PROCEEDINGS

OF SCIENCE

Perturbative calculation of Z, at the one-loop level
using HYP-smeared staggered quarks

Benjamin J. Choi*, Weonjong Lee

Lattice Gauge Theory Research Center, CTP, and FPRD,

Department of Physics and Astronomy, Seoul National University, Seoul 08826, South Korea
E-mail: benjaminchoi@snu.ac.kr, wlee@snu.ac.kr

Jangho Kim

Institut fiir Theoretische Physik, Johann Wolfgang Goethe-Universitdt,
Max-von-Laue-Str. 1, 60438 Frankfurt am Main, Germany

E-mail: jkim@th.physik.uni-frankfurt.de

Sungwoo Park

Los Alamos National Laboratory, Theoretical Division, T-2, Los Alamos, NM 87545, USA
E-mail: kunsung5@gmail.com

Stephen R. Sharpe
Department of Physics, University of Washington, Seattle, WA 98195-1560, USA
E-mail: srsharpe@uw.edu

SWME Collaboration

We present matching factors for Z, calculated perturbatively at the one-loop level with improved
staggered quarks. We calculate Z, with HYP-smeared staggered quarks and Symanzik-improved
gluons using both RI-MOM and RI'-MOM schemes. We compare the results with those obtained
using the nonperturbative renormalization (NPR) method.

The 36th Annual International Symposium on Lattice Field Theory - LATTICE2018
22-28 July, 2018
Michigan State University, East Lansing, Michigan, USA.

*Speaker.

(© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/


mailto:benjaminchoi@snu.ac.kr
mailto:wlee@snu.ac.kr
mailto:jkim@th.physik.uni-frankfurt.de
mailto:kunsung5@gmail.com
mailto:srsharpe@uw.edu

k

One-loop perturbation for Z, Benjamin J. Choi
P

E; 5 B\ 4
p q p q D q 0000000000,

(a) quark propagator (b) one-gluon vertex (c) two-gluon vertex (d) gluon propagator

Figure 1: Feynman rules at the one-loop level

1. Introduction

In order to convert the results for matrix elements from lattice QCD into those in a contin-
uum scheme, we need to calculate the corresponding renormalization factors. This can be done
either using perturbation theory (PT) or with a non-perturbative method such as non-perturbative
renormalization (NPR). The former suffers from truncation errors, while the latter has the usual
systematic errors associated with lattice quantities, as well as the need for a window in which
Aqcp < 1 < 1/a, where u is the renormalization scale. Although NPR is generally preferred, it is
useful to make detailed comparisons with PT, in particular since some lattice calculations of matrix
elements use perturbative matching. Here we present such a comparison for the Z,, the quark field
renormalization, which is an ingredient in NPR calculations for almost all operators. Specifically,
we compare one-loop results for the asqtad action and HYP-smeared staggered valence quarks with
those obtained using NPR on the MILC “coarse" ensemble (a ~ 0.12fm).

2. Feynman rules

The free propagator for HYP staggered quarks in Fig. 1a is (with color factors excluded)

o Xsin(apl,) (1 @1) 4+ mo(T 1)
S / H
So(p.—q)=6(p'—4') P 5 2.1)
Z;sm (apa)—l—mo

o

T T T T
where p=p’ + —A and g = ¢ + —B Here, p);,q), € <*%, +Z} are momenta defined in the

reduced Brllloum zone [1], ( P — q ") is the periodic delta function which is nonzero for q# PL

(mod 2—), and A and B are hypercubic vectors: Ay, By € {0,1}. The spin-taste factors (s @Er) AB
are expcllained in Ref. [1].

The HYP action uses HYP-smeared links, V,, which must be expressed in terms of the original
thin links Uy;. To do so we expand both links as

Uy (x) = exp [iagA# <x+ %u)} . V) =exp [iagBu (x+ gu)] , 2.2)
where Ay ZA“ )T is the gluon field, while By (x ZB“ ¢ is smeared gauge field.

