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The typical binding energy of heavy hadron spectroscopy makes the system accessible to per-
turbative calculations in terms of non-relativistic QCD. Within NRQCD the predictions of heavy
quarkonium energy levels rely on the accurate description of the static QCD potential VQCD(r).
Historically, heavy quarkonium spectroscopy was studied using phenomenological approaches
such as the Cornell model VCornell = −κ/r + σ r, which assumes a short-distance dominant
Coulomb potential plus a liner rising potential that emerges at long distances. Such model works
reasonably well in describing the charmonium and bottomonium spectroscopy. However, even
when there are physically-motivated arguments for the construction of the Cornell model, there is
no conection a priori with QCD parameters.
Based on a previous work on heavy meson spectroscopy, we calibrate the Cornell model with
NRQCD predictions for the lowest lying bottomonium states at N3LO, in which the bottom mass
is varied within a wide range. We show that the Cornell model mass parameter can be identified
with the low-scale short-distance MSR mass at the scale R = 1 GeV. This identification holds for
any value of αs or the bottom mass. For moderate values of r, the NRQCD and Cornell static
potentials are in head-on agreement when switching the pole mass to the MSR scheme, which
allows to simultaneously cancel the renormalon and sum up large logarithms.
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1. Introduction

The so-called November Revolution in 1974 [1, 2] triggered numerous theoretical developments
in hadron spectroscopy. Non-relativistic phenomenological models were justified due to the large
mass of the charm and bottom quarks inside mesons, and counterbalanced the lack of development
of Quantum Chromodynamics (QCD) for heavy quarkonium systems at that time. Among those
early studies we highlight the works of Eichten [3], Godfrey [4], Stanley [5] or Bhanot [6], which
employed an unified and simple framework to phenomenologically study both light- and heavy-
meson spectroscopy.

Those aforementioned phenomenological models considered quarks as low-energy spectators,
which interact through flavor-independent gluonic degrees of freedom. The short-distance interac-
tion is assumed to be of perturbative nature, dominated by a single t-channel gluon exchange (that
is, a Coulomb interaction proportional to αs, the strong coupling constant at some scale). At long
distances, non-perturbative effects are expected to emerge, and are modelled with a linear confining
interaction, confirmed by lattice QCD calculations [7]. Hence, the simplest quark model for heavy
quarkonium is the so-called Cornell potential :

VCor(r) = σ r − CF αCornell
s

r
. (1.1)

Here αCornell
s and σ are purely phenomenological constants of the model with, at first glance, no

direct connection with QCD parameters. CF is the first SU(Nc) Casimir [CF = (N2
c −1)/(2Nc) =

4/3 for Nc = 3 ].

Despite of its simplicity and “ad hoc” construction, such model is able to reproduce the heavy
quarkonium spectra, which suggests that a relation, even vague, may exist between the Cornell
model and the more theoretically-solid non-relativistic QCD (NRQCD). NRQCD [8] is obtained
from QCD by integrating out the heavy quark mass mQ. A perturbative matching can be per-
formed exploiting that mQ � ΛQCD, so NRQCD inherits all the light degrees of freedom from
QCD. However, NRQCD mixes soft and ultrasoft scales, complicating the power-counting. Solu-
tions to this problem appeared with the development of different EFTs such as velocity NRQCD
(vNRQCD) [9] and potential NRQCD (pNRQCD) [10, 11], which describe the interactions of a
non-relativistic system with ultrasoft gluons, systematically organizing the perturbative expansions
in αs and the velocity of heavy quarks. Such EFTs only include the relevant degrees of freedom
for QQ systems near threshold, integrating out the rest of degrees of freedom.

In this work we explore the connection between the simplest realization of the Cornell model
against NRQCD. To that end we compare the mass of the lowest-lying QQ bound states, observ-
ables that can be reliably predicted both in the theory and the model, varying the quark mass and the
strong coupling constant. We show that the Cornell potential agrees for large values of r with the
QCD static potential once the latter is expressed in terms of the MSR mass and improved with all-
order resummation of large renormalon-related logs via R-evolution [12]. Our R-improved static
potential also compares nicely with lattice QCD simulations from Refs. [13, 14].

A more complete description of the methods and further results can be found in Ref. [15].
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2. Cornell Potential and QCD Static Potential for QQ

As mentioned above, our main goal is to compare the Cornell potential predictions with NRQCD,
so relations among QCD fundamental constants and Cornell model parameters can be obtained.

