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1. Introduction

The central idea of the S-matrix formulation of statistical mechanics by Dashen, Ma, and
Bernstein [1] is to compute an effective density of states based on scattering matrix elements.
When applied to describe the system of interacting hadrons [2], the approach requires the scattering
amplitudes of hadrons as input.

Fortunately a very detailed picture of hadronic interactions has emerged from the impressive
volume of experimental data, carefully analyzed by theory such as chiral perturbation theory [3, 4],
lattice QCD [5], effective hadron models [6] and time-honored potential models [7, 8]. Conse-
quently we acquire very precise information on particle spectra, production mechanisms and decay
properties of typical hadrons and even the exotics [9].

Among the common approaches of computing thermal observables (e.g. the standard imaginary-
time formalism), the S-matrix approach offers the most direct connection to the empirical data.
This makes the method ideal for tapping into the rich resources of the field of hadron physics for
studying heavy ion collisions. Nevertheless, applications thus far are mostly confined to the elastic
2-body scatterings [10, 11, 12]. In this proceeding, we describe a robust method for extracting an
effective phase shift and an effective spectral weight for a coupled system of multiple interaction
channels. I shall demonstrate the method by studying the thermal system of S =−1 hyperons.

2. S-matrix formulation of statistical mechanics

In the S-matrix formalism, the logarithm of the partition function is written as a sum of two
terms:

lnZ = lnZ0 +∆ lnZ, (2.1)

where

lnZ0 =V ×∑
i∈gs

di

∫ d3k
(2π)3 e−β

√
k2+m2

i (2.2)

is the grand potential for an uncorrelated gas of ground-state particles, i.e. particles that do not
decay under the strong interaction, such as pions, kaons, and nucleons. The interacting part of the
grand potential, ∆ lnZ, can be written in the form

∆ lnZ =V ×
∫ d
√

s
2π

d3P
(2π)3 e−β

√
P2+s Beff(

√
s), (2.3)

where
√

s is the invariant mass of the relevant scattering system. The quantity Beff(
√

s) can be
understood as an effective level density due to the interaction. A key step of the formulation is to
relate Beff(

√
s), in the low density limit where only binary collisions are important, to the (derivative

of) scattering phase shifts
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Beff(
√

s)→ Bsmat(
√

s) = ∑
int

dIJ×2
d

d
√

s
δIJ(
√

s). (2.4)

Here the sum is over all interaction channels, dg is the relevant degeneracy factor, and δIJ(
√

s) is
the scattering phase shift. The corresponding results of the standard Hadron Resonance Gas (HRG)
model can also be expressed in this form, with the replacement

Beff(
√

s)→ ρHRG(
√

s) = ∑
res

dIJ×2
d

d
√

s

(
π×θ(

√
s−mres)

)
. (2.5)

This establishes the fundamental premise of the HRG model: contribution of resonances to the
thermodynamics is approximated by an uncorrelated gas of zero-width particles.

Here we recap some of the key features of the S-matrix approach:

• Effective versus full spectral function:

While the HRG treatment may be valid for a narrow resonance, Eq. (2.4) is applicable even
for a broad resonance. For the case of resonant scattering, the effective spectral function
B(
√

s) contains both the contribution from the full spectral function A(
√

s) of the reso-
nance and a non-resonant contribution ∆A(

√
s) from the correlated pair of the forming con-

stituents [13, 14]:

B(
√

s) = A(
√

s)+∆A(
√

s). (2.6)

In many statistical models the width of resonances is implemented via an energy-dependent
Breit-Wigner (BW) function. This amounts to approximating A(

√
s). On the other hand, the

term ∆A(
√

s) is mostly neglected. The importance of this term has been demonstrated in the
study of the pT -spectra of the decay pions coming from ρ-mesons [15, 16], where substantial
enhancement is found in the soft momentum region.

