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Production cross sections of heavy quarkonia are considered as useful tools to study various as-
pects of QCD. We have entered a new era of quarkonium production phenomenology, with the
help of new measurements from the LHC giving access to more varieties of observables, and re-
cent theoretical developments that provided us a better understanding of the short-distance process
in which quarkonia are produced. With a more concrete understanding of perturbative corrections
and a prolific collection of data, a satisfactory description of the quarkonium production mecha-
nism might now be within reach. Unfortunately, the exact mechanism of quarkonium production
still remains elusive. Even analyses based on the same formalism can lead to different descrip-
tions of the production process and give contradicting predictions of processes involving heavy
quarkonia. This implies that there are much more physics yet to be understood and much work yet
to be done in quarkonium production phenomenology. In this paper, we review the current status
of theoretical approaches and discuss possible strategies that may improve our understanding of
heavy quarkonium production.
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1. Introduction

The many faces of QCD not only provide us a rich collection of phenomena to be understood
but also a multitude of useful tools to study them. Hard processes producing heavy quarkonia,
which are bound states of a heavy quark Q and a heavy antiquark Q̄, belong to both categories;
while the hard scale lets us probe the perturbative side of QCD, the formation of heavy quarkonium
states involves physics at scales comparable or less than ΛQCD. Hence, heavy quarkonia are useful
laboratories to study the interplay between perturbative and nonperturbative aspects of QCD [1, 2].
Moreover, many heavy quarkonia have clean decay channels that enable precision measurements
in colliders. Especially, the heavy quarkonium states with JPC = 1−− such as the J/ψ , ψ(2S), and
the ϒ(nS) can decay into lepton pairs. A good understanding of the heavy quarkonium production
mechanism is also important in other areas of QCD, such as the study of the quark-gluon plasma,
where the J/ψ production cross sections in heavy ion collisions are used to probe the hot and dense
phase of QCD [3]. The production mechanism of heavy quarkonia even has important phenomeno-
logical implications for beyond the standard model physics models with strongly interacting bound
states [4].

A heavy quarkonium production process involves several distinguishable scales: there are the
perturbative scales, which are the scale of the hard process and the scale of the heavy quark mass
m, and there are the scales where QCD turns nonperturbative, which are the momentum mv and
the kinetic energy mv2 of the heavy quark inside the heavy quarkonium. Here, v is the typical
velocity of the heavy quark inside the meson in the meson rest frame. For charmonium, v2 ≈ 0.3,
while for bottomonium, v2 ≈ 0.1. When physical processes involve more than one scale that are
strongly separated, the appropriate tool to study such processes are effective field theories. By
integrating out the scales above mv, we obtain nonrelativistic QCD (NRQCD) [5, 6]. In NRQCD,
the nonperturbative physics of scales mv and mv2 are contained in the NRQCD long-distance matrix
elements (LDMEs), while the perturbative physics involving scales m and above are captured in
the corresponding short-distance coefficients (SDCs).

In NRQCD, the inclusive production cross section of a heavy quarkonium H is given by the
factorization formula [6]

σH = ∑
n

σQQ̄(n)〈0|OH(n)|0〉, (1.1)

where σQQ̄(n) is the SDC given by the inclusive production cross section of a perturbative QQ̄
state in a specific color and angular momentum state n, and 〈0|OH(n)|0〉 is the NRQCD LDME
that governs the evolution of the QQ̄ in the color and angular momentum state n into the heavy
quarkonium H. The LDMEs have known scalings with v, and the sum over n can be organized in
powers of v. In practice, the sum is truncated at a desired accuracy in v. If NRQCD factorization
holds in the form of Eq. (1.1), the LDMEs are universal, process-independent quantities that depend
only on the properties of the quarkonium H. A theoretical prediction of a quarkonium production
cross section requires perturbative calculations of the SDCs and nonperturbative determinations of
the LDMEs. There have been great effort to make theoretical predictions for the production of J/ψ ,
partly due to the availability of experimental data over a wide range of kinematical configurations
(see, for example, Ref. [2] and references therein).
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In present-day phenomenology of J/ψ production, the factorization formula is usually trun-
cated at relative order v4. At leading order in v, the factorization formula involves the production of
cc̄ in the color-singlet, spin-triplet S-wave state (3S[1]1 ). Through order v4, the factorization formula
also involves the cc̄ in the color-octet spin-singlet S-wave state (1S[8]0 ), in the color-octet spin-triplet
S-wave state (3S[8]1 ), and in the color-octet spin-triplet P-wave states (3P[8]

