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We report about an ongoing lattice field theory project concerned with the investigation of heavy
hybrid mesons. In particular we discuss our computation of the structure of hybrid static potential
flux tubes in SU(2) lattice Yang-Mills theory, which is based on the squares of the chromoelectric
and chromomagnetic field strength components. Our flux tube results for hybrid static potential
+
−
quantum numbers Σ−
g , Σu , Σu , Πg , Πu , ∆g , ∆u are significantly different compared to the flux
tube of the ordinary static potential.
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1. Introduction

2. Theoretical basics of the computation of hybrid static potentials and flux tubes
We study hybrid mesons with a static quark Q and a static antiquark Q̄, which are treated
as spinless color charges. Since their positions are frozen, symmetries and quantum numbers are
different from the usual classification via J PC . There are three quantum numbers (for a more
detailed discussion cf. e.g. [19, 20]).
• The absolute value of total angular momentum with respect to the QQ̄ separation axis (in this
.
.
.
work the z axis): Λ ∈ {Σ = 0, Π = 1, ∆ = 2, . . .}.
.
.
• The eigenvalue of parity combined with charge conjugation P ◦ C : η ∈ {g = +, u = −}.
• The eigenvalue of the spatial reflection along an axis perpendicular to the QQ̄ separation axis
Px (in this work the x axis): ε ∈ {+, −}.
After computing ordinary rectangular Wilson loops W (r,t) with spatial extents r (corresponding to the QQ̄ separation) and temporal extents t on an ensemble of gauge link configurations, the
ordinary static potential with quantum numbers Λεη = Σ+
g can be extracted using


1
hW (r,t)i
VΣ+g (r) = lim VΣ+g ,eff (r,t) , VΣ+g ,eff (r,t) = ln
.
(2.1)
t→∞
a
W (r,t + a)
In practice one typically fits a constant in a plateau-like region at larger values of t for given r to
obtain VΣ+g (r).
The computation of hybrid static potentials VΛεη (r) is quite similar. One has to replace the
spatial parts of an ordinary Wilson loop, which are straight lines of gauge links, by more complex
structures, which generate quantum numbers Λεη different from Σ+
g . A general prescription to
η
construct a trial state with quantum numbers Λε is given by

  
 3
1
iπΛk
πk
1 + η(P ◦ C ) + εPx + ηε(P ◦ C )Px ∑ exp
R
OS |Ωi .
|Ψhybrid,Λεη i =
4
2
2
k=0
(2.2)

1
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Quark-antiquark systems with excited gluons are called hybrid mesons. Hybrid mesons are
not limited to quark model quantum numbers J PC with P = (−1)L+1 and C = (−1)L+S , where
L ∈ {0, 1, 2, . . .} is the orbital angular momentum and S ∈ {0, 1} is the quark spin. Hybrid mesons
are and will be investigated by ongoing and future experiments, e.g. the GlueX and the PANDA
experiments (for a review cf. [1]. Also on the theoretical side there is currently a lot of activity, to
improve our understanding of hybrid mesons and other exotic hadrons (for a review cf. [2]).
A common approach in lattice gauge theory to study hybrid mesons is to compute hybrid static
potentials and related quantities, e.g. the gluonic distribution around a static quark-antiquark pair
with non-trivial quantum numbers. For existing lattice work on hybrid static potentials cf. e.g.
[3, 4, 5, 6, 7, 8, 9, 10]. Very recently also hybrid static potential flux tubes have been computed
[11, 12, 13]. Lattice gauge theory results on hybrid static potentials are often used as input in
effective field theory or phenomenological approaches, e.g. to predict the spectrum of heavy hybrid
mesons in the Born-Oppenheimer approximation (cf. e.g. [14, 15, 16, 17, 18]).
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R denotes a rotation around the QQ̄ separation axis and OS is a non-straight path of spatial gauge
links connecting the quark and the antiquark. Example operators OS , which we use to compute
the flux tubes, are shown in Figure 1. The computation of the potentials is done with a highly
optimized and very large set of different operators, which is discussed in detail in a very recent
publication [21].

Σ−
u

∆g , Πu

Πg

∆u

Figure 1: Operators OS used to construct hybrid static potential trial states with quantum numbers
Λεη via eq. (2.2) for the flux tube computations.
To get insights on the gluonic distribution inside hybrid mesons we compute the squares of
the chromoelectric and chromomagnetic field strength components in presence of a static quarkantiquark pair with quantum numbers Λεη and subtract the corresponding vacuum expectation values,


hW · P0 j (t/2, x)i
2
2
2
∆E j ≡ hE j (x) iQQ̄ − hE j ivac ∝
− hP0 j i
(2.3)
hW i


hW · Pkl (t/2, x)i
∆B2j ≡ hB j (x)2 iQQ̄ − hB2j ivac ∝ hPkl i −
,
(2.4)
hW i
where j, k, l ∈ {1, 2, 3}, W denotes a generalized Wilson loop (i.e. spatial parts replaced by linear
combinations of OS according to eq. (2.2)) and Pµν the plaquette.

