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1. Introduction (Preliminary Remarks)

Understanding the origin of the patterns of neutrino mixing and of neutrino mass squared
differences that emerged from the neutrino oscillation data is one of the most challenging problems
in neutrino physics. It is part of the more general fundamental problem in particle physics of
understanding the origins of flavour in the quark and lepton sectors, i.e., of the patterns of quark
masses and mixing, and of the charged lepton and neutrino masses and of neutrino mixing.

Of critical importance for making progress towards the solution of lepton flavour problem and
the understanding of the mechanism giving rise to neutrino masses and mixing are (see, e.g., [1]):
— determination of the status of lepton charge conservation and the nature - Dirac or Majorana - of
massive neutrinos;

— determination of the status of CP symmetry in the lepton sector;

— determination of the type of spectrum neutrino masses possess, or the “neutrino mass ordering”;
— determination of absolute neutrino mass scale or the value of the lightest neutrino mass;

— high precision measurement of neutrino mixing parameters (see further).

The discovery of neutrino oscillations [2, 3, 4] — transitions in flight between the different
flavour neutrinos V., V,, V; (antineutrinos V., v, Vz) caused by non-zero neutrino masses and neu-
trino mixing — opened up a new field of research in elementary particle physics. In the 20 years
after the first compelling evidence for oscillations of atmospheric muon neutrinos and antineutri-
nos v, and vV, was provided by the Super Kamiokande experiment in 1998 [5], oscillation of the
solar Vv, neutrinos, accelerator v, and V;, and reactor V, neutrinos were also observed and the neu-
trino oscillation phenomenon was extensively studied (see, e.g., [1]). In this period a remarkable
progress has been made in the measurement of the parameters which drive the oscillations.

The neutrino oscillation data imply, as is well known, the presence of neutrino mixing in the
leptonic part of the weak charged current interaction Lagrangian:

gCC:_ Z lL X) Yo Vir(x )W(XT(X)—F/’Z.C. v (x ZUI/V/L x). (1.1)
=e, T J=1

Here v (x) are the left-handed (LH) fields of flavour neutrinos, v;i(x) is the LH field of the neu-
trino v; having a mass m;, and U is a unitary matrix - the Pontecorvo, Maki, Nakagawa, Sakata
(PMNS) neutrino mixing matrix [2, 3, 4], U = Upyns. On the basis of the existing data it is impos-
sible to determine the nature of massive neutrinos v;, which can be Dirac or Majorana particles.
It follows from the current data that at least 3 of the neutrinos v;, say Vi, V», v3, must be light,
mip3 S <0.5 eV, and must have different masses, my # my # ms3. This implies that light neutrino
masses are much smaller than the masses of charged leptons and quarks. If we take as an indicative
upper limit m; < 0.5 eV, we have m;/m; , < 10°, where m; and my are the charged lepton and
quark masses, [ =e,l,T,q=4d,s,b,u,c,t.

The remarkable disparity between the light neutrino masses and the masses of the charged
leptons and quarks suggests (but is not a proof) that the values of neutrino masses are related to
the existence of a new fundamental mass scale in particle physics, and thus to New Physics beyond
that predicted by the Standard Theory. The New Physics can manifest itself:

— In the existence of more than 3 massive neutrinos: n >3 (n=4,orn=>5,0orn=06,...).
— In the pattern of neutrino mixing and the values of CP violation phases in the PMNS matrix.
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— In the Majorana nature of massive neutrinos, and total lepton charge non-conservation, L # const.
— In the existence of new particles, e.g., at the TeV scale: heavy Majorana neutrinos N;, doubly and
singly charged scalars, H~~, H ™, etc.

— In the existence of new (flavour changing and/or flavour conserving but flavour non-symmetric)
nonstandard neutrino interactions (NSI) [6, 7] (for recent discussions see, e.g., [8, 9, 10]).

— In the existence of charged lepton flavour violating (ChLFV) processes, 4t — e+ 7y and u — 3e
decays, U - e conversion on nuclei, etc., having rates close to the existing stringent upper limits.

— In the existence of unforeseen new phenomena.

Apart obviously from the last item, the indicated possible manifestations of New Physics were
extensively discussed at this Conference.

