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We study empirical relation between the intrinsic peak energy Ei,p of the νFν spectrum and the
isotropic peak luminosity (Liso) of Gamma-ray burst (GRB) prompt emission in the cosmological
source frame. The Ei,p and Liso are computed for all long GRBs detected by the Fermi Gamma-ray
Burst Monitor (GBM) and Swift-Burst Alert Telescope (BAT) until the end of December 2017,
for which redshift is measured and which has a well defined time-integrated peak spectrum. The
GBM has larger sky coverage than BAT but is less sensitive, therefore GRBs that trigger GBM
are visible to the BAT. It is very interesting to study the Ei,p–Liso correlation using the samples
obtained from both these detectors because each has its own advantages. In both samples, we
found that the Ei,p is strongly correlated with the Liso. Using the slope and normalization obtained
from our fits, we constructed the Hubble diagram and estimate the cosmological parameters for
the GRB samples, and also by combining our GRB samples together with the latest Union Super-
novae (SNe) type Ia data.
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1. Introduction

Since the launch of the Fermi Gamma-ray Space Telescope on 2008 June 10 and the Swift
satellite on 2004 November 20, a significant number of GRBs have been observed by both the Fermi
Gamma-ray Burst Monitor (GBM, 8 keV–40 MeV) [1] and the Swift-Burst Alert Telescope (BAT,
15–350 keV) [2]. Observations by these telescopes have allowed to study the spectral properties
and energy of GRBs detected up to very high redshifts [3]. We study an empirical relation between
the intrinsic peak energy Ei,p of the νFν spectrum and the isotropic peak luminosity Liso in the
cosmological source frame, the so-called Yonetoku relation [4]. Our sample comprises all long
GRBs (lGRBs) with measured redshift reported in the Fermi-GBM [5, 6, 7] and Swift-BAT [8]
catalogs, until December 2017. For these GRBs, we derive, where possible, the Ei,p and the Liso

from the best-fit parameters of spectral fit. In order to compute these observables, we consider
a one-second (Tpeak) time integrated spectral analysis. It is a time when the light curve of GRB
prompt emission peaks, and which is measured from the trigger time. Since, the GBM has larger
sky coverage and is less sensitive than the BAT, some of the GRBs that trigger GBM are also
visible to the BAT. The spectral peak energy and the flux of BAT GRBs, because it is sensitive to
a narrower and lower energy range, are lower compared to the GBM GRBs. The BAT may miss
the high energy photons to be used for the spectral analysis as a result. This may lead to finding
different spectral peak energy for the same burst detected by GBM and BAT instruments.

The correlations between the spectral peak energy and energy output for lGRBs have important
implications both for theoretical understanding of the burst physics and for application of GRBs
possibly as cosmological tools [9, 10, 11]. If GRBs can be standardized, similarly to type Ia SNe
[12, 13], they could potentially be used as cosmological tools to probe the distant Universe. Fol-
lowing the finding of the Yonetoku relation, much efforts have been made by several independent
authors [14, 15] to investigate whether this relation has a physical origin or it is due to an instru-
mental selection effect (or bias) [16]. To date, there is no clear consensus reached on the physical
interpretation of these correlations [17, 18]. Recently, however, interesting progress has been made
to answer this question by studying the comoving properties of GRBs [19, 20]. The discovery of
small dispersion/outliers with a tighter correlation around the power law best-fit line of the Yone-
toku relation is promising. Despite this discussion, the Ei,p–Liso correlation has been proposed as a
possible mechanism to constrain cosmological parameters [9, 21].

In this work, we study the validity and stability of the Yonetoku relation [4], using samples of
lGRBs from the BAT and GBM instruments. The calibrated parameters obtained from this corre-
lation have been used to construct the Hubble’s diagram and estimate the cosmological parameters
for the lGRB samples alone and together with the latest Union Supernovae SNe type Ia data [22].

2. Sample selection

As of December 2017, the Swift-BAT has detected 1192 GRBs [8], of which about 35% have
measured redshifts. In the case of the Fermi-GBM detected 2232 GRBs [5, 6, 7], only ∼ 5% have
measured redshift. Since the energy band of the BAT is narrow (i.e., 15–150 keV), the spectral
peak energy (Ep) of GRBs are sometimes outside of the energy band. So, we cannot precisely
characterize it. Some soft GRBs (i.e., low power-law spectral index) have Ep below the energy
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threshold of the BAT energy range. In addition, a simple power law (PL) is an acceptable spectral
fit for most GRBs detected by BAT, which do not provide Ep. This reduces the number of GRBs
with measured redshift in our analysis of Ei,p–Liso correlation. So, we have identified 38 GRBs
(hereafter, SBAT) which were modeled by a power law with an exponential cutoff (PLEC). We have
also identified 76 GBM GRBs (hereafter, FGBM) for which their spectral fitting parameters are
constrained from the spectral models such as the Band function [23], smoothly broken power law
[24] and PLEC. In the joint FGBM+SBAT sample, we have excluded 12 GRBs from the BAT sample
which are simultaneously detected by both GBM and BAT instruments.