J ) with J = 0,1,2. Due
to the approximate heavy-quark spin symmetry of NRQCD, the three color-octet P-wave LDMEs
〈0|OJ/ψ(3P[8]

J )|0〉 can be given in terms of 〈0|OJ/ψ(3P[8]
0 )|0〉. Therefore, to relative order-v4 ac-

curacy, the production cross section of J/ψ involves four NRQCD LDMEs and the correspond-
ing SDCs. While the color-singlet LDME 〈0|OJ/ψ(3S[1]1 )|0〉 can be obtained from decay rates of
J/ψ , computed from potential models, or measured using lattice QCD, it is not yet known how to
compute the color-octet LDMEs from first principles. Hence, the color-octet LDMEs are usually
determined by comparing Eq. (1.1) with data.

Inclusive production cross section of J/ψ have been measured in many experiments. For
phenomenological studies, single J/ψ inclusive cross sections as functions of the transverse mo-
mentum pT are preferred because a positive definite pT gives rise to a natural choice of the hard
scale as pT or mT =

√
p2

T +m2
J/ψ

, where mJ/ψ is the J/ψ mass. The measured pT -differential

cross sections include the processes e+e− → J/ψ + X by the Belle experiment at KEKB [7],
e+e−→ e+e−+ J/ψ +X (two-photon scattering) by DELPHI at LEP II [8], ep→ J/ψ +X (pho-
toproduction) by H1 and Zeus at HERA [9, 10, 11], and the hadroproduction pp̄ → J/ψ + X
by CDF at Tevatron [12, 13], pp→ J/ψ +X by PHENIX and STAR at RHIC [14, 15], and by
CMS [16, 17, 18, 19], ATLAS [20, 21], ALICE [22, 23, 24, 25], and LHCb [26, 27, 28] exper-
iments at the LHC. The SDCs for these processes have been computed to next-to-leading order
(NLO) in αs [29, 30, 31, 32, 33, 34, 35, 36, 37]. Currently, there are a number of determinations of
J/ψ LDMEs available in literature that are based on the NLO SDCs. Among them, we introduce
and compare four representative examples from Refs. [34, 35, 38, 39] that are based on the cross
section measurements in Sec. 2. In Sec. 3, we compare the measurements and predictions of other
observables that can serve as tests of the LDME determinations. We summarize in Sec. 4.

2. Determination of NRQCD LDMEs from cross section data

In this section, we present four representative examples of NRQCD LDME determinations
from Refs. [34, 35, 38, 39], which are based on the SDCs at NLO accuracy. In these determina-
tions, the color-octet LDMEs have been obtained by comparing the NRQCD factorization formula
(1.1) with cross section measurements, while the color-singlet LDME have been taken from other
determinations. Also, in these determinations, the feed-down contributions to the J/ψ cross sec-
tion from decays of ψ(2S), χc1 and χc2 have been taken into account. In Refs. [35, 39], the color-
singlet LDME was taken to be the value 〈0|OJ/ψ(3S[1]1 )|0〉= 1.32 GeV3 which was determined in
Ref. [40], and in Refs. [34, 38], the value 〈0|OJ/ψ(3S[1]1 )|0〉= 1.16 GeV3 from Ref. [41] was used.
The difference between the two values is insignificant compared to the uncertainties in the SDC for
the color-singlet channel, and hence, it is fair to say that the employed values of the color-singlet
LDME are consistent with each other. Meanwhile, there are considerable differences in the color-
octet LDMEs. We show the color-octet LDMEs from Refs. [34, 35, 39] in Table 1, and present the
color-octet LDMEs from Ref. [38] below.
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〈0|OJ/ψ(1S[8]0 )|0〉 (GeV3) 〈0|OJ/ψ(3S[8]1 )|0〉 (GeV3) 〈0|OJ/ψ(3P[8]
0 )|0〉 (GeV5)