There can be more than 3 massive neutrinos, n > 3, for example, if there exist sterile right-
handed (RH) neutrinos vj, and left-handed (LH) antineutrinos V;, (described by SU(2) x U(1)y,,
singlet RH neutrino fields v;(x)), which posses a Majorana mass term and couple via a Dirac mass
term to the active flavour LH neutrinos v;;, and RH antineutrinos V;z (LH flavour neutrino fields
v (x)). In what concerns the masses of the additional massive neutrino states Vi, Vs,..., mg, ms,...,
there are a few possibilities.

i) They can be at the eV scale, my4,ms,... ~ 1 eV. In this case active-sterile neutrino oscillations,
Ve(u) = Vy(= V5, ) are possible. At present we have hints that such oscillations might take place
from LSND and MiniBooNE experiments, re-analyses of short baseline (SBL) reactor neutrino
oscillation data (“reactor neutrino anomaly’’) and data of radioactive source calibration of the solar
neutrino SAGE and GALLEX experiments “Gallium anomaly”) (see, e.g., [11]). However, as
recent analyses have shown [11, 12], the global fits of the relevant data - positive evidence and
negative results - have an extremely low quality, indicating the existence of inconsistencies between
the different data sets. The possibility of active-sterile neutrino oscillations is being and will be
tested in a large number of experiments with reactor and accelerator neutrinos (DANSS, NEOS,
PROSPECT, STEREO, Neutrino-4, SOLID, Short Baseline Neutrino (SBN) program at Fermilab,
JSNSZ?, etc., see, e.g., [11]), some of which have already provided data and are taking further
data (DANSS, NEOS, PROSPECT, STEREO, Neutrino-4), or are under preparation (e.g., SOLID,
the SBN program at Fermilab, JSNS?). Most of these experiments have been discussed at this
Conference. It is foreseen that within the next 3-4 years we will have a definite answer about
whether active-sterile neutrino oscillations take place in Nature or not.

ii) The additional states can have masses Mys . ~ (102 — 103) GeV, which corresponds to TeV
scale type I seesaw models of neutrino mass generation; or My s .~ (109 — 1013) GeV which is
related to the “classical” GUT scale type I seesaw models (see further).

Other scenarios for the masses of vy, Vvs,..., are also possible (e.g., the three masses of vy, Vs, Vg
being at very different scales).

All well understood and compelling neutrino oscillation data can be described within the ref-
erence scheme of 3-neutrino mixing in vacuum, which we will consider next.

2. The Three Neutrino Mixing

The PMNS matrix, as is well known, can be parametrised in the case of 3-neutrino mixing by
3 angles and, depending on whether the massive neutrinos Vv; are Dirac or Majorana particles, by
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Parameter Best fit value 20 range 30 range

Am3, /1073 eV* (NO) 2.49 2.43-2.56 2.39-2.59
(—Am3,)/1073 eV2 (10) 2.48 2.41—-2.54 2.38-2.58
Am3, /1073 eV? (NO,IO) 7.34 7.05—-7.69 6.92—-7.91
sin?0),/10~! (NO) 3.04 278 -3.32 2.65—3.46
sin® 812/10~! (10) 3.03 2.77-3.31 2.64—3.45
sin® 613/10~% (NO) 2.14 1.98—2.31 1.90—2.39
sin® 813/1072 (10) 2.18 2.02-2.35 1.95-2.43
sin® 623/10~ ! (NO) 5.51 4.48 588 4.30—6.02
sin® B23/107! (10) 5.57 4.86—589 4.44—6.03
8 /m (NO) 1.32 0.98—1.79 0.83—1.99
8/x (10) 1.52 122179 1.07—1.92

Table 1: The best fit values, 20 and 36 ranges of the neutrino oscillation parameters obtained in the global
analysis of the neutrino oscillation data performed in [18]. See text for further details. (The Table is taken
from ref. [21]).

one Dirac, or one Dirac and two Majorana, CP violation (CPV) phases [13]:

U=VP, P=diag(l,eé? ), Q2.1
where 01 31 are the two Majorana CPV phases. In the “standard” parametrisation [1] the matrix V
has the form:

c12€13 512€13 size”!

_ i i
V= —s12023 — c12523513€"°  C12023 — S12523513€"° sp3¢13 | - (2.2)

) )
§12823 — €12023513€'°  —C12823 — S12023513€'° €23C13

Here ¢;j = cos 6;}, s;j = sin 6;;, the angles 6;; = [0,7/2], and § = [0,27) is the Dirac CPV phase.

