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1. Introduction

Bottomonium provides a rich environment for studying QCD in a non-relativistic setting where
the three-velocity v of the bottom quarks is of the same order as the strong coupling constant
αs� 1. This implies a hierarchy between the energy mbv2, the momentum mbv and the mass mb

of the bottom quarks and bottomonium observables receive contributions from several momentum
modes [1]

hard: k0 ∼ mb, k∼ mb,
soft: k0 ∼ mbv, k∼ mbv,
potential: k0 ∼ mbv2, k∼ mbv,
ultrasoft: k0 ∼ mbv2, k∼ mbv2.

This challenging multiscale problem is further complicated by the presence of so-called Coulomb
singularities (αs/v)n ∼ 1 which are caused by ladder-type exchanges of potential (or Coulomb)
gluons shown in Figure 1. These effects are non-perturbatively strong in the non-relativistic count-

e−

e+

b

b̄

. . .

Figure 1: Ladder exchanges of potential gluons in the process e+e−→ bb̄ near the bb̄ production threshold
s∼ 4m2

b where the bottom quark momenta are in the potential region, i.e. non-relativistic.

ing v ∼ αs � 1 and, when resummed to all orders, produce bound-state poles in the e+e− → bb̄
cross section that correspond to the ϒ(NS) states. The effective theory potential non-relativistic
QCD (PNRQCD) [2–5] provides a framework to perform the resummation of the Coulomb singu-
larities and to systematically determine higher-order contributions, and its development has paved
the way for perturbative calculations at the next-to-next-to-next-to-leading order (NNNLO) in the
non-relativistic counting v ∼ αs. Results at this order have recently been obtained for the spec-
trum [6], the leptonic decay ϒ(1S)→ l+l− [7] and the large-n moments of the e+e−→ bb̄X cross
section [8].

PNRQCD is constructed by subsequently integrating out the hard scale mb and the soft scale
mbv and only contains potential bottom quarks ψ and ultrasoft massless modes (gluons, light quarks
and ghosts) as dynamical degrees of freedom. This splits the computation into hard matching
calculations (see e.g. [9]), soft matching calculations (see e.g. [10]) and the calculation of a non-
relativistic Green function G(E) in the effective theory [5,11,12]. The effective Lagrangian for the
latter takes the form

LPNRQCD = ψ
†

(
i∂0 +

∂∂∂
2

2m
+gsA0(t,0)−gsx ·E(t,0)+

∂∂∂
4

8m3

)
ψ +Lantibottom

+
∫

dd−1r
[
ψ

†
a ψb

]
(x+ r)Vab;cd(r,∂ )

[
χ

†
c χd
]
(x)+Lultrasoft,

(1.1)
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where the interaction between the potential bottom-quarks and the ultrasoft gluons has been mul-
tipole expanded in the first line and the second line contains the spatially non-local interactions
between the bottom-antibottom pair which, at leading order, are given by the color-Coulomb po-
tential which corresponds to the ladder exchanges of potential gluons. The last term is a copy of
the QCD Lagrangian which only contains the ultrasoft modes.

Perturbative calculations at NNNLO all implicitly assume that the QCD scale ΛQCD is much
smaller than the ultrasoft scale mbv2. In this situation, first studied by Voloshin and Leutwyler [18–
21], non-perturbative effects appear as a series of local vacuum condensates which are suppressed
by increasing powers of ΛQCD/(mbv2). While the hierarchy is clearly justified for the produc-
tion of top quark pairs near threshold [13–17], we can at best hope that it is valid for a subset of
observables in the bottomonium system. In these proceedings, I present recent work [22] where
the convergence of this approach is assessed by considering higher-order corrections in the expan-
sion in ΛQCD/(mbv2). The phenomenological discussion centers around the determination of the
bottom-quark mass from the bottomonium spectrum or sum rules.

2. Non-perturbative effects as local condensates

When ΛQCD�mbv2, the gluon field in the Lagrangian (1.1) can be split Aµ(t,x) = Aus
µ (t,x)+

Anp
µ (t,x). The leading charge term in the multipole expansion does not contribute which can be

seen immediately by choosing Fock-Schwinger gauge where x ·Anp(t,x) = 0 and Anp
0 (t,0) = 0.

