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1. Isospin Breaking in Weak Decay Constants from Isospin-Violating Quark Masses

The comparatively small but definitely nonzero difference of the masses of up and down quarks
(md−mu)(2 GeV)≈ 2.5 MeV [1] causes a mismatch of the leptonic decay constants ofheavy–light
mesons. We discuss this phenomenon, for the case of theD, D∗, B, andB∗ mesons, by considering a
target-oriented limiting case [2–5] of the standard formulation of the QCD sum-rule framework [6].

2. QCD Sum-Rule Approach to Mesons, Borel Transformation, Local-Duality Limit

To begin with, let us rather cursorily recall the QCD sum-rule description [6] of hadron systems
formed by the strong interactions. Consider a heavy–light meson bound state(q̄Q), in the following
generically calledHq, of a heavy quarkQ= c,b of massmQ, and a light quarkq= u,d,sof massmq.

For any such meson, the basic characteristics presently in the focus of our interest are its mass,MHq,

and its leptonic decay constant,fHq. Meson properties of this kind are related, by QCD sum rules,to
the fundamental parameters of the underlying quantum field theory, QCD,viz., strong fine-structure
couplingαs, quark masses, and vacuum condensates〈q̄q〉, . . . , reflecting the nonperturbative side of
the coin. Application of a Borel transformation from momentum to a new variable dubbed the Borel
parameter,τ , casts the QCD sum rules in the focus of our efforts into a particularly convenient form:

f 2
Hq

(
M2

Hq

)N
exp(−M2

Hq
τ) =

s(N)
eff (τ ,mQ,mq,αs)∫

(mQ+mq)2

dsexp(−sτ)sN ρ(s,mQ,mq,αs |msea)

+Π(N)
power(τ ,mQ,mq,αs,〈q̄q〉, . . . ) . (2.1)

The right-hand side of this relation involves a variety of ingredients governed, in principle, by QCD:

• The spectral densityρ(s,mQ,mq,αs |msea) encompasses all purely perturbative contributions,
derivable by series expansion in powers ofαs(µ) (depending on the renormalization scaleµ),

ρ(s,mQ,mq,αs|msea) = ρ0(s,mQ,mq)+
αs(µ)

π
ρ1(s,mQ,mq,µ)

+
α2

s (µ)
π2 ρ2(s,mQ,mq,µ |msea)+O(α3

s ) . (2.2)

Starting at orderα2
s , it depends also on the masses of all sea quarks, collectively labelledmsea.

• The power correctionsΠ(N)
power(τ ,mQ,mq,αs,〈q̄q〉, . . . ) describe nonperturbative contributions

by means of vacuum condensates of products of quark and gluonfields, brought into the game
by Wilson’s operator product expansion [7], accompanied bypowers ofτ , whence that name.

• The effective thresholds(N)
eff (τ ,mQ,mq,αs) delimits, as its lower boundary, the range of values

of our integration variableswhere, according to the postulate of global quark–hadron duality,
mutual cancellation of perturbative-QCD and hadron contributions takes place. This quantity
definitely depends, in general, also on the Borel parameterτ [8–12]. Taking into account itsτ
dependence increases considerably the accuracy of one’s QCD sum-rule predictions [13–16].

• The non-negative integerN= 0,1,2, . . . can be used to optimize the study: it decides upon the
share of power corrections and effective threshold in the entire nonperturbative contributions.
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The Borel parameterτ is a free variable yet to be determined or chosen. Within the formulation
of conventional Borelized QCD sum rules, the meaningful region of τ gets constrained, from below,
by insisting on a utilizably large ground-state contribution and, from above, by requiring reasonably
small power-correction contributions. In contrast, the local-duality limit is defined by lettingτ → 0.

If, for a convenient choice ofN, all power corrections vanish in the local-duality limit, that is, if

lim
τ→0

Π(N̂)
power(τ ,mQ,mq,αs,〈q̄q〉, . . . ) = 0 for someN̂ ,

the generic Borelized QCD sum rule (2.1) reduces to a spectral integral over its perturbative density:

f 2
Hq

(
M2

Hq

)N̂
=

s(N̂)
eff (mQ,mq,αs)∫

(mQ+mq)2

dssN̂ ρ(s,mQ,mq,αs|msea) , (2.3)

s(N̂)
eff (mQ,mq,αs)≡ s(N̂)

eff (0,mQ,mq,αs) .

In this case, the effective thresholds(N̂)
eff (mQ,mq,αs)must take care of all the nonperturbative effects.

3. Illustrative Special Case: Pseudoscalar and Vector-Meson Weak Decay Constants

Let us now boil down the general QCD sum-rule approach to mesons briefly sketched in Sect. 2
to our actual targets, heavy-light pseudoscalar and vectormesons,i.e., Hq =Pq,Vq, of momentump.
Their weak decay constants,fPq,Vq, result from matrix elements of the relevant axial-vector or vector
heavy–light quark current: for a pseudoscalar mesonPq, its leptonic decay constantfPq is defined by

〈0| q̄(0)γµ γ5 Q(0) |Pq(p)〉= i fPq pµ ;

for a vector mesonVq, with polarization vectorεµ(p), its weak decay constantfVq can be found from

〈0| q̄(0)γµ Q(0) |Vq(p)〉= fVq MVq εµ(p) .