The latter can be written as a perturbative expansion in powers of Au(x)’s

i W) +BP @) +BY(x)+..., 2.3)

n=1
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(n)

where Bj;” stands for a term of order (Au)n. Only the linear term, BLI)(x), contributes to the

renormalization at the one-loop level [1, 2]. The relation between B‘(}) (x) and Ay (x) is

1 mla g4k ik mla g4k x
By (x) = /n/a 27:42 v T A (X):/ﬂ/a (27:)4A“ (e, s

where /1,y (k) is the smearing kernel which describes details of the blocking transformation for the
fat link.

hyy (k) = 8uyDy (k) + (1= 8uv) Gy (k) 55y (2.5)
Du(k)=1-d\ Y. §+dr Y, 55 —ds§y5,55+ds Y 5, (2.6)
VAl v<p =7
V.p#£U
—2 22
~ +s 5558
G (k) = dy —dp 2 Sty dasy 2.7)

Here, i # v # p # o and §; = sin(aky /2). In order to remove & (az) taste symmetry breaking
interactions at tree level, we choose the parameters to be [3]

di=1, do=1, ds=1, di=0. 2.8)

The Feynman rule for the one-gluon emission vertex of Fig. 1b is

) ak =
Vio (p.—q,k) = —igT" cos (2“ — aq;> huo (k) (Y ®1) .46 (P —4' +k) (2.9)

where T is the SU(3) color generator, while that for the two-gluon emission vertex of Fig. 1c is

Vyv;aﬁ (p,—q,k) = _iagZCF(Suv sin (aCI;L) hya (k) hu,B (k) (yu ® I)ABS (p/ - q/) ) (2.10)

where Cp = Z (T')2 =4/3.

1
The MILC asqtad ensembles use a Symanzik-improved gluon action. The corresponding gluon
propagator can be written as [4]
[ (82 — 1) + o] 8T, +¢ (2 — &y ) My + & [ 7]

pP
.@Imp. k = (11— ,\uv ~ ~ ~ = ? 211
wv (k) =(1—a) 2 + F{K? [k (K2 — éxy) + &x2] — &3} ey

where o = 0(1) for Feynman (Landau) gauge. The notation in this result is explained in Ref. [4].
Although the gluon action used in generating the MILC lattices includes improvements beyond
tree level, for our one-loop perturbative calculation it is appropriate to use the tree-level Symanzik
improvement coefficients, with the redundant coefficient chosen according to the the convention of
Ref. [5]. This choice fixes the constants in Eq. (2.11).

3. Staggered quark self energy

Using the Feynman rules given above, we can express the one-loop quark self-energy as

t/a d¥kd*0\d*¢ m
Z(pa _Q) :/n/ 27[112 2 ZZ —Bl,—k)S()(él, 62) Vﬁ( qvf%k)‘@(lxﬁpl (k)
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Figure 2: Feynman diagrams for quark self energy at the one-loop level

d'k 1% —q.k) D™ (k 3.1
2 w2 4Zuvaﬁ q,k) Dy (k) G.D
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In Eq. (3.1), the first term corresponds to Fig. 2a and the second to Fig. 2b.
We use the technical tools in Ref. [6] to calculate the integrals in Eq. (3.1). If we choose the
momentum p’ so that |ap;l| < 1, we can rewrite the self energy as

2 (p) = —iipl (mu ®1) g +moZo(1@1) 4+ O(a?) (3.3)
where
i (p) = (ZCF [ {IOg m0+p’2)]+1'?,§( —Zélog [1+Z§D}
—(1=a)( F0000_7E+1)+Z+ZT—%+ﬁ( )] : (3.4)
£ (p) = (ZCF [ {log (m+p?)] - (1-Z§mg [1+Z§D}
—(4—-a) (Foooo—yE+1)+ZM+ﬁ(a)] . (3.5)

Here, Z+ZT =0.7737683(12), ZM = 13.242431(11), and Fopoo — Y& + 1 = 4.7920095689746(13)
are numerical results for the Feynman diagrams obtained using the VEGAS algorithm [7].
The inverse quark propagator S~! can now be expressed as

ST=S"—2(p) ==i(1 =) P (mu®1) (1 =Z2) mo(1®1) 4. (3.6)

As usual, this form holds to all orders in perturbation theory, although here we use only the one
loop form of X ».