3. Intrinsic peak energy and isotropic peak luminosity

In this section we discuss the computation of Ei,p and Liso for different GRB samples detected
by the BAT and GBM instruments. After measuring a spectroscopic or photometric redshift of
a GRB, one can correct for cosmological effects and infer its rest frame spectral peak energy as
Ei,p = Ep(1+ z). The 1-second isotropic peak luminosity Liso is calculated in the cosmological
source frame as

Liso = 4πd2
LFbolo, erg/s , (3.1)

where Fbolo =
∫ E2/1+z

E1/1+z
EN(E)dE [erg cm−2 s−1] is the measured peak bolometric flux integrated

over the energy range from E1 = 1 keV to E2 = 104 keV. Here N(E) is the 1-second time-integrated
spectrum of the acceptable fitting models (i.e., Band, PLEC and SBPL). Assuming a flat ΛCDM
model (i.e., ΩΛ +Ωm = 1), the luminosity distance (dL) can be expressed with Hubble constant
H0 (km s−1 Mpc−1) as dL = (1+ z)cH−1

0
∫ z

0 dz′/
(
(1−ΩΛ)(1+ z′)3 +ΩΛ

)1/2, where ΩΛ and Ωm

are the dark energy and dark matter densities at present time, respectively. The uncertainty σLiso of
Eq. (3.1) can be computed with a propagation of error approach using errors on parameters obtained
from the best-fit spectral analysis. The uncertainty for each parameter has been estimated at 90%
confidence level as reported in the GBM [5, 6, 7] and BAT GRB [8] catalogs.

4. The Yonetoku relation

The phenomenological Liso–Ei,p correlation can be described by a simple power law as

Liso = k
(

Ei,p

E0,dec

)m

L0,iso, (4.1)

where E0,dec is the de-correlation energy at which the error on Ei,p becomes small, m is the index
of PL, k is a proportionality constant and L0,iso = 1052 erg s−1. For each GRB in the samples, we
have computed Ei,p and Liso using Eq. (3.1) in the 1 keV–10 MeV energy range. In such a way that
Eq. (3.1) takes the linearized form

y = mx+ k (4.2)

where y≡ log(Liso/L0,iso) and x≡ log(Ei,p/E0,dec). The error on y (Eq. (4.2) is estimated as σ2
y =

σ2
k +m2σ2

x +σ2
mx2 +σ2

ext. Here the systematic uncertainties σxi and σyi are the errors on the x
and y data, respectively. σext is an extrinsic systematic error, which is treated as an unknown
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physical parameter. This may account for hidden parameters related to the physical origin of the
Yonetoku relation. In order to constrain σext and coefficients of the Liso-Ei,p correlation, we apply
the maximum likelihood statistical method [25] given by

L(m,k,σext) =
1
2

N

∑
i

ln(σ2
ext +σ

2
yi
+m2

σ
2
xi
)+

1
2

N

∑
i

(yi−mxi− k)2

(σ2
ext +σ2

yi
+m2σ2

xi
)
. (4.3)

We mazimize this function to find the best-fit values of the parameters m, k and σext. The ob-
tained results are listed in Tab. 1 for the FGBM and SBAT samples, and for the combination of
the two samples. To determine uncertainties of a fit parameter qi, we apply the log likelihood
function − lnL (m,k,σext) ≡ L(m,k,σext) to fit the x and y data with Eq. (4.2) as in [26]. A
marginalized likelihood function Li(qi) has been evaluated by integrating over other parameters.
Then the median value for the parameter qi,med was found from the integral

∫ qi,med
qi,min

Li(qi)dqi =
1
2
∫ qi,max

qi,min
Li(qi)dqi , where qi,min and qi,max are the minimum and maximum values of the parame-

ters, respectively. The 1σ or 68.27% confidence interval (qi,l,qi,h) of the parameters are then found

Table 1: The best-fit parameters of the Ei,p–Liso correlation of FGBM, SBAT and the joint FGBM + SBAT

samples. The ρEi,p,Liso,z and ρEi,p,Liso are the partial and the Pearson correlation coefficients, respectively.

lGRB samples No. of GRBs ρEi,p,Liso ρEi,p,Liso,z m k σext

FGBM 76 0.67 0.52 1.56 ± 0.35 52.61 ± 0.12 0.53 ± 0.09
SBAT 38 0.83 0.75 2.69 ± 0.65 52.50 ± 0.18 0.31 ± 0.15
FGBM +SBAT 102 0.70 0.63 1.60 ± 0.29 52.48 ± 0.10 0.54 ± 0.08

