauge fix 0.31
Kaon meason fields and 2pt function 0.52

K→ σ contractions 0.67
Sigma 2pt function 0.02

Light-light 1s pion meson fields 5.23
ππ → σ 2pt function 0.06
K→ ππ contractions 7.02

Pion 2pt function 0.01
ππ 2pt contractions 1.51
Configuration total 29.10

Table 3: A breakdown of the job timing on 512-nodes of an IBM BlueGene/Q computer. Here
“ππ” refers to both the Oππ(111) and Oππ(311) operators, and “σ” is shorthand for Oσ .

points that can be compared to dispersion theory as well as allowing a more reliable lattice calcu-
lation of the Lellouch-Lüscher finite-volume correction to the K→ ππ matrix elements. In order
to make this extended calculation tractable we have systematically investigated the use of lattice
symmetries to reduce the number of combinations of source and sink pion momenta (at fixed total
ππ momentum) required to compute the two-point functions, resulting in a 7.6× reduction in the
corresponding measurement time with strong evidence that the statistical error remains unchanged.
Coupled with extensive code optimizations our resulting measurement time is only 45% larger than
before. To date we have generated ∼340 measurements and have begun preliminary analysis with
the aim of publishing an updated result in the next six months.
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