The first non-vanishing interaction is the chromoelectric dipole term

Lnon-perturbative = ψ
† (−gsx ·Enp(0,0)+ . . .)ψ +[antibottom], (2.1)

which can be treated as a perturbation. The non-relativistic Green function

G(E)≡ 〈〈0||||||
(
Ĥ−E− i0

)−1 ||||||0〉〉, (2.2)

must then be computed with the Hamiltonian

Ĥ = Ĥbb̄ + Ĥnp + ĤD + . . . , (2.3)

where Ĥbb̄ is the perturbative bottomonium Hamiltonian, Ĥnp is the Hamiltonian for the non-
perturbative degrees of freedom and ĤD corresponds to the dipole interaction (2.2). Since the
latter is a perturbation the state ||||||0〉〉 factorizes into a bottom-antibottom state |0〉bb̄ at zero spatial
distance and the non-perturbative QCD vacuum state |0〉np. Expansion in ΛQCD yields

G(E) = 〈0|Ĝ(1)
bb̄ (E)|0〉bb̄ +

∞

∑
n=0
〈0|Ĝ(1)

bb̄ (E)x̂
i
[
Ĝ(8)

bb̄ (E)
]1+2n

x̂i Ĝ(1)
bb̄ (E)|0〉bb̄ On + . . . , (2.4)

where
Ĝbb̄(E) =

(
Ĥbb̄−E− i0

)−1 (2.5)

is the perturbative Green function and the vacuum condensates take the form

On = 〈0|
g2

s

18
(Enp)A

i

[
Ĥnp
]2n

(Enp)A
i |0〉np . (2.6)
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gsE
i gsE

j gsE
i gsE

j

Hnp Hnp

Figure 2: Feynman graphs corresponding to the first two terms in the sum (2.4). Single and double lines
denote the color-singlet and color-octet Green functions. Higher orders in the expansion follow by inserting
additional pairs of Ĥnp between the two insertions of the dipole ĤD.

The Feynman graph representation for the non-perturbative contributions is shown in Figure 2. The
first term in the sum in (2.4) has dimension four and the corresponding condensate O0 reduces to the
gluon condensate 〈αs

π
G2〉. This term has already been studied 40 years ago [18–21]. The next term

is of dimension six and has first been computed in [23]. In [22], I have determined the correction
of dimension eight and partial NLO QCD corrections from the insertion of the NLO Coulomb
potential to the dimension four terms, c.f. Figure 3. The determination of ultrasoft corrections
needed to achieve full NLO accuracy is postponed to future work. Details about the calculations
and analytical results have been presented in [22].

δV

+2×

〈αsG
2〉

δV

〈αsG
2〉

Figure 3: Corrections to the dimension four condensate contribution from an insertion of the NLO Coulomb
potential δV . Ultrasoft effects from the diagrams shown in [22] contribute at the same order.

3. Phenomenology

The size of non-perturbative contributions in bottomonium has been strongly disputed as il-
lustrated in Figure 4 where an overview over determinations of the bottom-quark mass from the
spectrum is presented together with the various error estimates for the non-perturbative contribu-
tion. The recent tendency to neglect this source of uncertainty altogether was part of the motivation
for this work. The reason why there has never been consensus about the non-perturbative contribu-
tion is that even the size of the leading-order dimension four part is far from certain. First of all, the
value of the gluon condensate is poorly known [24]. In this analysis we use the SVZ value [25] for
the gluon condensate which translates to OSVZ

0 =−(285 MeV)4 and apply a naive rescaling for the
higher dimensions: Onaive

1 = (285 MeV)6 and Onaive
2 =−(285 MeV)8. To account for uncertainties

we multiply these values with factors that are varied between 0 and 3, 0 and 33/2, and 0 and 32,
respectively. Secondly, the condensate corrections are strongly scale dependent. For instance the

3
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Figure 4: Historical overview of determinations of the bottom-quark MS mass from the bottomonium spec-
trum. The bottom panel shows the non-perturbative correction including the uncertainty estimate where one
was provided. The blue points are based on lattice simulations.

dimension-four contribution to the ϒ(NS) mass takes the form

δ
Λ4

QCD
Mϒ(NS) =−

mbα2
s (µc)C2

F

4N2

(
ẽ(4,0)N +

αs(µc)

4π
ẽ(4,1)N + . . .

