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Charm Quark Mass with Calibrated Uncertainty
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We determine the charm quark mass mc(mc) from QCD sum rules of moments of the vector cur-
rent correlator calculated in perturbative QCD. Only experimental data for the charm resonances
below the continuum threshold are needed in our approach, while the continuum contribution is
determined by requiring self-consistency between various sum rules, including the one for the ze-
roth moment. Existing data from the continuum region can then be used to bound the theoretical
error. Our result is mc(mc) = 1272± 8 MeV for αs(MZ) = 0.1182. Special attention is given to
the question how to quantify and justify the uncertainty.
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1. Method and result

We report on work [1] on the determination of the charm quark mass, mc. Let us recall why
precise values of mc are needed. Besides being a fundamental input parameter defining the Stan-
dard Model (SM), it enters many QCD and electroweak processes. For example, it is needed for
the renormalisation group running of the fine structure constant from the Thomson limit to the Z
pole [2]. Incidentally, the physics involved in this running is the basis of what we will refer to as
the 0th moment of the sum rule later on. Conversely, if one wants to run the weak mixing angle
from the Z pole down to low energies one can do so in perturbation theory as well, but one needs
an input value for mc [3]. Finally, mc enters the SM prediction of the anomalous magnetic moment
of the muon when the heavy quark contribution is evaluated perturbatively [4]. The most important
future application will be the test of the mass versus Yukawa coupling relation in the single Higgs
SM, because at future lepton colliders it will be possible to measure the charm Yukawa coupling
very precisely. If one — within the SM – converts the projected precision to a mass measurement
this would correspond to an error of≈ 8 MeV, which should be the benchmark of what one wants to
achieve at least regarding the precision in mc. One can also determine mc in lattice simulations, but
it is prudent to inquire for a second opinion derived from an independent first principles approach.

This approach is provided by the relativistic QCD sum rule formalism describing low moments
of the charm vector-current correlator Πc, where the master equation is given by

12π
2 Πc(0)−Πc(−t)

t
=

∫
∞

4m̂2
c

ds
s

Rc(s)
s+ t

. (1.1)

The right-hand side is basically an integral over electromagnetic charm pair production (normalized
to the muonic cross-section) with certain weights. Πc has been calculated in perturbative QCD to
O(α3

s ) [5, 6, 7, 8]. In the limit t→ 0, the left-hand side of Eq. (1.1) turns into a derivative with the
right-hand side being suppressed by two powers of s and providing the 1st moment, M1. Taking
further derivatives generates higher moments, Mn [9]. But one can also take the opposite limit,
t → ∞, which corresponds to the 0th moment sum rule, M0 [4], mentioned already before. As it
stands, M0 would be divergent and needs regularization, but this can be done e.g., by subtracting
the asymptotic perturbative expansion, Rc(s)≡ 4/3λ1(s) at mc = 0, on both sides.

M0 is one of the ingredients where our analysis differs from others. Another special feature
of our approach is that the only experimental input are the electronic widths of the J/ψ and the
ψ(2S) narrow vector resonances. The continuum contribution will be constrained by requiring self-
consistency between various sum rules. This is where M0 comes in handy because it experiences
stronger sensitivity to the continuum compared to higher moments, and at the same time a milder
sensitivity to mc, so that it provides a useful handle. This means that quark-hadron duality is needed
only in the finite region between the ψ(2S) and the onset of open charm production. By contrast, in
previous analyses one performs the integral in Eq. (1.1) up to some value of s after which no more
data are available and where one needs to switch to perturbative QCD. This involves changing from
hadron to quark degrees of freedom at this particular point which is not rigorously justified. Finally,
in our approach it is also possible to estimate correlated errors across various moments. Our result
for the MS charm quark mass is

m̂c(m̂c) = 1272±8+2616[α̂s(MZ)−0.1182] MeV, (1.2)
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where the theoretical and experimental uncertainties add up to 8 MeV, coinciding with the bench-
mark target mentioned earlier. In addition, we explicitly display the parametric dependence on the
strong coupling constant, α̂s(MZ). For this particular result — the main result of our work — we
used M0 in tandem with M2, where we assumed the error component associated with the trun-
cation of perturbative QCD to be uncorrelated between the two (we expect this error contribution
to be stronger correlated among the higher moments). The central value is in very good agree-
ment with other recent sum rule determinations but there is less agreement regarding the theory
dominated uncertainty, so we wish to go into a few more details about it.

2. Discussion

Figure 1 shows the total uncertainty and the error breakdown as a function of the order in α̂s.
The experimental input error from the electronic partial widths is shown in red. For the truncation
error (in green) we used a somewhat more conservative estimate than simply taking the last avail-
able term. As for the gluon condensate, we take the entire estimated contribution as the uncertainty
(in orange). We also show the parametric uncertainty (in purple) from α̂s(MZ) = 0.1182±0.0016.
Finally, we want to allow for the possibilities of larger-than-expected duality violations (while the
assumption of quark-hadron duality in a finite region is much weaker than local duality, it still
lacks complete rigour) or high-order terms in the operator product expansion (OPE), given that the
charm quark mass is dangerously close to the hadronic scale. Therefore, we use e+e−→ hadrons
electro-production data as our control of the method, and compare the constraints on the continuum
region from internal consistency by simultaneously considering different sum rules on the one hand
with actual measurements on the other. We add the difference between the two constraints and the
uncertainty in the experimental continuum data itself in quadrature (in cyan).

Figure 2 reveals good agreement within the stated errors with other sum rule determinations
of m̂c(m̂c) using M1 [10, 11], M2 [12], and higher moments [13], as well as with 1S-charmonium
spectroscopy [14]. Our result also agrees very well with those from lattice simulations based on
the pseudo-scalar current [15], domain-wall fermions [16], and staggered quarks [17].
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Figure 1: Error budget for m̂c(m̂c) when determined from the pair of moments (M0,M2) at different orders.
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Figure 2: Recent charm quark mass determinations (see text for details and references).
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