Ref. [34] (9.7±0.9)×10−2 (−0.46±0.13)×10−2 (−2.1±0.6)×10−2

Ref. [35] (3.04±0.35)×10−2 (1.68±0.46)×10−3 (−9.08±1.61)×10−3

Ref. [39] (1.10±0.14)×10−1 (−7.13±3.64)×10−3 (−7.03±3.40)×10−3

Table 1: Various determinations of color-octet NRQCD LDMEs for J/ψ .

In Ref. [38], only certain linear combinations of the color-octet LDMEs could be determined,
and the authors of Ref. [38] determined ranges of the LDMEs by assuming that all 3 color-octet
LDMEs are positive. This leads to 0 < 〈0|OJ/ψ(1S[8]0 )|0〉 < (7.4± 1.9)× 10−2 GeV3, (0.05±
0.02)×10−2 GeV3 < 〈0|OJ/ψ(3S[8]1 )|0〉< (1.11±0.27)×10−2 GeV3, and 0< 〈0|OJ/ψ(3P[8]

0 )|0〉<
(4.27± 1.10)× 10−2 GeV5. The values of these LDMEs are correlated in a way that when
〈0|OJ/ψ(3P[8]

0 )|0〉 reaches its maximum value, 〈0|OJ/ψ(3S[8]1 )|0〉 is also maximized, while the
LDME 〈0|OJ/ψ(1S[8]0 )|0〉 becomes zero. In the opposite limit where 〈0|OJ/ψ(3P[8]

0 )|0〉 vanishes,
〈0|OJ/ψ(1S[8]0 )|0〉 reaches its maximum, while 〈0|OJ/ψ(3S[8]1 )|0〉 is minimized. Note that the as-
sumption in Ref. [38] that all LDMEs are positive is in tension with the determinations in Refs. [34,
35, 39], where one or more of the color-octet LDMEs are negative.

The determination in Ref. [35] is a global fit of a number of measurements, including hadropro-
duction from PHENIX [14] at RHIC, CDF at Tevatron I [12] and Tevatron II [13], CMS [16], AT-
LAS [20], ALICE [22], and LHCb [26] at the LHC, photoproduction from ZEUS [9] and H1 [10] at
HERA I and H1 [11] at HERA II, the two-photon scattering from DELPHI [8] at LEP II, and e+e−

annihilation from Belle [7] at KEKB. The authors of Ref. [35] excluded data with pT < 1 GeV for
photoproduction and two-photon scattering, and data with pT < 3 GeV for hadroproduction since
the authors determined that the perturbative calculations of the SDCs are not reliable in those kine-
matical ranges. With the exception of hadroproduction, for most of the measurements considered
in Ref. [35], the pT of J/ψ does not exceed 10 GeV.

On the other hand, the LDME determinations in Refs. [34, 38, 39] are based on the hadropro-
duction data only. The LDME determination in Ref. [34] is based on the CDF [13] and LHCb [26]
cross section measurements. In Ref. [38], the J/ψ LDMEs were estimated from the CDF data [13].
The extraction in Ref. [39] used CDF [13] and CMS [17, 18] data. The authors of Ref. [39] in-
cluded, in addition to the SDCs at NLO accuracy, the leading-power (LP) fragmentation corrections
including the leading logarithms of pT/mc resummed to all orders in αs that have significant impact
on the shape of the SDCs in pT . Here, mc is the mass of the charm quark. In Refs. [34, 38], the data
with pT < 7 GeV was not considered in fit, whereas in Ref. [39], only data with pT > 10 GeV was
used. These pT cuts are considerably higher than what was employed in Ref. [35], and removes
most of the photoproduction data and data from lepton colliders from consideration. It has been
found that the LDMEs extracted from high-pT hadroproduction data are in conflict with the H1
photoproduction data and the Belle data [42, 43].