Figure 1: Left panel – The Ei,p−Liso correlation for FGBM sample (magenta). Middle panel – The Ei,p−Liso

correlation for SBAT sample (grey). Right panel – The Ei,p−Liso correlation for the combined FGBM +SBAT

sample, which are not simultaneously detected by GBM and BAT.

by solving the integral [25] given by∫ qi,med

qi,l

Li(qi)dqi =
1−η

2

∫ qi,max

qi,min

Li(qi)dqi ;
∫ qi,h

qi,med

Li(qi)dqi =
1−η

2

∫ qi,max

qi,min

Li(qi)dqi (4.4)
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where η = 0.6827. Hence, we calculate the mean of the upper and lower uncertainties for each
parameter. We have plotted the Yonetoku relation in Fig. 1 by using the best-fit parameters listed in
Tab. 1 for FGBM and SBAT samples and the joint GBM and BAT sample. We see that the best-fit index
(m = 2.69± 0.65) for the SBAT sample is steeper than the slopes of the FGBM (m = 1.56± 0.35) and
the joint SBAT +FGBM (m = 1.60 ± 0.29) samples reported in Tab. 1. At the low luminosities and
for SBAT and SBAT +FGBM samples, we find a mild shift of the population away from the Yonetoku
relation in the direction of higher Ei,p (see the right panel of Fig. 1). This resulted in a correlation
line with steeper (harder) slope at the specified luminosity range. A possible explanation of these
inconsistencies is that the Yonetoko relation may largely be due to an observational bias. Note that
it is more difficult to detect weak hard bursts as those have fewer photons. This is manifested by
the fact that the index is larger for Swift that has a softer detection band. For a sample of SBAT

the partial correlation coefficient ρEi,p,Liso,z = 0.75 and the Pearson correlation coefficient ρEi,p,Liso =
0.83. The degree of this correlation is higher than the other FGBM and the combined Sbat + FGBM

samples.

5. Constraints on cosmological parameters and the extended Hubble diagram

Once the parameters are obtained by fitting the linearized Yonetoku relation, we can use
lGRBs to constrain the cosmological parameters. Our procedure is the following. We invert
the relation in Eq. (4.1) to obtain dL, which can be expressed in terms of Liso and Fbolo as dL =[
(1+ z)L0,iso10k/(4πFbolo)

(
Ei,p/E0,dec

)m]1/2
. Using the computed dL for each GRB, we construct

the Hubble’s diagram from the distance modulus µ(z) = 5log(dL/1Mpc)+25. Then the distance
modulus related to the power law form of Yonetoku relation in Eq. (4.1) can be written as

µ =
5
2

log
[

L0,iso

4πFbolo

(
Ei,p

E0,dec

)m]
+

5
2

k−5log(1Mpc)+25. (5.1)

Here the µ uses all the fitting parameters obtained from the Ei,p−Liso correlation. The variance of
µ is computed by using error propagation method and is given by

σ
2
µ =

(
∂ µ

∂ logLiso

)2

σ
2
logLiso

+

(
∂ µ

∂Fbolo

)2

σ
2
Fbolo

=

(
5
2

σlogLiso

)2

+

(
5
2

σFbolo

ln10 Fbolo

)2

, (5.2)

where σlogLiso is the propagated uncertainty on Liso computed from σy of Eq. (4.2) and yield σ2
logLiso

=(
σm log(Ei,p/E0,dec)

)2
+
(
mσEi,p/(ln10Ei,p)

)2
+σ2

k +σ2
ext. One can plot the Hubble diagram using

µ (Eq. 5.1) and its uncertainty σµ (Eq. 5.2). The parameters of a flat ΛCDM cosmological model
can be constrained by using the GRB sample or GRB sample together with SNe U2.1 sample [22].
The best-fit cosmological parameters can be obtained by minimization of the χ2 expression given
by

χ
2(H0,ΩΛ) =

N

∑
i=0

(
µ(z)−µ

th(z;H0,ΩΛ)
)2

σ2
µ(z)

, (5.3)

where µ(z) is the distance modulus obtained from Eq. (5.1), σµ(z) is the uncertainty of distance
modulus obtained from Eq. (5.2) and µ th(z,H0,ΩΛ) = 5log(dL(H0,ΩΛ)/1Mpc)+25 is a theoreti-
cally predicted value of the distance modulus.