In the case of 3-neutrino mixing, oscillations involving all flavour neutrinos v; (antineutrinos
Vi), Vi > vy (V) < Vp), 1,1 = e, 1, T, are possible. The 3-neutrino oscillation probabilities P(v; —
vp) and P(V; — V) are functions of the neutrino energy, E, the source-detector distance L, of the
elements of U and, for relativistic neutrinos used in all neutrino experiments performed so far, of
the two independent neutrino mass squared differences Am% 1 70 and Am%1 #£0, (Am?k = 3 — m,%)
present in the case of 3-neutrino mixing (see, e.g., ref. [14]). In the widely used convention of
numbering the neutrinos with definite mass v; we are going to employ, 62, Amé = Am%l >0,
and 63, Am2,, = Am§1(23)’ represent the parameters which drive the solar (V,) and the dominant
atmospheric v, and V, oscillations, respectively, and 6;3 is associated with the oscillations of
reactor V, observed in the Daya Bay, RENO and Double Chooz experiments [15, 16, 17].

The existing data, accumulated over many years of studies of neutrino oscillations, allow us

to determine Am%l, 012, and ]Amgl (32)\, 63 and 6,3, with an impressively high precision [18, 19].
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Since 2013 there are also persistent hints that the Dirac CPV phase 8 has a value close to 37 /2
(see [20]). We note that the currently available neutrino oscillation data do not allow to fix the
sign of Am%1 (32)° In the 3-neutrino mixing scheme under discussion, the two possible signs of
Amg1 (32) correspond to two types of neutrino mass spectrum: Am%1 (32) > 0 — to spectrum with

normal ordering (NO), and Am% 132) < 0 — to spectrum with inverted ordering (I0) (see further).

The best fit values (b.f.v.) and the 20 and 3¢ allowed ranges of Am%l, s%z, \Am%lm) , s%3, s%3
and & for the NO and IO spectra, found in the latest analysis of global neutrino oscillation data
performed in [18] are given in Table 1. The results quoted in Table 1 imply, in particular, that
Am3,/ |Am%1(32>| 20.03. The best fit value of 6,3 is somewhat larger than 7 /4, but the value /4
lies within (1.0 — 1.5)c from the best fit value. The value of 8, = 7/4, i.e., maximal solar neutrino

mixing, is ruled out by the data. One has 6y, < 7/4 and at 99.73% C.L., cos26;, > 0.30.

The quoted results imply also that the value of 6,3 can deviate by approximately 0.1 from
/4, 61, = /5.4 and that 6;3 = 7/20. Thus, the pattern of neutrino mixing differs drastically
from the pattern of quark mixing.

In what concerns the Dirac CPV phase 8, the authors of the analysis performed in [18] find
that the best fit value of § is close to 37/2. More specifically, for NO (I0) spectrum it reads
0 = 1.387 (1.52m). According to [18] the CP conserving value 0 = 0 [or 2] is disfavored at
3.0 (3.6)0, while the second CP conserving value § = 7 is disfavored at 1.8 (3.6)c. The CP
violating value 0 = m/2 is strongly disfavored at 4.4 (5.2)c by the data. Finally, at 30, é/n
is found in [18] to lie in the interval 0.83 — 1.99 (1.07 1.93). Thus, we have an indication from
the data, although rather weak, for CP violation in lepton sector due to the Dirac phase § (i.e.,
for leptonic Dirac CP violation). Similar results were obtained in the independent global analysis
performed in ref. [19].

As we have indicted earlier, the currently available data do not allow to fix the sign of Amglm)
and the two possible signs of Amg1 (32) correspond to two types of neutrino mass spectrum - with
normal ordering and with inverted ordering. More specifically, in the convention of numbering of
the 3 neutrinos v; with definite mass employed by us the two spectra read:

i) spectrum with normal ordering (NO): m| < my < ms, Am§1(32) >0,m; = (m% —|—Am§1)%,j =2,3;
ii) spectrum with inverted ordering (10): my < m; < my, Am§2(31) <0, Am%1 >0, my = (m% +
Am%3)%, my = (m3 + Am3; — Am%l)%.

Depending on the value of the lightest neutrino mass, min(;), the neutrino mass spectrum can be:
a) Normal Hierarchical (NH): my < my <m3, my(3) = (Amglm))% ~8.6x 107 (4.99 x 1072) eV;
or b) Inverted Hierarchical (IH): m3 < my < my, mjn = ]Am%z\% 22(.0498 eV;

or ¢) Quasi-Degenerate (QD): my = my = mz = my, m? > |Am§1(32)|, mo < 0.10 eV.

Determining the type of neutrino mass spectrum is one of the main goals of the future ex-
periments in the field of neutrino physics ! (see, e.g., refs. [1, 22]). According to [18], the abso-
lute 2> minimum obtained in the analysis of the global neutrino oscillation data takes place for
Amg1 (32) > 0, i.e., for NO neutrino mass spectrum, the local minimum in the case of 10 spectrum

(Amgl(n) < 0) being approximately by 3.1c higher. Thus, according to [18], the existing data favor

For a review of the experiments which can provide data on the type of neutrino mass spectrum see, e.g., ref. [22];
for some specific proposals see, e.g., ref. [23].
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the NO spectrum over the 1O spectrum at approximately 3.10.