The hadroproduction data employed in Refs. [34, 38, 39] are over wide kinematical ranges,
where the pT of J/ψ can even exceed 100 GeV. Since the pT cuts employed in Refs. [34, 38, 39]
are larger than mJ/ψ , we can understand the shape of the pT -differential cross section from its
expansion in powers of 1/pT . The LP contribution, which scales like dσLP/d p2

T ∼ 1/p4
T , is given
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by the LP fragmentation, where a single energetic parton produced in a hard process evolves into a
quarkonium [44]. The next-to-leading power (NLP) contribution, which scales like dσNLP/d p2

T ∼
1/p6

T , is given by NLP fragmentation, where a pair of energetic partons produced in a hard process
evolves into a quarkonium [45, 46, 47]. The LP (NLP) fragmentation contribution is given by the
convolution of the hard part and the single(double)-parton fragmentation function. The SDCs can
also be approximated by linear combinations of the LP and the NLP fragmentation contributions,
where the fragmentation functions govern the evolution of the partons into the QQ̄ of specific color
and angular momentum states [48]. In the 1S[8]0 and 3P[8]

0 channels, the SDCs at leading order in
αs do not contain LP fragmentation contributions, and in those channels, the LP fragmentation
contributions first appear at NLO in αs [49]. Hence, the NLO correction to the SDCs are enhanced
by p2

T/m2
c , and the NLO K factors are large and depend strongly on pT . However, since the NLO

SDCs already contain LP fragmentation contributions, corrections of higher orders in αs can no
longer receive enhancements from powers of pT/mc.

It is well known that at large pT , the contribution from the 3S[1]1 channel severely underesti-
mates the hadroproduction data [50]. This can also be understood from the expansion in powers of
1/pT . The 3S[1]1 channel does not have a LP contribution until NLO in αs. However, even at NLO,
the LP fragmentation contribution only involves the fragmentation of a charm quark. In the hard
process, the production rate of an energetic charm quark is suppressed compared to the production
rate of a gluon or a light quark. Hence, it is not until NNLO in αs that the 3S[1]1 channel receives
a sizable contribution from LP fragmentation. On the other hand the color-octet channels receive
LP fragmentation contributions from LO (3S[8]1 channel) and NLO (1S[8]0 and 3P[8]

0 channels), and
when compared to the color-singlet channel, the suppression from powers of v can be overcome
by enhancement from inverse powers of αs at the scale of pT . In all LDME determinations in
Refs. [34, 35, 38, 39], the contributions from the color-octet channels dominate the hadroproduc-
tion rate.

The color-octet LDMEs in Refs. [34, 39] have uncertainties that are strongly correlated. In
Ref. [38], only two linear combinations of the three color-octet LDMEs could be determined,
and the ranges of the LDMEs were constrained by requiring the positivity of all three color-octet
LDMEs. These imply that hadroproduction data cannot constrain all three color-octet LDMEs
strongly. The origin of this problem is the fact that the three SDCs corresponding to the three color-
octet LDMEs are approximately linearly dependent [31]. Since each SDC can also be approximated
by a linear combination of the LP and the NLP fragmentation contributions, there is always an
approximate linear dependence between three SDCs at large pT . In the next section, we will
discuss the efforts to further constrain the ranges of the matrix elements from Ref. [38] by using
other measurements as constraints.