On the one hand, the Schrödinger equation for the Cornell potential of Eq. (1.1) is solved
numerically using the Numerov algorithm [16], from where we calculate the mass of the bound
states. However, such potential is not sufficient to predict the ϒ(1S)−ηb(1S) or χbJ multiplet (with
J = {0,1,2}) mass splittings. Further spin dependence is needed in the Cornell static potential. For
that reason, it is important to add 1/m2

Q terms to take into account the spin-spin, spin-orbit and
tensor interactions, breaking the leading power degeneracy [17]. Such contributions emerge from
the s-channel gluon exchange and the leading relativistic corrections of the t-channel gluon and
confinement interactions [4] :

V OGE
SS (r) =

8αCornell
s

9m2
Q r2 (~S1 ·~S2)δ (r) , V OGE

LS (r) =
2αCornell

s

m2
Q r3 (~L ·~S) , (2.1)

V CON
LS (r) =− σ

2m2
Q r

(~L ·~S) , V OGE
T (r) =

αCornell
s

3m2
Q r3 S12 ,

being ~S =~S1 +~S2 the total spin,~L the relative orbital momentum and S12 the tensor operator of the
QQ bound state, defined as S12 = 2(~S1 · r̂)(~S2 · r̂)− (~S1 ·~S2), with r̂ =~r/r. With no significant loss
of precision, such contributions can be calculated using first-order perturbation theory, given the
large mass of the heavy quark.

Using the above potential we are able to fit the parameters to the low-lying experimental bot-
tomonium spectrum, those with np = {1,2}, whose masses are taken from the PDG [18]. Such fit
gives the values :

{mCornell
b , σ , α

Cornell
s }= {4.733±0.018GeV , 0.207±0.011GeV2 , 0.356±0.015} (2.2)

where the uncertainties correspond to the 68% confidence level for each parameter. Given the
extremely precise nature of the experimental masses, the uncertainties on the parameters that come
out of the fit are penalized, increasing their values by the square root of the reduced χ2 at its
minimum.

On the other hand, within NRQCD we can define the static potential as the color-neutral in-
teraction between two infinitely heavy color-triplet states. Such potential has been calculated up to
O(α4

s ), at which point the potential becomes time-dependent and the static approximation breaks
down. Such feature derives in a dependence on the “ultrasoft” scale µus.

In position space and taking the charm quark as massless, the perturbative contribution to the
static QCD potential can be written as follows :

V (n`)
QCD(r,µ)=−CF

α
(n`)
s (µ)

r ∑
i=0

i

∑
j=0

(
α
(n`)
s (µ)

4π

)i

ai, j(n`) log j(r µ eγE )− 9CF

4π
α
(n`)
s (µ)4 1

r
log(µus r) ,

(2.3)
where the coefficients ai,0 are known to four loops [19, 20] and ai, j>0 can be derived from the
former requiring that VQCD does not depend on µ :

ai, j(n`) =
2
j

i

∑
k= j

k ak−1, j−1(n`)βi−k(n`) . (2.4)
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The last term in Eq. (2.3) depends on the ultrasoft factorization scale µus. Following e.g.
Ref. [21], we will take the following expression for the ultrasoft factorization scale :

µus =
Nc

2
µ α

(n`)
s (µ) , (2.5)

that takes into account the power counting of pNRQCD [10, 11].
If we plot the Cornell potential versus the QCD static potential (Fig. 2) we appreciate a bad

perturbative behaviour of the latter, visible as a vertical shift of the potential in the region between
0.05fm and 0.2fm between different orders. Indeed, this is a clear manifestation of the u = 1/2
renormalon of the QCD static potential, which is r-independent, depending only on the coeffi-
cients of the QCD beta function. Furthermore, no addition of further orders brings the QCD static
potential closer to the Cornell model.

It is important, thus, to cancel the static QCD potential renormalon, which exactly matches that
of the pole mass except for a −2 factor, so that the static energy Estat(r,µ) = 2mpole

Q +VQCD(r,µ)
is renormalon free. A standard approach is to re-write the pole mass in terms of a short-distance
scheme to make the cancellation manifest. For the cancellation to take place one also needs to
express the perturbative series δmSD

Q [ Eq. (2.6) ] that relates the pole mass with a short-distance
mass mSD

Q in terms of αs(µ). When done so, powers of log(µ/R) 1 in δmSD
Q will emerge which

may become large if µ and R are very different. Besides, from the static QCD potential definition
in Eq. (2.3), µ should depend on r such that log(r µ eγE ) ∼ O(1), therefore mass schemes with a
fixed value of R, such as the MS, are disfavored.

In order to avoid the canonical µ = 1/r to rapidly acquire values in the non-perturbative region,
we smoothly freeze it to 1GeV once it reaches this value, using a transition function between
r = 0.08fm and 0.2fm [15]. Fig. 1 shows a graphical representation of the “profile function”, as
will be referred to. This scale setting is similar to those implemented in the renormalon-subtracted
scheme at Refs. [22, 23, 24], but with a smoother transition between the canonical and frozen
regimes.

0 0.1 0.2 0.3 0.4 0.5
0.5

1.0

1.5

2.0

2.5

Figure 1: Dependence of the static po-
tential renormalization scale in Eq. (2.3)
with r. In solid blue the profile function is
shown, while dashed green and dashed red
show the behavior for small (1/r) and large
(constant) r, respectively. The positions
in which the piece-wise function changes
its functional form are signaled by vertical
dashed black lines.