3. Numerical results for hybrid static potentials
Computations have been performed on 5 500 SU(3) gauge link configurations generated with
the Wilson plaquette action using the Chroma QCD library [22]. The lattice volume is 48 × 243 .
We have used gauge coupling β = 6.0, which corresponds to lattice spacing a ≈ 0.093 fm, when
2
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Figure 2: The ordinary static potential (Σ+
g ) and its first excitation (Σg ) as well as the hybrid static
−
+
−
potentials with quantum numbers Σg , Σu , Σu , Πg , Πu , ∆g , ∆u in units of r0 = 0.5 fm.

4. Numerical results for hybrid static potential flux tubes
Computations have been performed on 13 000 SU(2) gauge link configurations generated with
the Wilson plaquette action. The lattice volume is 184 . We have used gauge coupling β = 2.5,
which corresponds to lattice spacing a ≈ 0.073 fm, when identifying r0 with 0.5 fm. The discretization of E 2j and B2j at a given spacetime point is done by averaging over the four adjacent
3
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identifying r0 with 0.5 fm. To improve the quality of the signal, temporal links are HYP2 smeared,
while spatial links are APE smeared with parameters tuned to optimize the ground state overlaps.
0+
The resulting ordinary static potential (Σ+
g ) and its first excitation (Σg ) as well as the hybrid
−
+
static potentials with quantum numbers Σ−
g , Σu , Σu , Πg , Πu , ∆g , ∆u are shown in Figure 2. They
are plotted in units of r0 to allow a straightforward comparison to results from the literature, in
particular to [3, 6], which are frequently used in recent publications (cf. e.g. [15, 16]) and seem
to be the most accurate lattice results for hybrid static potentials, which are currently available.
A detailed discussion is given in a very recent publication [21], where we also provide numerical
values for all data points.
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Figure 3: ∆E 2j and ∆B2j for the ordinary static potential (Λεη = Σ+
g ) on the separation axis and the
mediator axis.
As already observed in [12], the field strength components of the ordinary and of hybrid static
potentials are essentially the same in the vicinity of the static quarks. Therefore, we focus on results
on the mediator axis. In Figure 4 we compare the squared field strength components of the ordinary
ε
− + −
static potential (Λεη = Σ+
g ) and the hybrid static potentials with Λη = Σg , Σu , Σu , Πg , Πu , ∆g , ∆u .
Clearly, there are significant qualitative differences between these flux tube profiles. For example,
the Πu sector exhibits zero crossings for all six field strength components, while in the other sectors
4
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and correspondingly oriented plaquettes, i.e. by clover leaf-like combinations of gauge links. As
before, spatial links are APE smeared with parameters tuned to optimize the ground state overlaps.
In the following results a rather small temporal separation of t = 2 was used to get a favorable
signal-to-noise ratio. This leads to results that contain contributions from the first excited states in
addition to the ground state. Results using larger separations t do not show discrepancies within
their errors, confirming shown results qualitatively.
In Figure 3 we show the squared field strength components ∆E 2 and ∆B2 (eqs. (2.3) and (2.4))
for the ordinary static potential (Λεη = Σ+
g ) on the QQ̄ separation axis and the mediator axis, i.e.
an axis perpendicular to the separation axis centered between the quark and the antiquark. The
results on the separation axis are generated without HYP2 smeared temporal links, because such a
smearing enhances lattice discretization errors in the vicinity of the static quarks. For the results
on the mediator axis HYP2 smeared temporal links are used.
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such zero crossings are not present. Another example is the Πg sector, where ∆Ex2 is dominating,
while in many other sectors ∆Ez2 is dominating. Note that ∆Ex2 = ∆Ey2 and ∆Ex2 = ∆Ey2 only for
Λ = Σ, as one can show analytically.
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Figure 4: ∆E 2j and ∆B2j for the ordinary static potential (Λεη = Σ+
g )and the hybrid static potentials
ε
−
+
−
with Λη = Σg , Σu , Σu , Πg , Πu , ∆g , ∆u on the mediator axis.
To exhibit the difference of the hybrid static potential flux tubes to that of the ordinary static
potential, we show ∆E 2j,Λεη − ∆E 2j,Σ+ and ∆B2j,Λεη − ∆B2j,Σ+ in Figure 5. One can see that the domig

g

nance of ∆Ez2 is much weaker for the hybrid static potentials than for the ordinary static potential.
Moreover, the chromomagnetic field strength components are enhanced for the hybrid static potentials. We interpret this localization of chromomagnetic flux as gluons generating the hybrid
quantum numbers.

While we have found that it is numerically advantageous to use spatially extended creation
operators (cf. e.g. Figure 1), it is also possible and common to consider local operators, which are
inserted at the center of a straight parallel transporter connecting the static quark and the static
antiquark. An example is the pNRQCD investigation [15], where these local insertions are listed
in Table I (they are also included in Figure 5 of this work). It is interesting to note that the field
strength components we have computed show similarities to these local operators, in particular for
ε
−
Λεη = Σ−
u , Πg , Πu . For example for Λη = Σu the local operator is r̂ · B = Bz , which is consistent
with our Figure 5, where the dominating squared field strength component is ∆B2z
5
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Figure 5: ∆E 2j,Λεη − ∆E 2j,Σ+ and ∆B2j,Λεη − ∆B2j,Σ+ for the hybrid static potentials with Λεη =
g

g

+ −
Σ−
g , Σu , Σu , Πg , Πu , ∆g , ∆u on the mediator axis.
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