It is worth noting that, in the LDME extractions in Refs. [34, 38, 39], the color-octet LDMEs
〈0|OJ/ψ(3S[8]1 )|0〉 and 〈0|OJ/ψ(3P[8]

0 )|0〉 have same signs. The SDCs for the 3S[8]1 and 3P[8]
0 chan-

nels have large leading-power contributions compared to the next-to-leading power contributions,
and the shapes of the SDCs in pT are incompatible with hadroproduction data. Therefore it is
necessary that the either the sum of contributions from the two channels are small, or there should
be large cancellations between the contributions in order to describe the large-pT data. Since the
SDCs for the 3S[8]1 and 3P[8]

0 channels have opposite signs at large pT , for cancellations to occur,
the corresponding LDMEs need to have same signs as in Refs. [34, 38, 39]. On the other hand,
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the color-octet LDMEs 〈0|OJ/ψ(3S[8]1 )|0〉 and 〈0|OJ/ψ(3P[8]
0 )|0〉 have opposite signs in Ref. [35],

and so, the contributions from those channels add at large pT . These qualitative differences in
the color-octet LDMEs have interesting implications in the prediction of other observables. For
example, for hadroproduction and photoproduction at pT comparable to mJ/ψ , the SDCs for the
3S[8]1 and 3P[8]

0 channels are both positive. Hence, positive color-octet LDMEs 〈0|OJ/ψ(3S[8]1 )|0〉
and 〈0|OJ/ψ(3P[8]

0 )|0〉 can enhance the cross section when pT is comparable to mJ/ψ , and lead to
overestimation of the cross section [42]. Comparison between the predictions of LDME determi-
nations for other observables such as the polarization of J/ψ produced in hadron colliders will be
discussed in the next section.

3. Comparison with other observables

The large number of J/ψ produced in hadron colliders give us access to observables other
than the production rate. These observables can be sensitive to the color-octet LDMEs in a dif-
ferent combination than the cross sections, and can provide independent tests of the color-octet
LDMEs. In this section we consider three such examples that have been measured at the LHC : the
polarization of J/ψ , the momentum distribution of J/ψ inside a jet, and the production rate of ηc.

3.1 Polarization of J/ψ

The polarization of J/ψ can be measured from the angular distribution of the muon pairs from
the decay of J/ψ in the meson rest frame. The axis that defines the polarization of J/ψ is usually
chosen to be the direction of the boost from the lab frame to the rest frame of the J/ψ : such
choice is called the center-of-mass helicity frame. The polarization of J/ψ have been measured
by CDF [51, 52] at Tevatron, and by ALICE [53, 54], CMS [55], and LHCb [56, 57] at the LHC.
While the CDF Run I [51] and Run II [52] measurements are incompatible with each other, the
measurements at the LHC are in reasonable agreement and imply that the J/ψ’s produced in pp
collisions are almost unpolarized.

The polarization of J/ψ is sensitive to the color-octet LDMEs. At large pT , the J/ψ produced
in the 3S[8]1 and 3P[8]

0 channels have strong transverse polarization, while the 1S[8]0 channel produces
unpolarized J/ψ , because the 1S[8]0 state is isotropic. Hence, in order to produce unpolarized J/ψ ,
either the 1S[8]0 channel should dominate the cross section, or the contributions form 3S[8]1 and 3P[8]

0
channels must have large cancellations so that the production rate of transversely polarized J/ψ

is reduced. Hence, the color-octet LDMEs determined in Refs. [34, 38, 39], which feature large
cancellations between the contributions from the 3S[8]1 and 3P[8]

0 channels in the cross section, lead to
predictions of small or almost vanishing J/ψ polarization at large pT . In contrast, the color-octet
LDMEs determined in Ref. [35] lead to a prediction of transversely polarized J/ψ at large pT ,
because in Ref. [35], the contributions from 3S[8]1 and 3P[8]

0 channels add and enhance the transverse
cross section at large pT [33, 42, 58]. This prediction does not agree with measurements at the
LHC [55].