All types of 3-neutrino mass spectrum considered above are compatible with the existing upper
limits on the absolute scale of neutrino masses. Information about the absolute neutrino mass scale
(or about min(m;)) can be obtained, e.g., by measuring the spectrum of electrons near the end point
in *H B-decay experiments [24, 25, 26] and from cosmological and astrophysical data. The most
stringent upper bound on the v, mass was obtained in the Troitzk [27] experiment:

my, <2.05eV at95% C.L. (2.3)

Similar limit was obtained in the Mainz experiment [25]: my, < 2.3 eV (95% C.L.). The limits are
in the region of QD spectrum where my, = m; > 3. The KATRIN experiment [28] (commissioned on
June 11, 2018) is planned to have sensitivity to my, ~ 0.20 eV and probe the QD spectrum region.

Constraints on the sum of the neutrino masses can be obtained from cosmological and astro-
physical data (see, e.g., ref. [29]). Depending on the model complexity and the input data used
one typically obtains [29]: ¥ ;m; < (0.3—1.3) eV, 95% C.L. Assuming the existence of three light
massive neutrinos, the validity of the A CDM (Cold Dark Matter) model and using their 2018 data,
the Planck Collaboration reported an updated upper limit on the sum of the neutrino masses [30],
which depending on the data set used reads:

ij < 0.120—-0.160 eV, 95% C.L. (2.4)
J

One should note that the Planck collaboration analysis is based on the ACDM cosmological model.
The quoted bounds may not apply in nonstandard cosmological scenarios (see, e.g., [31]).

Apart from the hint that the Dirac phase 0 ~ 37/2, no other experimental information on the
Dirac and Majorana CPV phases in the neutrino mixing matrix is available at present. Thus, the
status of CP symmetry in the lepton sector is essentially undetermined. With 6;3 = 0.15 # 0, the
Dirac phase 0 can generate CP violating effects in neutrino oscillations [32, 13], i.e, a difference
between the probabilities of the v; — v, and ¥, — V, oscillations, [ # ' = e, i, 7. The magnitude
of CP violation in v; — vy and V; — Vy oscillations, [ # I’ = e, i, T, is determined by [33] the
rephasing invariant Jcp, associated with the Dirac CPV phase in U:

Jop =Im (Ups U3 U Upy) - (2.5)

It is analogous to the rephasing invariant of the the CKM quark mixing matrix [34]. In the standard
parametrisation of the neutrino mixing matrix (2.2), Jcp has the form:

1
Jer =Im (U3 U3 Uep U;z) = g ¢os 013 sin20;, sin203 sin20;3 sin . (2.6)

Thus, given the fact that sin26,, sin26,3 and sin26,3 have been determined experimentally with a
relatively high precision, the size of CP violation effects in neutrino oscillations depends essentially
only on the magnitude of the currently not well determined value of the Dirac phase 6. The current
data implies 0.029(0.030)|sin 8| < |Jep| < 0.035]sin 8|, where we have used the 30 ranges of
sin? By, sin® >3 and sin’ 6,3 given in Table 1. For the current best fit values of sin® 6y, sin” 653,
sin> 03 and & we find in the case of NO (IO) spectrum: Jep = 0.033sind = — 0.028 (Jep =
0.033sin 8 = — 0.033). Thus, if the indication that § has a value close to 37/2 is confirmed by
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future more precise data, i) the Jop factor in the lepton sector will be approximately by 3 orders of
magnitude larger in absolute value than the corresponding Jcp factor in the quark sector, and ii) the
CP violation effects in neutrino oscillations would be relatively large and observable.

If the neutrinos with definite masses v;, i = 1,2, 3, are Majorana particles, the 3-neutrino mix-
ing matrix contains two additional Majorana CPV phases [13]. However, the flavour neutrino
oscillation probabilities P(v; — vy) and P(V; — Vy), [,I' = e, 1L, T, do not depend on the Majorana
phases [13, 35]. The Majorana phases play important role, e.g., in |AL| = 2 processes like neutri-
noless double beta ((83)oy-) decay (A,Z) — (A,Z+2)+e~ +e~, L being the total lepton charge,
in which the Majorana nature of massive neutrinos manifests itself (see, e.g., refs. [14, 36, 37]).

Our interest in the CPV phases of the neutrino mixing matrix is stimulated also by the in-
triguing possibility that the Dirac phase and/or the Majorana phases in Upyns can provide the CP
violation necessary for the generation of the observed baryon asymmetry of the Universe (BAU)
[38,39,41] (see also [42]; for specific models in which this possibility is realised see, e.g., [43, 44]).