Following Ref. [25] we use the MSR mass [12] and choose µ = R to simultaneously minimize
logs in the potential and in δmMSR

Q . The MSR mass scheme was created as a natural extension of
the MS mass for renormalization scales below the heavy quark mass. It can be directly defined
from the MS-pole mass relation :

1We denote R as the infrared scale of the short-distance mass.
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δmMSR
Q ≡ mpole

Q −mMSR
Q (R) = R

∞

∑
n=1

n

∑
k=0

dn,k(n`)
(

α
(n`)
s (µ)

4π

)n

lnk
(

µ

R

)
, (2.6)

where we see that, apart from the logarithmic dependence on the scale µ , a logarithmic and linear
dependence on an infrared scale R appears. The dn,0 > are derived from the MS-pole mass relation,
and depend on the specific method to change from a scheme with (n`+ 1) dynamical flavors to
another with only n`. On the one hand, the practical MSR mass (MSRp) employs the threshold
matching relations of the strong coupling to express α

(n`+1)
s (m) in terms of α

(n`)
s (m) and, on the

other hand, the natural MSR mass (MSRn) directly integrates out the heavy quark Q from the
MS-pole relation, setting to zero all diagrams containing heavy quark loops.

The R dependence of the MSR mass is described by :

− d
dR

mMSR
Q (R) = γ

R[α
(n`)
s (R)] =

∞

∑
n=0

γ
R
n

(
α
(n`)
s (R)
4π

)n+1

, (2.7)

where γR
n (n`) = dn+1,0(n`)−2∑

n−1
j=0(n− j)β j(n`)dn− j,0(n`) are the R-anomalous dimension coef-

ficients [12], and the renormalon cancels between the first term and the sum. The solution of the
RGE in Eq. (2.7) sums up powers of log(R1/R2) to all orders in perturbation theory :

∆
MSR(n`,R1,R2)≡ mMSR

Q (R2)−mMSR
Q (R1) =

∫ R2

R1

dRγ
R
n [n`,α

(n`)
s (R)] . (2.8)

Besides, the MSR mass can be easily related to the MS mass at the scale R = mQ(mQ), from where
it can then run down to any value of R < mQ.

Using the previous mass scheme we can define a short-distance potential, which is renormalon
free and independent of the heavy quark mass. It will depend, though, on a fixed scale where the
renormalon is subtracted, denoted as R0. Manipulating the static energy formula we arrive to the
convenient expression :

Estat(r,µ) = 2mpole
Q +VQCD(r,µ) = 2mMSR

Q (R0)+2δmMSR
Q (R0,µ)+VQCD(r,µ)

≡ 2mMSR
Q (R0)+V MSR

QCD (r,µ,R0) . (2.9)

However, to avoid the appearance of large logs of R0/µ in δmMSR
Q (R0,µ) we can use R-evolution

to sum up large logs and express it in terms of δmMSR
Q (R,µ) :

δmMSR
Q (R0) = δmMSR

Q (R0)+δmMSR
Q (R)−δmMSR

Q (R) = δmMSR
Q (R)+mMSR

Q (R)−mMSR
Q (R0)

= δmMSR
Q (R)+∆

MSR(R,R0) . (2.10)

Hence, the following R-improved expression for the MSR-scheme Static QCD Potential can be
written as :

V MSR
QCD (r,µ,R0) =VQCD(r,µ)+2δ

MSR(R,µ)+2∆
MSR(R,R0) . (2.11)

The R-improved static potential is similar to the Renormalon Subtracted scheme used in Ref. [26],
based on [27], and to the analysis of Ref. [28] based on renormalon dominance.
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Figure 2: Comparison of the Cornell potential (dashed black line) with the static QCD potential at N3LO
(red), N2LO (green), NLO (cyan) and LO (blue) for bottomonium. The left panel shows the static QCD po-
tential in the pole scheme, and the right panel uses the MSR scheme with the reference scales R0 = 1GeV.
The parameters of the Cornell potential are fixed to best-reproduce the np = {1,2} experimental bottomo-
nium states [ Eq. (2.2) ], while the Static QCD potential uses the world average value αs(mZ) = 0.1181. The
left plot uses the canonical scale µ = 1/r, but the right plot uses the profile function shown in Fig. 1. Results
for charmonium are shown in Ref. [15].