In Ref. [32], the authors presented a set of color-octet LDMEs that were constrained by fitting
the high-pT CDF cross section and polarization data simultaneously. This simultaneous fit leads
to a large 〈0|OJ/ψ(1S[8]0 )|0〉, while 〈0|OJ/ψ(3S[8]1 )|0〉 and 〈0|OJ/ψ(3P[8]

0 )|0〉 are small and positive.

5
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This result is compatible with the ranges of color-octet LDMEs obtained by the same authors in
Ref. [38], while having much narrower ranges, and therefore the LDMEs in Ref. [32] can lead to
more concrete predictions of observables. These LDMEs predict slightly longitudinal J/ψ at the
LHC, which is in tension with Ref. [38], which predicts slightly transverse J/ψ at the LHC.

3.2 Momentum distribution of J/ψ in jet

Another useful observable is the momentum distribution of a J/ψ in a jet [59]. The momen-
tum distribution can be measured as a function of z, which is the fraction of the momentum of J/ψ

compared to the momentum of the jet. The shape of this distribution is sensitive to the color-octet
LDMEs; the 3S[8]1 and 3P[8]

0 channels have distributions that rise as z→ 1, while in the 1S[8]0 channel,
the distribution falls as z→ 1. So far, the LHCb [60] and CMS [61] have measured the momentum
distribution of J/ψ in jet. Both measurements have a common feature that the distribution falls as
z→ 1. Since 3S[8]1 and 3P[8]

0 channels have rising distributions as z→ 1, in order to have a falling
distribution as z→ 1 we need a large cancellation between the 3S[8]1 and 3P[8]

0 channels, or the 1S[8]0
channel must dominate the cross section. In Ref. [62], the authors presented a calculation of the
momentum distribution of J/ψ in jet based on the fragmenting jet functions (FJF) formalism devel-
oped in Ref. [63]. The results from the FJF formalism are found to agree with calculations based on
PYTHIA with modifications to properly accommodate the gluon fragmentation process [62, 64].
The authors of Ref. [62] made predictions based on three independent determinations of color-octet
LDMEs based on the NLO calculation of the SDCs : LDME set 1 is from Refs. [35, 42], which is
determined from the global fit of J/ψ inclusive cross sections without considering feed-down con-
tributions. LDME set 2 is from Ref. [32], where the LDMEs were obtained by fitting the high-pT

CDF cross section and polarization data simultaneously. LDME set 2 is compatible with Ref. [38].
Finally, LDME set 3 from Ref. [49], where the LDMEs were obtained from high-pT cross section
data from CDF and CMS, were also considered. The LDMEs in set 3 are compatible with those
in Ref. [39]. Recall that, in Refs. [31, 38, 39], there are large cancellations between the 3S[8]1 and
3P[8]

0 channels, and in Ref. [39], the 1S[8]0 channel dominates the hadroproduction cross section. The
same holds true for LDME sets 2 and 3, so that the resulting distributions fall as z→ 1; the overall
shapes of the distributions are in reasonable agreement with data [62]. On the other hand, it was
shown in Ref. [62] that the LDME set 1 gives a much flatter distribution that disagrees with data.
It has not been reported whether the full ranges of color-octet LDMEs from Ref. [38] lead to a
concrete prediction of the J/ψ momentum distribution in jet.

3.3 Production rate of ηc

Due to the approximate heavy-quark spin symmetry of NRQCD, the LDMEs for the produc-
tion of J/ψ can be related with the LDMEs for the production of ηc [6]. Hence, a determination
of J/ψ LDMEs leads to prediction of the ηc production rate. The pT -differential cross section
of ηc has been measured by LHCb [65], and so, this measurement can serve as a test of the J/ψ

production mechanism.
The ηc production cross section involves at leading order in v the color-singlet spin-singlet

channel (1S[1]0 ), and through relative order v4 the three color-octet channels 3S[8]1 , 1P[8]
1 , and 1S[8]0 .