)
O0

m4
b (αs(µc)CF)

6 , (3.1)

where µc is the scale in the condensate corrections. We observe that the leading term is proportional
to a large negative power of the strong coupling α−4

s (µc) and its size therefore grows rapidly with
increasing µc. The NLO correction is of the form α−3

s (µc)[c
(4,1)
N − 8β0 ln(Nµc/(mbαs(µc)CF))],

where the logarithm originates from the potential corrections computed in [22] and has the right
prefactor needed to cancel the scale dependence at NLO, and c(4,1)N is independent of µc and only
partially known due to the missing ultrasoft corrections that appear at NLO. We note that the
constant term at NLO is less scale dependent (∝ α−3

s (µc)) than the LO term (∝ α−4
s (µc)), contrary

to the familiar situation where the leading order is proportional to a positive power of the strong
coupling. This allows us to determine the preferred choice for the scale µc from the convergence
of the perturbative expansion from the potential part of the NLO correction alone.

3.1 The ϒ(1S) and ϒ(2S) masses

The perturbative contribution to the ϒ(1S) mass can easily be evaluated with the public library
QQbar_Threshold [17, 26] and takes the form

Mpert
ϒ(1S) (µ = 3 GeV) = (9366+82+4−27)MeV. (3.2)

in the PS mass scheme [27] with the input mPS
b = 4.532+0.013

−0.039 GeV from [8, 28]. The scale depen-
dence is shown in the left plot of Figure 5. The right plot shows the scale behaviour of the con-
densate contributions with the bands being spanned by the range ẽ(4,1us)

1 ∈ [−25,25] for the missing
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Figure 5: The left plot shows the perturbative contribution to the mass of the ϒ(1S) resonance. The curves
in the right plot show the effects of adding the condensate contributions (i, j) cumulatively, where i and j
denote the dimension and perturbative order. The bands are spanned by the uncertainty from the missing
NLO ultrasoft correction at dimension four which is estimated with −25≤ ẽ(4,1us)

1 ≤ 25.

ultrasoft contribution at NLO. The crucial observation is that the convergence of the dimension
four contribution gives a clear preference for scales of the order of 1.2 GeV – independently of the
exact value of the missing ultrasoft term. Taking this as the central scale choice we also observe
good convergence of the higher-dimensional contributions

∆Mcond
ϒ(1S) (µc = 1.2 GeV) =

[
(17−3)

O0

OSVZ
0
−4

O1

Onaive
1

+1
O2

Onaive
2

]
MeV. (3.3)

The sum of the perturbative and condensate contributions

Mϒ(1S) = 9437+61
−114 MeV (3.4)

= 9437+28
−74 (µ)

+25
−75 (mb)

+0
−1 (αs) ±9(mc)±36(µc,us)+29

−14 (O0)
+4
−18 (O1)

+10
−1 (O2) MeV,

agrees well with the experimental value Mexp
ϒ(1S) = 9460.30± 0.26 MeV. Thus finding that all un-

certainties are under control, one can extract the value of the bottom-quark mass from Mϒ(1S). The
result

mb(mb) = 4214±37(pert.)+20
−22 (non-pert.) MeV = 4214+42

−43 MeV. (3.5)

This work ACP'14 KMS'15

MO'17 HRS'12 BMPR'14
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Figure 6: Our value (3.5) for the bottom-quark MS mass compared to other recent results from the spectrum
(ACP’14 [29, 30], KMS’15 [31], MO’17 [32]) and sum rules (HRS’12 [33], BMPR’14 [8, 28]).
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Figure 7: The same as Figure 5 but for the ϒ(2S) mass.

is in good agreement with other recent determinations as shown in Figure 6. While the bulk of the
uncertainty is of perturbative origin, the non-perturbative part is non-negligible and pushes the total
uncertainty up to 1%.

Repeating the analysis for the ϒ(2S) mass, we first note the the convergence of the perturbative
contribution is a lot worse

Mpert
ϒ(2S) (µ = 2 GeV) = (9534+198+154+116)MeV. (3.6)

Figure 7 demonstrates that this observation is independent of the choice of scale. The condensate
contribution is shown in the right plot and shows no sign of convergence, even for very low scales

∆Mcond
ϒ(2S) (µc = 0.8 GeV) =

[
(258−267)

O0

OSVZ
0
−293

O1

Onaive
1

+365
O2

Onaive
2

]
MeV. (3.7)

Thus, it is currently not possible to reliably estimate the non-perturbative contribution for the ex-
cited bottomonium states. Assuming instead ΛQCD ∼ mbv2� mbv the corrections take the form of
non-local condensates, but no phenomenological study exists for this approach.