The result for Eq. (2.11) is shown in Figs. 2 for bottomonium for the value R0 = 1GeV. 2 The
choice of R0 is set so it is identical to the value at which the renormalization scale freezes. We can
see how the static MSR potential converges nicely towards the Cornell model for moderate values
of r. The agreement for large distances improves with each new perturbative order addition. For
larger values of the radius log(rµ) becomes large, as µ freezes, which makes perturbation theory
unreliable. At small distances all orders agree very well due to the small value of αs, but disagree
with the Cornell model. In conclusion, the Cornell model and QCD agree for moderate values of r,
but disagree in the ultraviolet as the model does not incorporate logarithmic modifications due to
the running of αs. An interesting question is, then, if this difference in the UV can be absorbed in
the definition of the quark mass. This confirms the claims of Refs. [28, 29] where, using renormalon
dominance arguments and in the framework of the operator product expansion of pNRQCD, it is
shown that perturbation theory alone should be capable of describing both the Coulomb and linear
behavior of the static potential, and that non-perturbative corrections start at O(Λ3

QCDr2).
The aforementioned R-improved QCD static potential can also be compared to lattice simu-

lations. Our result for σ in Eq. (2.2) is in very nice agreement with the lattice determinations of
Ref. [30] (σ = 0.2098±0.0009GeV2) and Ref. [31] (σ = 0.206±0.010GeV2). The direct com-
parison of αCornell

s parameter and lattice analyses differs by a factor of roughly 2. However, such
result should be taken with caution, as in the static potential at short distances loop corrections
modify the short-distance 1/r behavior. Thus, this discrepancy should be of little concern.

Regarding the static potential, we use the results of Ref [13] with lattice spacing a = 0.04fm.
These range between 0.039fm ≤ r ≤ 0.84fm, with an average relative precision of 2.6%. This
dataset is complemented with results from [14] with a smaller lattice spacing of a = 0.025fm,
covering values of the radius as small as 0.024fm. For the latter we only consider data with

2Results for charmonium are similar and can be found in Ref. [15].
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r ≤ 0.25fm, since uncertainties in Ref. [14] are larger for higher values of r. Furthermore, in
the range 0.024fm≤ r ≤ 0.25fm, Ref. [14] has more density of points than [13]. The full dataset
is shown in Fig. 3 as black dots with error bars. The static potential is only dependent on αs and
an arbitrary additive constant, a vertical offset which can be related to the subtraction scale R0 in
our R-improved version. For that reason, we perform a two-parameter fit to the lattice data of our
R-improved static QCD potential with the scale setting shown in Fig. 1. For this simple comparison
we use µ =R and no large ultrasoft logs resummation. The lattice data is assumed to be statistically
independent, as the correlation matrix is currently unknown. The results of the fit are :

α
(n f =5)
s (mZ) = 0.1168 , R0 = 1.024GeV. (2.12)

Note that the remarkable agreement of the value of R0 to that previously employed to compare
with the Cornell model potential. No fit uncertainties are shown as they would not reflect the actual
accuracy reachable by this procedure. The comparison using the above best-fit values for αs and
R0 is shown as a red line in Fig. 3. The blue line shows the R-improved static QCD potential
with the same values for the parameters, but implementing a fully canonical profile µ = 1/r. Our
profile completely agrees with lattice QCD results up to distances of approximately 1fm, while the
canonical profile behaves in an unphysical manner for r & 0.2fm. Such findings can have a direct
impact on the precise determination of αs constant from fits to lattice simulations.

0.0 0.2 0.4 0.6 0.8

-2.5

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

Figure 3: Comparison of the R-improved
perturbative static potential with lattice
QCD results for n f = 3 dynamical flavors.
We use µ = R, with µ set to the profile
shown in Fig. 1. We determine αs and R0

fitting our pNRQCD theoretical expression
to the lattice simulations [13, 14].

3. Bottomonium spectrum with a floating bottom quark mass

In this section we will describe the procedure to fit the Cornell potential with NRQCD using syn-
thetic spectra with a floating bottomonium mass. This complete bottomonium spectrum, up to
np = 2 for arbitrary mb ≡ mb(mb) is constructed using NRQCD up to N3LO [32]. In the pole mass
scheme [33, 34, 32], the energy of a non-relativistic QQ bound state, univoquely determined by the
(np, j, `,s) quantum numbers and with n` massless active flavors, can be written as : 3

M(n`)
np, j,`,s(µ) = 2mpole

Q

[
1−C2

F α
(n`)
s (µ)2

8n2
p

∞

∑
i=0

(
α
(n`)
s (µ)

4π

)i

ε
i+1Pi(Ln`)

]
, (3.1)

3See Ref. [15] for more details.
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with

Ln` = log
(

npµ

CFα
(n`)
s (µ)mpole

Q

)
+Hnp+` , Pi(L) =

i

∑
j=0

ci, j L j , (3.2)

where Hn is the harmonic number. In Eq. (3.1) ε acts as a bookkeeping parameter that properly
implements the so called ϒ-expansion [35]. The ci,0 coefficients have been computed up to i =
3 [36, 37], while the ci, j>0 coefficients can be directly obtained from the latter ci,0 imposing µ

independence of the quarkonia mass. We denote the sum in Eq. (3.2) truncated to O(εn+1) as the
NnLO result. This formula does not include the resummation of large ultrasoft logarithms. 4

Due to the already discussed u = 1/2 renormalon in the QCD static potential, it is essential
to express the static energy in Eq. (3.1) in terms of a short-distance mass, exactly as in the static
energy. Following the results of Sec. 2 and the analysis in Ref. [25] we will employ the MSR
mass [12] in our analysis.