The corresponding LDMEs can be obtained from J/ψ LDMEs that differ by one unit of spin, with
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appropriate conversion factors obtained from spin multiplicities of the LDMEs. On the other hand,
the behavior of the SDCs are different from the case of J/ψ hadroproduction; for ηc hadroproduc-
tion at large pT , the SDC for the color-singlet channel does not have the same strong suppression
from αs as the color-singlet SDC for the J/ψ , and even the contribution from the color-singlet
channel is large enough to fully accommodate the ηc hadroproduction data [66]. Moreover, the
SDCs for the color-octet channels are positive for all channels, and so, the color-octet LDMEs
that lead to large cancellations in the J/ψ production rate can give large enhancements to the ηc

production rate. Also, since the SDC for the 3S[8]1 channel is much larger than the SDC for the
1S[8]0 channel, if the LDME 〈0|OJ/ψ(1S[8]0 )|0〉 ≈ 〈0|Oηc(3S[8]1 )|0〉 is large, the contribution from the
3S[8]1 channel to the ηc cross section can be much larger than the contribution from the 1S[8]0 channel
to the J/ψ cross section. Hence, if the J/ψ production cross section is dominated by the 1S[8]0

channel, the ηc cross section will be strongly enhanced by the 3S[8]1 channel.
The authors of Ref. [66] found that, the LDMEs from the global fit of J/ψ cross sections [35],

the LDMEs from simultaneous fit to production rate and polarization of J/ψ at the Tevatron [32],
and the LDMEs from J/ψ hadroproduction data [34, 49] lead to predictions that overestimate
the ηc cross section data. The LDMEs from Ref. [38], which were obtained from the CDF J/ψ

cross section data with the positivity assumption, is found to be compatible with data [67, 68]. In
Refs. [67, 68], it has been shown to be possible to reduce the ranges of the color-octet LDMEs in
Ref. [38] by using the ηc cross section data. However, the LDMEs determined in Refs. [67, 68]
have much smaller values of 〈0|OJ/ψ(1S[8]0 )|0〉, and are in conflict with the LDMEs from Ref. [32]
determined from the CDF cross section and polarization data. Also, the authors of Ref. [66] have
pointed out that the prediction for the J/ψ polarization based on the LDMEs in Ref. [67] is in
tension with the LHC data.

4. Summary and outlook

In this paper we have reviewed the current status of J/ψ production phenomenology based on
the NRQCD factorization formalism. A prediction based on the NRQCD factorization formalism
requires knowledge of the short-distance coefficients, which are perturbatively calculable, and the
long-distance matrix elements, which are nonperturbative quantities. Since it is not known how
to compute color-octet long-distance matrix elements, they are usually determined phenomeno-
logically by comparing the NRQCD factorization formula with measurements. We presented four
representative examples of the long-distance matrix element determinations from cross section
measurements, based on the state-of-the-art calculations of the short-distance coefficients at next-
to-leading order accuracy. The long-distance matrix elements determined from different choices of
data can disagree with one another, and none of the determinations are able to give a comprehen-
sive description of the important observables, such as the cross section measurements at various
kinematical configurations, polarization, momentum distribution of J/ψ in jet, and the ηc cross
section data at the LHC, at a satisfactory level. It is therefore unclear whether a prediction of an
observable based a specific determination of the long-distance matrix elements can be regarded
trustworthy, except for cases where the observable is insensitive to specific values of the color-
octet long-distance matrix elements at the current level of experimental accuracy (see, for example,
Ref. [69]).
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One may question the reliability of the perturbative expansion of the short-distance coeffi-
cients. At small pT , αs becomes large, while at pT much larger than mc, large corrections enhanced
by powers and logarithms of pT/mc may appear. In both cases, the convergence of the perturbation
series can be spoiled. However, the next-to-leading order corrections to the short-distance coeffi-
cients show that, when pT is of the order of the mass of the J/ψ , the corrections are moderate in
size [30, 31]. While the next-to-leading order corrections are large and have strong dependencies
in pT when pT is much larger than mc, these large corrections are well understood in terms of the
factorized expansion in powers of 1/pT [48]. And, from the factorization theorems of perturbative
QCD [44], we do not expect large corrections enhanced by even more powers of pT/mc to appear
at higher orders in αs. Furthermore, it has been shown that the resummation of leading logarithms
of pT/mc does not impact the shape of the short-distance coefficients significantly within the kine-
matical ranges where data is currently available [39, 49]. Hence, it is doubtful that higher-order
corrections in αs can affect the short-distance coefficients significantly at large pT . It is still pos-
sible that higher order corrections in αs change the relative sizes of contributions at leading power
and next-to-leading power in 1/pT and change the shape of the short-distance coefficients, which
would affect the determinations of long-distance matrix elements from data. While a complete
calculation of next-to-next-to-leading order corrections is currently out of reach, there have been
some progress in the calculation of the single-parton fragmentation functions for the 1S[1]0 and 1S[8]0
channels to next-to-leading order in αs [70, 71, 72], which allow us to compute the next-to-next-
to-leading order correction to the short-distance coefficients for those channels at leading power in
1/pT .