For all such mesons, the spectral densities are available upto orderO(αsmq) andO(α2
s m0

q) [17–20].
The applicability of the local-duality limit is endangeredby the potential existence of terms of order

τN−2 log(τ) (3.1)

in the power corrections. Accordingly, let us inspect, in Figs. 1 and 2, for the casesN= 0,1,2,3, the
τ dependence of the power corrections and spectral densities, the former being suitably redefined by

Π(N)
power(τ)≡ Π(N)

power(τ , . . . )
exp(M2

Hq
τ)

(
M2

Hq

)N . (3.2)

In accordance with the behaviour expectable from expression (3.1), all the power corrections vanish
for N= 0, approach a finite value forN=1, and develop a singularity forN= 2,3 in the limitτ →0:

lim
τ→0

Π(0)
power(τ ,mQ,mq,αs,〈q̄q〉, . . . ) = 0 ,

lim
τ→0

|Π(1)
power(τ ,mQ,mq,αs,〈q̄ q〉, . . . )|< ∞ ,

lim
τ→0

|Π(2,3)
power(τ ,mQ,mq,αs,〈q̄ q〉, . . . )|= ∞ .

The local-duality limit ofN̂= 0 QCD sum rules for pseudoscalar and vector mesons is well-defined.
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Figure 1: Pseudoscalar mesons:τ dependence of (a) power corrections (3.2) and (b) effectivethresholds(N)
eff .

ChoosingN̂= 0 simplifies the QCD sum rule (2.3) to a relation for only the decay constantfHq:

f 2
Hq

=

seff(mQ,mq,αs)∫

(mQ+mq)2

dsρHq(s,mQ,mq,αs |msea)≡ H̥q(seff(mq),mq |msea) , Hq = Pq,Vq . (3.3)

We denote the function encoding all light-quark-mass dependence by the Greek letter̥(digamma).

4. Strong Isospin Breaking in Charmed- and Bottom-Meson Weak Decay Constants

Heavy–light-meson decay-constant studies [21–25] relying on the conventional QCD sum-rule
framework with Borel-parameter-upgraded effective threshold draw the behaviour of the latter from
knowledge about mesonmassesin our focus. In the local-duality approach, upon noting that [2,4,5]
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Figure 2: Vector mesons:τ dependence of (a) the power corrections (3.2) and (b) the effective thresholds(N)
eff .

in the difference of heavy–light decay constants the dependence on the strange sea quarks drops out,

H̥d(seff(md),md |msea)− H̥u(seff(mu),mu |msea)

= H̥d(seff(md),md |msea= 0)− H̥u(seff(mu),mu |msea= 0)+O

(
α2

s

π2 (md −mu)

)
, (4.1)

we adjust the functionfH(mq) of a continuously varyingmq, normalized to its averagefH(mud) with
mud≡ 1

2 (mu+md), for several ansatzes of increasing degree of sophistication for the problem’s core

zeff ≡
√

seff −mQ−mq , (4.2)

to related lattice-QCD resultsfH(mud) and fH(ms) at a physical quark mass [26,27]. Figures 3 and 4
then yield, in nearly perfect agreement with the conventional findings [28], thefHq differences [2–5]
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Figure 3: Behaviour of the decay constantsf
D
(∗)
q

≡ f
D
(∗)
q
(mq) of charmed pseudoscalar and vector mesons, in

units of fD(∗) ≡ f
D
(∗)
q
(mud), for the light-quark massmq varying in the interval(0,ms), resulting from the three

ansatzes considered by Ref. [2] (dubbed “constant”, “linear” and “linear + chiral”) for our effective-threshold
functionzeff defined in Eq. (4.2) [2–5], compared with the results of a conventional QCD sum-rule study [28].
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Figure 4: Behaviour of the decay constantsf
B
(∗)
q

≡ f
B
(∗)
q
(mq) of both pseudoscalar and vector bottom mesons,

in units of fB(∗) ≡ f
B
(∗)
q
(mud), for the light-quark massmq varying in the interval(0,ms), arising from the three

ansatzes considered by Ref. [2] (dubbed “constant”, “linear” and “linear + chiral”) for our effective-threshold
functionzeff defined in Eq. (4.2) [2–5], compared with the results of a conventional QCD sum-rule study [28].
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fD± − fD0 = (0.96±0.09) MeV , fD∗± − fD∗0 = (1.18±0.35) MeV ,

fB0 − fB± = (1.01±0.10) MeV , fB∗0 − fB∗± = (0.89±0.30) MeV .
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