The final goal of this study is to obtain relations among the Cornell model constants (especially
the Cornell mass) and the QCD fundamental parameters αs and mb. To achieve this, we will
perform a calibration scanning over these two parameters. Specifically, we will create templates of
bottomonium spectra in reasonable ranges of values for the bottom mass and the strong coupling
constant, and from there we will obtain the dependence of the Cornell model parameters in terms of
mb and αs. For the former we will vary the MS mass between 4 and 8GeV in steps of 500MeV. For
the strong coupling constant, we consider α

(n`=5)
s (mZ) between 0.114 and 0.12 for mb = 4.2GeV.

We generate QCD predictions for the np = {1,2} bottomonium states varying the two renor-
malization scales µ and R in a correlated way (see Ref [15] for details). The ranges are selected so
the argument of the logarithm in Eq. (3.2) in the MSR scheme ranges between 1/2 and 2. Indeed,
this range in general depends on the value of mb. Hence, we set a lower limit dependent on the
bottom mass:

µ
min
1 = 0.638GeV+0.209mb , µ

min
2 = 0.510GeV+0.120mb , (3.3)

where the subindex 1, 2 denotes the principal quantum number of the heavy quarkonium state. The
upper limit is fixed to 4GeV, as no dependence of mb is found for µ or R.

Given the synthetic bottomonium spectrum for a specific mb and αs, we will fit the Cornell
model parameters via a simple statistical regression analysis. The generated QCD pseudo-data at
LO, NLO, N2LO and N3LO can be thought of as a set of highly correlated experimental measure-
ments, which makes a traditional χ2 fit with a non-diagonal covariance matrix impossible, due to
the d’Agostini bias. However, the theoretical covariance matrix is the only uncertainty source we
have, so it is impossible to write down a χ2 function. We follow the strategy of Ref. [25], where the
QCD renormalization scales were varied in a correlated way in terms of two dimensionless vari-
ables µn = µmin

n + x(4GeV−µmin
n ), Rn = µmin

n + y(4GeV−µmin
n ), with n = {1,2}, 0≤ {x,y} ≤ 1

and µi defined in Eq. (3.3). The employed regression χ2 function is, then :

χ
2(x,y,mb) =

∑i
(
MQCD

i (x,y,mb)−MCornell
i

)2

χ2
min(x,y)
d.o.f.

, (3.4)

4See Ref. [24] for a recent summation to N3LL precision for P-wave states.
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where, actually, χ2
min(x,y) is known only after the minimization is carried out, but allows the χ2

function to be dimensionless. For a given value of mb, all possible values of {x,y} are scanned, and
the parameters of the Cornell model are determined for each pair. Scanning over all values of mb

and αs, functions of the Cornell model parameters in terms of these QCD fundamental quantities
are obtained.

4. Calibration of Cornell model

First we focus on the dependence of the Cornell mass parameter with the short-distance QCD mass.
For convenience, we have produced our bottomonium spectra as a function of MS mass, although
this scheme should be thought as a coupling constant rather than a kinematic mass. Following the
analysis of Secs. 2, we use the MSR mass with small values of R, which is a kinetic mass free
from renormalon ambiguities. When we calibrate the Cornell mass versus mMSR

b (R = 1GeV) we
observe a linear relation, with a slope very close to (and compatible with) unity (0.995±0.026) and
a constant term compatible with zero (0.05±0.19). Furthermore, this correspondance is achieved
for all considered values of αs and different orders [15]. In Fig. 4 we show the linear relation
at N3LO for the world average value of αs, even though this correspondance is achieved for all
considered values of αs and different perturbative orders.

!

"

#

$

%

! " # $ %

!&'(

&'&

&'(

&')

N3LO

Figure 4: Upper plot : Dependence of the
Cornell mass parameter with the MSR bot-
tom mass at R = 1GeV at N3LO, using the
world average value for the strong coupling
constant.
Lower plot : Difference between the Cor-
nell and MSR masses as a function of
mMSR

b (R = 1GeV).
The error bars represent the quadratic sum
of fit and perturbative uncertainties. The
blue line and band in the upper plot shows
a linear fit to the points, where the indi-
vidual uncertainties are taken as uncorre-
lated. In the lower plot, those correspond
to the weigthed average of the differences
and the regular average of the uncertain-
ties, respectively.