Since in J/ψ hadroproduction, the color-octet channels have larger contributions to the cross
section than the color-singlet channel, one may also doubt the convergence of the expansion in
powers of the velocity v. Including contributions of higher orders in v in the factorization formula
(1.1) would result in a huge increase of nonperturbative unknowns, and consequently, a loss of
predictive power. It should be noted, however, that none of the determinations of the J/ψ long-
distance matrix elements that we considered violate the velocity-power counting, as in all cases,
the color-octet long-distance matrix elements are at least an order of magnitude smaller than the
color-singlet matrix element, which is consistent with v4≈ 0.1. The enhancement of the color-octet
channel contributions is of dynamical origin, and is process dependent; in J/ψ photoproduction or
ηc hadroproduction, we do not see such a dramatic suppression of the color-singlet channel contri-
bution. An alternate formulation devised to improve the convergence of the velocity expansion has
been suggested in Ref. [73].

In Refs. [74, 75, 76], the authors employed the color glass condensate framework [77, 78, 79,
80] to describe J/ψ hadroproduction for pT comparable to, or even smaller than, the J/ψ mass,
where the short-distance process is sensitive to the proton structure at very small Bjorken x. Based
on the long-distance matrix elements determined in Ref. [32], where all color-octet long-distance
matrix elements are positive, the authors found good agreement with LHC data for both cross sec-
tion and polarization at small pT . This is in contrast with Ref. [35], where the standard collinear
factorization was used to describe hadron collisions with parton distribution functions; in Ref. [35],
the authors found that the color-octet long-distance matrix element must have different signs in or-
der to describe low-pT cross section data. This may hint that for J/ψ hadroproduction at small pT ,
collinear factorization might be unsuitable for describing hadron collisions. It is however yet un-
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known whether there would be such large corrections to photoproduction at HERA, or production
processes in lepton colliders.

So far, studies of the color-octet long-distance matrix elements were limited to phenomeno-
logical determinations. It is therefore highly desirable to have a constraint, or even a calcula-
tion, of the long-distance matrix elements from first principles. Recent developments such as
the possible lattice calculation of parton distribution functions [81, 82, 83, 84] give hope that a
first-principles determination of nonperturbative NRQCD long-distance matrix elements might be
achievable through a thorough investigation of nonrelativistic effective field theories and lattice
QCD. For example, the potential NRQCD effective field theory [85], through the separation of
scales mv and mv2, can reveal previously unknown properties and symmetries of the NRQCD long-
distance matrix elements, and may give rise to formulations of the long-distance matrix elements
that can be computed in lattice QCD.
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