5



P
o
S
(
H
E
A
S
A
2
0
1
8
)
0
1
2

Yonetoku relation of Fermi-GBM and Swift-BAT Gamma Rays Bursts Feraol Fana Dirirsa

Figure 2: Constraints on the cosmological parameters from fitting of the Yonetoku relation for different
samples of lGRBs. Left panel – The ΩΛ and H0 obtained from FGBM sample (magenta). Middle panel – The
ΩΛ and H0 obtained from the SBAT sample (grey). Right panel – The ΩΛ−H0 obtained from the FGBM+SBAT

sample (black). The 1σ and 2σ confidence levels of the pair of cosmological parameters determined by
following ∆χ2 ≡ χ2−χ2

min ≤ 2.30 and 6.18, respectively.

We have performed a χ2 analysis to constrain cosmological parameters using lGRBs and ap-
plied it to different samples depending on the coefficients of the Ei,p–Liso relation. Then we con-
sidered all possible values of the cosmological parameters to plot the likelihood contours in the
(ΩΛ,H0) plane at the 1σ and 2σ confidence levels as shown in Fig. 2. The values of these parame-
ters at 1σ confidence level for different samples are reported in Tab. 2. The large contours on the

Table 2: Constraints on H0 [km s−1 Mpc−1] and ΩΛ in 1σ confidence level in the flat Universe.

Samples FGBM SBAT FGBM +SBAT SNe U2.1 FGBM +SBAT+SNe U2.1
H0 49.59+9.71

−5.00 50.82+22.83
−8.17 50.82+6.89

−5.49 69.99+0.54
−0.53 69.91+0.53

−0.52
ΩΛ - - - 0.723±0.03 0.715±0.03

cosmological parameters are direct results of the errors on the correlation coefficients in Yonetoku
relation. The combination of GRBs and SNe type Ia data can potentially be used as a probe of
the Hubble diagram. In our analysis, we used the recent 580 SNe U2.1 sample [22] that covers
the redshift from 0.015 to 1.414. Note that Riess et al. [27] obtained a different value of H0 than
shown in Tab. 2, using other different samples. In the left panel of Fig. 3, we plotted the likelihood
contours of SNe U2.1 with a measured value of H0 ' 69.99 km s−1 Mpc−1 and ΩΛ ' 0.72, and the
likelihood contour of FGBM + SBAT+SNe U2.1 sample with a measured value of H0 ' 69.91 km
s−1 Mpc−1 and ΩΛ ' 0.72 in 1σ confidence intervals. The best-fit value in 1σ confidence level is
consistent with the Planck values [28]. However, the errors on parameters are rather large that may
have arised due to the large extrinsic systematics scattering associated with the hidden parameters
related to the physical origin of the Yonetoku relation. The right panel of Fig. 3 shows the Hubble
diagram constructed with the SNe U2.1 together with FGBM and SBAT samples. The black line is
plotted using the estimated cosmological parameters H0 = 69.908 km s−1 Mpc−1 and ΩΛ = 0.715
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Figure 3: Left panel – Contours of likelihood in the (H0,ΩΛ) plane for SNe U2.1 (black color) and SNe
U2.1 with the combined FGBM + SBAT (maroon color) samples in 1σ and 2σ confidence levels. The plus
signs show the location of the best-fit. Right panel – Combined SNe and GRB Hubble diagram for the
FGBM +SBAT + SNe U2.1 sample. The black solid line represents the distance moduli µ(z) obtained with the
best-fit cosmological parameters obtained from FGBM + SBAT + SNe U2.1 data. The vertical broken line is
plotted at the maximum redshift z = 1.414 of the SNe U2.1 data.

obtained from these joint analyses.

6. Summary

The Swift-BAT and Fermi-GBM GRBs with known redshift have been used to analyze the
Liso–Ei,p correlation. The Liso and Ei,p are computed by using the parameters obtained from the
best-fit models of spectral analysis reported in the GBM and BAT GRB catalogs. The best-fit of
the Yonetoku relation for the joint FGBM +SBAT sample can be expressed as

Liso

erg s−1 = 1052.48±0.10
(

Ei,p

550 keV

)1.60±0.29

.

This result is consistent with previous work of [21]. The phenomenological correlation of Ei,p and
Liso also showed a strong correlation. For instance, the Pearson correlation coefficient for the BAT
sample is 0.83, which is higher than the GBM sample. Using the coefficients of the correlation
obtained from the analyzed samples of GRBs and also by combining with the recent SNe type Ia
data, we construct an extended GRB Hubble diagram up to a redshift of z = 5.4636. Our fit to
the combined GRB sample (FGBM + SBAT) with the SNe U2.1 sample resulted in good fit to the
cosmological parameters of H0 = 69.91+0.53

−0.52 km s−1 Mpc−1 and ΩΛ = 0.715±0.03. This analysis
is dominated by the SNe U2.1 sample due to smaller error bars. However, with the present GBM
and BAT samples of lGRBs alone, ΩΛ and H0 cannot be meaningfully constrained since the errors
on parameters are rather large that arise due to the large extrinsic systematics scattering associated
to the sample.
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