The most relevant result of this work is, however, the difference between the Cornell model
mass parameter and the MSR mass :

mCornell
b = mMSR

b (R = 1GeV)+ [0.023±0.086GeV ] , (4.1)

calculated as the weigthed average of the individual mCornell
b −mMSR

b (1GeV) values, taking the
uncertainty as the regular average of individual uncertainties.
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Finally, we show the dependence of the remaining Cornell parameters, αCornell
s and σ , with the

QCD quantities αs and mMSR
b . The variation of αCornell

s with the latter QCD parameters is shown in
the upper plots of Fig. 5 as blue dots. The red solid line corresponds to the QCD strong coupling
constant evaluated at the non-relativistic scale µNR, chosen so the argument of the log in Eq. (3.2)
is of the order of one. As our fit employs np = {1,2} states, the average value n̄p = 1.5 is taken.
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Figure 5: Dependence of the Cornell parameters αCornell
s (upper two panels) and σ (lower two panels) with

the MSR bottom mass (leftmost two panels) and the QCD coupling constant at the Z-pole (rightmost two
panels). The two upper plots also show, with a solid red line, the strong coupling constant evaluated at a
characteristic non-relativistic scale.

The scale µNR is obtained by choosing R = µ and solving numerically the equation :

CFα
(n f =4)
s (µNR)mMSR

b (µNR) =
3
2

µNR . (4.2)

This scale is determined for different values of α
(n f =5)
s (mZ) and the bottom mass, finding a remark-

able agreement between αCornell
s and α

(n f =4)
s (µNR) within perturbative uncertainties. Besides the

similar order of magnitude, its dependence on mb and αs(mZ) follows the same trend. This simple
analysis disfavors quark models which consider a QCD-like running for αCornell

s , with a scale given
by the reduced mass of the QQ pair.

The lower plots in Fig. 5 represents the dependence of σ with the bottom mass and the strong
coupling constant. It shows a remarkable independence on the bottom mass, as expected for
a static potential. Taking the average of all dots we obtain σCal. = 0.176±0.088GeV2, which
compares well with that obtained from the fit to the bottomonium experimental data in Eq. (2.2)
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σfit = 0.207±0.011GeV2. Regarding the dependence on α
(n f =5)
s (mZ), a small positive correlation

is envisaged, although given the uncertainties no strong conclusions can be drawn. Anyway, some
dependence of σ with αs is expected since, as argued in Refs. [28, 29] and confirmed in Sec. 2 of
this work, the linear rising term in the static potential is of perturbative nature.

References

[1] SLAC-SP-017 collaboration, J. E. Augustin et al., Discovery of a Narrow Resonance in e+e−

Annihilation, Phys. Rev. Lett. 33 (1974) 1406–1408.

[2] E598 collaboration, J. J. Aubert et al., Experimental Observation of a Heavy Particle J, Phys. Rev.
Lett. 33 (1974) 1404–1406.

[3] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane and T.-M. Yan, Charmonium: The Model, Phys.
Rev. D17 (1978) 3090.

[4] S. Godfrey and N. Isgur, Mesons in a Relativized Quark Model with Chromodynamics, Phys. Rev.
D32 (1985) 189–231.

[5] D. P. Stanley and D. Robson, Nonperturbative Potential Model for Light and Heavy Quark
anti-Quark Systems, Phys. Rev. D21 (1980) 3180–3196.

[6] G. Bhanot and S. Rudaz, A New Potential for Quarkonium, Phys. Lett. 78B (1978) 119–124.

[7] TXL, T(X)L collaboration, G. S. Bali, B. Bolder, N. Eicker, T. Lippert, B. Orth, P. Ueberholz et al.,
Static potentials and glueball masses from QCD simulations with Wilson sea quarks, Phys. Rev. D62
(2000) 054503, [hep-lat/0003012].

[8] G. P. Lepage and B. A. Thacker, Effective Lagrangians for Simulating Heavy Quark Systems, Nucl.
Phys. Proc. Suppl. 4 (1988) 199.

[9] M. E. Luke, A. V. Manohar and I. Z. Rothstein, Renormalization group scaling in nonrelativistic
QCD, Phys. Rev. D61 (2000) 074025, [hep-ph/9910209].

[10] A. Pineda and J. Soto, Effective field theory for ultrasoft momenta in NRQCD and NRQED, Nucl.
Phys. Proc. Suppl. 64 (1998) 428–432, [hep-ph/9707481].

[11] N. Brambilla, A. Pineda, J. Soto and A. Vairo, Potential NRQCD: An Effective theory for heavy
quarkonium, Nucl. Phys. B566 (2000) 275, [hep-ph/9907240].

[12] A. H. Hoang, A. Jain, C. Lepenik, V. Mateu, M. Preisser, I. Scimemi et al., The MSR mass and the
O (ΛQCD) renormalon sum rule, JHEP 04 (2018) 003, [1704.01580].