In fact, it can be shown [14] that ∆A(
√

s) dominates near the threshold. The phase shift, to
lowest order in momentum q of the particles in the CM frame, takes the following form

δ (
√

s)≈ dS× (aS q)+dP× (aP q3)+ · · · , (2.7)

The scattering lengths aS,P,... are usually well constrained by the chiral perturbation theory.
At this limit, B is dominated by the non-resonant piece:

B(
√

s)→ ∆A(
√

s)≈ 2
dq

d
√

s
× (dSaS +3dPaPq2 + · · ·). (2.8)
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• Comparison to other approaches:

Phase shifts encode a wealth of information about the hadronic interactions. For example,
a simple hard-core repulsive force tends to push states away from the low energies into the
higher energy region. Thermal observables, such as the pressure, would then receive an
overall negative correction, as the low-energy part of the density of state is less Boltzmann-
suppressed.

Nevertheless, multiple physical effects may be at work to produce such a drop in the phase
shift. Some other reasons (not mutually exclusive) could be:

– resonance contributes less than expected in a BW framework,

– a new channel opens up,

– t- or u-channel exchanges.

Thus, a single thermodynamic quantity, say the particle density n(T ), is insufficient to re-
solve the various models of interactions, nor to pinpoint a specific density of state 1. When
the relevant density of state is known (i.e. the phase shift is known), model parameters (e.g.
couplings, masses, etc) need to be adjusted to reproduce the known phase shift for consis-
tency [17, 18]. This is automatically fulfilled by the S-matrix approach as the empirical data
is used as input. The importance of a reliable S-matrix cannot be overstated.

3. Effective phase shift for coupled-channel system

To describe a coupled-channel system, we consider the following generalization to a single-
channel phase shift [14, 19]:

Q(
√

s)≡ 1
2

Im( tr ln S)

=
1
2

Im( ln detS) .
(3.1)

and the corresponding effective spectral function reads

B = 2
d

d
√

s
Q(
√

s). (3.2)

Eq. (3.1) has been applied to extract an effective phase shift for the S = −1 hyperon system.
This problem demands a coupled-channel treatment as inelastic interactions among (K̄N,πΛ,πΣ)

set in at rather low momentum. In this study the (complex) determinant of a (16× 16) S-matrix,
contructed by the Joint Physics Analysis Center (JPAC) collaboration [20], is numerically com-
puted at each CM energy

√
s, for each partial wave. The phase shifts and the corresponding spectral

functions are shown in Fig. 1.

1A differential distribution, such as dn
d
√

s or some momentum distributions, would be more indicative.
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Figure 1: Top: The generalized phase shift function Q(
√

s) (in radians) extracted from a coupled-channel
PWA [20] for I = 0 (left) and I = 1 (right). Bottom: The corresponding effective spectral functions B(

√
s) =

2 d
d
√

s Q. See Ref. [19] for details.

Computing thermal observables based on these empirical phase shifts allow the proper treat-
ment of resonances, and the natural incorporation of additional hyperon states which are not listed
in the Particle Data Group. An interesting quantity, also studied by the Lattice QCD [21, 22, 23],
is the second order baryon strangeness correlation, χBS. The result is shown in Fig. 2.

4. To do

Many topics remain to be explored in the S-matrix formulation. One pressing issue is the
systematic inclusion of (N > 2)-body interactions. The analysis of the ππN state is particularly
interesting for the phenomenology of heavy ion collisions. As the πN→ ππN amplitudes are not
as firmly established as the elastic case, a detailed comparison of various PWAs is needed. This
would be a good opportunity to revisit the theoretical issues of eigenphases, branchings and the
construction of 3-body vertex.

The extension of the S-matrix approach to include the 3-body forces would lead to more reli-
able theoretical predictions on the thermal yields and the momentum spectra of hadrons in heavy
ion collision experiments. It can also help to better understand the lattice QCD results on various
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Figure 2: The second order baryon strangeness correlations, χBS in LQCD [22, 23] compared to the S-matrix
computation. Contributions from different sectors are displayed. See Ref. [19] for details.

fluctuation observables. Last, but not least, it would serve as a theory template to study nuclear
matter in this approach, where the inclusion of higher-body nuclear forces, on top of NN scatter-
ings, is essential for describing the equation of state. A coupled-channel framework is also the
customary way to treat exotics. The S-matrix approach is then the appropriate tool to investigate
the thermal properties of these states.
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