3.2 The non-relativistic moments

The non-relativistic moments Mn with n & 8 are defined as

Mn ≡
∫

∞

0
ds

Rb(s)
sn+1 =

12π2

n!

(
d

dq2

)n

Πb
(
q2)∣∣∣∣

q2=0
, (3.8)

where Πb is the bottom-quark contribution to the vacuum polarization and Rb(s) = 12π ImΠb(s+
iε) is the normalized bb̄ production cross section in e+e− collisions. For the moments 1/

√
n de-

termines the typical size of the bottom-quark velocity v and the condensate expansion is in powers
of nΛQCD/mb. The perturbative NNNLO result and the leading dimension-four contribution for
the moments have been obtained and discussed in [8, 28]. Here, we only focus on the condensate
corrections which are shown in Figure 8. The scale dependence of the leading-order dimension-
four contribution is given in the upper left plot for a number of moments with n between 8 and 24.
Including the partial NLO corrections from single insertions of the NLO Coulomb potential yields

6
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Figure 8: Relative condensate corrections to various non-relativistic moments. The upper panel shows the
dimension-four contribution at LO and partial NLO rescaled by a factor of 100. The dimension-six and eight
corrections, rescaled by factors of 103 and 105, respectively, are shown below.

the plot on the upper right. We observe good convergence and a significant reduction of the scale
dependence with stable behaviour in the entire range between 1 and 10 GeV. From naive power
counting we expect the condensate expansion to break down for n≈ 16 where nΛQCD ≈mb and the
relative dimension-four contribution is of the order 1/n≈ 0.06 due to the v∼ 1/

√
n suppression for

each of the dipole terms in (2.4). Choosing a low scale µc = 1.5 GeV the dimension-four contribu-
tion indeed suggests a breakdown for n around 20. The dimension-six and eight corrections shown
in the lower panel of Figure 8 are however tiny compared to the dimension-four terms for all con-
sidered values of n (note the different rescaling factors in the plots). We conjecture that the reason
is that the moments are in fact an off-shell quantity defined at q2 = 0 far away from the physical
cut at q2 ≥M2

ϒ(1S), and the off-shellness provides an infrared cutoff on the higher-dimensional con-
tributions. Therefore, it naively appears that moments up to very high n can be reliably described
within the local condensate expansion.

However, the sum rule relies on quark-hadron duality which must be questioned when the
moments are completely saturated by the lowest-lying state as is the case for n = 20 with 95% of
the experimental moment being due to ϒ(1S) [8]. Violations of quark-hadron duality can manifest
as terms of the form exp(−mb/(nΛQCD)) which have a trivial Taylor expansion and therefore do
not show up in the local condensate expansion. Such terms can be caused by the emission of

7
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many soft gluons1 which together carry a hard momentum fraction and can therefore reduce the
off-shellness of the bb̄ system. Thus, we expect that the off-shellness of the moments does not
suppress violations of quark-hadron duality. Given that the dimension-four term suggests that the
expansion breaks down for n≈ 20, we expect that duality violations become relevant in this regime
where exp(−mb/(nΛQCD)) becomes order unity. Therefore, such large values of n should not be
used for the determination of the bottom-quark mass. For n ≈ 10 duality violations are however
exponentially suppressed and the condensate corrections are tiny which clearly demonstrated the
reliability of a purely perturbative approach.

4. Conclusions

I have presented results at higher orders in the local condensate expansion for bottomonium.
For the ϒ(1S) mass good convergence is obtained for the scale choice suggested by the convergence
of the potential NLO corrections. Therefore it is possible to extract the bottom-quark mass from
the experimental value for Mϒ(1S) which yields the result (3.5). While the qualitative conclusion
about the stability of the condensate expansion seems rather robust, the size of the condensate
contribution is affected by sizable uncertainties due to the poorly known condensates, variation of
the scale and the missing ultrasoft correction. Therefore, the non-perturbative uncertainty in the
determination of the bottom-quark mass is non-negligible.

On the other hand we have shown that non-perturbative effects for the non-relativistic moments
Mn of the bottom-pair production cross section are negligible for n ≈ 10 which clearly makes
this the theoretically cleaner approach for the determination of the bottom-quark mass. However,
moments with significantly larger values of n are expected to suffer from the quantitatively poorly
understood violations of quark-hadron duality.
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