[13] HOTQCD collaboration, A. Bazavov et al., Equation of state in ( 2+1 )-flavor QCD, Phys. Rev. D90
(2014) 094503, [1407.6387].

[14] A. Bazavov, P. Petreczky and J. H. Weber, Equation of State in 2+1 Flavor QCD at High
Temperatures, Phys. Rev. D97 (2018) 014510, [1710.05024].

[15] V. Mateu, P. G. Ortega, D. R. Entem and F. Fernandez, Calibrating the Naïve Cornell Model with
NRQCD, 1811.01982.

[16] B. V. Noumerov, A method of extrapolation of perturbations, Monthly Notices of the Royal
Astronomical Society 84 (1924) 592–602.

[17] A. De Rujula, H. Georgi and S. L. Glashow, Hadron Masses in a Gauge Theory, Phys. Rev. D12
(1975) 147–162.

10

http://dx.doi.org/10.1103/PhysRevLett.33.1406
http://dx.doi.org/10.1103/PhysRevLett.33.1404
http://dx.doi.org/10.1103/PhysRevLett.33.1404
http://dx.doi.org/10.1103/PhysRevD.17.3090, 10.1103/PhysRevD.21.313
http://dx.doi.org/10.1103/PhysRevD.17.3090, 10.1103/PhysRevD.21.313
http://dx.doi.org/10.1103/PhysRevD.32.189
http://dx.doi.org/10.1103/PhysRevD.32.189
http://dx.doi.org/10.1103/PhysRevD.21.3180
http://dx.doi.org/10.1016/0370-2693(78)90362-3
http://dx.doi.org/10.1103/PhysRevD.62.054503
http://dx.doi.org/10.1103/PhysRevD.62.054503
https://arxiv.org/abs/hep-lat/0003012
http://dx.doi.org/10.1016/0920-5632(88)90102-8
http://dx.doi.org/10.1016/0920-5632(88)90102-8
http://dx.doi.org/10.1103/PhysRevD.61.074025
https://arxiv.org/abs/hep-ph/9910209
http://dx.doi.org/10.1016/S0920-5632(97)01102-X
http://dx.doi.org/10.1016/S0920-5632(97)01102-X
https://arxiv.org/abs/hep-ph/9707481
http://dx.doi.org/10.1016/S0550-3213(99)00693-8
https://arxiv.org/abs/hep-ph/9907240
http://dx.doi.org/10.1007/JHEP04(2018)003
https://arxiv.org/abs/1704.01580
http://dx.doi.org/10.1103/PhysRevD.90.094503
http://dx.doi.org/10.1103/PhysRevD.90.094503
https://arxiv.org/abs/1407.6387
http://dx.doi.org/10.1103/PhysRevD.97.014510
https://arxiv.org/abs/1710.05024
https://arxiv.org/abs/1811.01982
http://dx.doi.org/10.1093/mnras/84.8.592
http://dx.doi.org/10.1093/mnras/84.8.592
http://dx.doi.org/10.1103/PhysRevD.12.147
http://dx.doi.org/10.1103/PhysRevD.12.147


P
o
S
(
C
o
n
f
i
n
e
m
e
n
t
2
0
1
8
)
1
2
1

Cornell Model calibration with NRQCD at N3LO Pablo G. Ortega

[18] PARTICLE DATA GROUP collaboration, M. Tanabashi et al., Review of Particle Physics, Phys. Rev.
D98 (2018) 030001.

[19] A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Three-loop static potential, Phys. Rev. Lett. 104
(2010) 112002, [0911.4742].

[20] C. Anzai, Y. Kiyo and Y. Sumino, Static QCD potential at three-loop order, Phys. Rev. Lett. 104
(2010) 112003, [0911.4335].

[21] X. Garcia i Tormo, Review on the determination of αs from the QCD static energy, Mod. Phys. Lett.
A28 (2013) 1330028, [1307.2238].

[22] A. Pineda and J. Segovia, Improved determination of heavy quarkonium magnetic dipole transitions
in potential nonrelativistic QCD, Phys. Rev. D87 (2013) 074024, [1302.3528].

[23] C. Peset, A. Pineda and J. Segovia, The charm/bottom quark mass from heavy quarkonium at N3LO,
1806.05197.

[24] C. Peset, A. Pineda and J. Segovia, P-wave heavy quarkonium spectrum with
next-to-next-to-next-to-leading logarithmic accuracy, 1809.09124.

[25] V. Mateu and P. G. Ortega, Bottom and Charm Mass determinations from global fits to QQ bound
states at N3LO, JHEP 01 (2018) 122, [1711.05755].

[26] N. Brambilla, A. Vairo, X. Garcia i Tormo and J. Soto, The QCD static energy at NNNLL, Phys. Rev.
D80 (2009) 034016, [0906.1390].

[27] A. Pineda, Determination of the bottom quark mass from the ϒ(1S) system, JHEP 06 (2001) 022,
[hep-ph/0105008].