4. Results for Zy in the RI-MOM scheme

Using the Ward identity following from the conservation of the vector current (which holds
also with staggered fermions) one can derive the following identity for Z, in the RI-MOM scheme [8]:

4.1
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Substituting Eq. (3.6) into this result we find

, 0L (p
Zq:( Z Pp 9pp )

Similarly, implementing the RI'-MOM scheme of Ref. [8] (as has been done with staggered fermions
in Ref. [9]) we find

4.2)

p’2:,u2

4.3)

z,= (1-x:(p))

The result differs only in the absence of the last term in Eq. (4.2).

p/2:“2

Combining results for X in Eq. (3.4) in the chiral limit (mg = 0) with the master formulae
Egs. (4.2) and (4.3) we obtain the one-loop results for Z, and Z;:

— g°Cr 3 _ a2 u> 1 a
Zy(w) =1={ [Z+ZT 5+ ><1og[ wl+3 X>+ﬁ< )}, (4.4)
/ 2CF 3 2.2
Zy(u)=1- ) [Z+ZT—2—|—(1— o) (log [a*u?] —X)—l—ﬁ(a)] , 4.5)

where X = Fyooo — ¥£ + 1.

To evaluate Z, and Z; for scales u far from 1/a, we use the horizontal matching method of
Refs. [10, 11]. We first set y = 1/a in the one-loop results, and then evolve Z, from p = 1/a
to the final scale uy with four-loop running, using the results from Ref. [12]. Typically we use
Uo = 2GeV or 3GeV. The result is

) = B0z, =1/0) . Zifu0) = Sz = 1/a), @6)

where the prefactors c¢(ty)/c(i) and ¢’ (uo)/c’(u) are the four-loop RG running factors in the
RI-MOM and RI'-MOM schemes, respectively.
When using these formulae to give numerical values for Z, and Z; we estimate the systematic

error due to truncating the perturbative series at one loop by assuming an (1) coefficient of the
missing o2 term. Specifically, following Ref. [13], we estimate the truncation error to be

EV  ~ZV x a(u=1/a). 4.7

trunc.

Specifically, we use @ (1 = 1/a) in the MS scheme, evaluated from the PDG value for o (Mz)
using four-loop running.

5. Numerical results for Z,

In Fig. 3, we present results for Z, and Z/, evaluated in perturbation theory in Landau gauge,
at three scales: iy = 1/a (blue circles), o = 2GeV (green circles) and py = 3GeV (red circles),
using Eq. (4.6). In Table 1a, we give the corresponding numerical values.

We now compare the results with those obtained using nonperturbatively. We have results
for Z, in the RI-MOM scheme using NPR with HYP-smeared staggered fermions on the MILC
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Figure 3: One loop perturbative results for Z, and ZZI in Landau gauge.
Landau Gauge Feynman Gauge 7 NPR (Landau gauge)
to=2GeV o =3GeV | o =2GeV o =73GeV ‘ Lo = 2GeV Lo = 3GeV
Z4 1.02(11) 1.00(11) 1.14(12) 1.09(12) Yu®1 1.0548(59)(229) 1.0392(58)(226)
Z, | 1.01(11) 0.99(11) 1.15(12) 1.09(12) Yus @& | 1.0319(61)(229)  1.0166(61)(226)
(a) One-loop perturbation theory (b) NPR
Table 1: Results on Z, and Z(’I at o =2GeV and 3GeV.
L LA AL DL B BN IR LNLELELES B AL RN LA LN AL
S, One-loop O One-loop
-0~ NPRY,®1 - NPR v, ®1
-~ NPR Yp5®§5 o NPR Y“5®E5
PR T S S [N TN SR T TN AT TR TN S S T SR SO S T N S S S PO T ST S N TR TR ST S (NN SN ST T SN SN ST ST ST S T S S W1
0.8 0.9 1 1.1 1.2 1.3 0.8 0.9 1 1.1 1.2 1.3
Z§MOM (2Gev) 2§"MOM (3Gev)
(a) up =2GeV (b) yp =3GeV

Figure 4: Comparison of results for Z, (1) between one-loop perturbation theory and NPR.

asqtad

coarse lattice ensemble 2064{21b676m010m050, for which 1/a = 1.657(2)GeV [14, 15].

We present these results in Table 1b. Here, NPR ¥, @1 (Y5 ® &s) indicates results for Z, obtained
using the conserved vector (axial) current. The errors are, respectively, statistical and systematic.

A

graphical comparison is shown in Fig. 4. We find that all the results are consistent within

the quoted uncertainties, with the results from NPR being significantly more accurate.
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