[28] Y. Sumino, QCD potential as a ‘Coulomb plus linear’ potential, Phys. Lett. B571 (2003) 173–183,
[hep-ph/0303120].

[29] Y. Sumino, ‘Coulomb + linear’ form of the static QCD potential in operator product expansion, Phys.
Lett. B595 (2004) 387–392, [hep-ph/0403242].

[30] Y. Koma and M. Koma, Spin-dependent potentials from lattice QCD, Nucl. Phys. B769 (2007)
79–107, [hep-lat/0609078].

[31] T. Kawanai and S. Sasaki, Heavy quarkonium potential from Bethe-Salpeter wave function on the
lattice, Phys. Rev. D89 (2014) 054507, [1311.1253].

[32] Y. Kiyo and Y. Sumino, Full Formula for Heavy Quarkonium Energy Levels at
Next-to-next-to-next-to-leading Order, Nucl. Phys. B889 (2014) 156–191, [1408.5590].

[33] A. A. Penin and M. Steinhauser, Heavy quarkonium spectrum at O(α5
s mq) and bottom / top quark

mass determination, Phys. Lett. B538 (2002) 335–345, [hep-ph/0204290].

[34] M. Beneke, Y. Kiyo and K. Schuller, Third-order Coulomb corrections to the S-wave Green function,
energy levels and wave functions at the origin, Nucl. Phys. B714 (2005) 67–90,
[hep-ph/0501289].

[35] A. H. Hoang, Z. Ligeti and A. V. Manohar, B decays in the upsilon expansion, Phys. Rev. D59 (1999)
074017, [hep-ph/9811239].

[36] N. Brambilla, Y. Sumino and A. Vairo, Quarkonium spectroscopy and perturbative QCD: Massive
quark loop effects, Phys. Rev. D65 (2002) 034001, [hep-ph/0108084].

[37] Y. Kiyo and Y. Sumino, Perturbative heavy quarkonium spectrum at next-to-next-to-next-to-leading
order, Phys. Lett. B730 (2014) 76–80, [1309.6571].

11

http://dx.doi.org/10.1103/PhysRevD.98.030001
http://dx.doi.org/10.1103/PhysRevD.98.030001
http://dx.doi.org/10.1103/PhysRevLett.104.112002
http://dx.doi.org/10.1103/PhysRevLett.104.112002
https://arxiv.org/abs/0911.4742
http://dx.doi.org/10.1103/PhysRevLett.104.112003
http://dx.doi.org/10.1103/PhysRevLett.104.112003
https://arxiv.org/abs/0911.4335
http://dx.doi.org/10.1142/S0217732313300280
http://dx.doi.org/10.1142/S0217732313300280
https://arxiv.org/abs/1307.2238
http://dx.doi.org/10.1103/PhysRevD.87.074024
https://arxiv.org/abs/1302.3528
https://arxiv.org/abs/1806.05197
https://arxiv.org/abs/1809.09124
http://dx.doi.org/10.1007/JHEP01(2018)122
https://arxiv.org/abs/1711.05755
http://dx.doi.org/10.1103/PhysRevD.80.034016
http://dx.doi.org/10.1103/PhysRevD.80.034016
https://arxiv.org/abs/0906.1390
http://dx.doi.org/10.1088/1126-6708/2001/06/022
https://arxiv.org/abs/hep-ph/0105008
http://dx.doi.org/10.1016/j.physletb.2003.05.010
https://arxiv.org/abs/hep-ph/0303120
http://dx.doi.org/10.1016/j.physletb.2004.06.065
http://dx.doi.org/10.1016/j.physletb.2004.06.065
https://arxiv.org/abs/hep-ph/0403242
http://dx.doi.org/10.1016/j.nuclphysb.2007.01.033
http://dx.doi.org/10.1016/j.nuclphysb.2007.01.033
https://arxiv.org/abs/hep-lat/0609078
http://dx.doi.org/10.1103/PhysRevD.89.054507
https://arxiv.org/abs/1311.1253
http://dx.doi.org/10.1016/j.nuclphysb.2014.10.010
https://arxiv.org/abs/1408.5590
http://dx.doi.org/10.1016/S0370-2693(02)02040-3
https://arxiv.org/abs/hep-ph/0204290
http://dx.doi.org/10.1016/j.nuclphysb.2005.02.028
https://arxiv.org/abs/hep-ph/0501289
http://dx.doi.org/10.1103/PhysRevD.59.074017
http://dx.doi.org/10.1103/PhysRevD.59.074017
https://arxiv.org/abs/hep-ph/9811239
http://dx.doi.org/10.1103/PhysRevD.65.034001
https://arxiv.org/abs/hep-ph/0108084
http://dx.doi.org/10.1016/j.physletb.2014.01.030
https://arxiv.org/abs/1309.6571