Determining the status of CP symmetry in the lepton sector is one of the principal goals of the
program of current and future research in neutrino physics. It is part of a very ambitious program
of research in neutrino physics, which extends beyond 2030, and which include also [1]:

i) determination of the status of lepton charge conservation and the nature - Dirac or Majorana -
of massive neutrinos (which is one of the most challenging and pressing problems in present day
elementary particle physics);

ii) determination of the spectrum neutrino masses possess, or neutrino mass ordering;

iii) determination of the absolute neutrino mass scale, or min(m;).

A successful realisation of this program 2 is of fundamental importance for making progress in
understanding the origin of neutrino masses and mixing and its possible relation to new Beyond
the Standard Model (BSM) physics.

3. The Simplest Model of Non-Zero Neutrino Masses and Neutrino Mixing

The Standard Model (SM) supplemented by 3 singlet right-handed (RH) neutrino fields vig(x),

[ = e, 1,7, and the assumption of total lepton charge conservation, L = const. [45], is arguably

the simplest model of generation of non-zero neutrino masses and non-trivial neutrino mixing.

By assumption the theory possess a U(1), global symmetry associated with the L—conservation.

The SU(2), x U(1)y, and U(1), invariant (and renormalisable) neutrino Yukawa-type term in the
Lagrangian 3,

L (x) =Y, Vg (x) @ (x) (i12) wir (x) +hec., (3.1)

where v, (x) and ®(x) are the SM lepton and Higgs doublet fields, generates after the spontaneous
breaking of the SM gauge symmetry a neutrino Dirac mass term:

LY (x) = — Mp ViR (x) vie (x), Mp = %YV, v =246 GeV, (3.2)
v being the vacuum expectation value of ®(x). The neutrino mass matrix Mp, is, in general, com-
plex. The diagonalisation of the neutrino mass terms is done in the same way as the diagonalisation

2See, e.g., [1] for a rather detailed list of current and planned experiments that are foreseen to contribute to the
comprehensive long-term program of research in neutrino physics.
3The neutrino Yukawa-type term is written in the basis in which the charged lepton mass term is diagonal.
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of the charged lepton and quark mass terms in the SM - by a “bi-unitary” transformation. This leads
to 3 neutrinos v; with definite and different masses, m;, j = 1,2,3, and to 3-neutrino mixing in the
charged current weak interaction Lagrangian (1.1). The massive neutrinos Vv; are predicted to be
Dirac particles.

This simple model, however, i) does not provide an explanation of the enormous disparity
between the values of the neutrino and charged lepton () and quark (m,) masses, m(v;) <<<
my,my, ii) does not contain a dark matter candidate, and iii) does not include a mechanism of
generation of the observed matter-antimatter (or baryon) asymmetry of the Universe.

The charged lepton flavour violating (ChLFV) processes 4™ — e +ydecay, 4=~ — e~ +e™ +
e~ decay, T~ — e~ + Y decay, etc. are allowed in the model since the individual lepton charges L.,
Ly, and L; are not conserved. However, they are predicted to proceed with unobservable rates [45].
The 4 — e+ 7y decay branching ratio, for example, is given by [45]:

2
* m3 « A 212
BR(t — e+7) = 355 [Ljm123Uei Uy o7t k23 Ve Uy 5 (3.3)

- 3a
T 32r
~33x 107, My =80 GeV is the W —mass,

where we have used the unitarity of the PMNS matrix. The numerical value is obtained for the best
fit values of the neutrino oscillation parameters for NO spectrum given in Table 1 #. The current
experimental upper limit on BR(i — e+ ¥) reads [46]: BR(u — e+7) < 4.2x 10713 (90% C.L.).

Thus, the only observable “New Physics” predicted by the discussed model are the nonzero
neutrino masses m; # 0, m; # my, j # k =1,2,3, and the 3-flavour neutrino and antineutrino
oscillations, v; — vy and V; — vy, [,I' = e, ., T.

An inherent problem of the model considered is the assumption of conservation of the total
lepton charge L associated with the global U (1), symmetry. To quote E. Witten [47]: “In modern
understanding of particle physics global symmetries are approximate.” Similar ideas were ex-
pressed by S. Weinberg in [48]. Thus, the global U (1), symmetry leading to L = const. is expected
to be broken, e.g., by quantum gravity effects. This implies L nonconservation, which in turn leads
to massive Majorana neutrinos.

4. Qualitative Understanding of m, G <<< Mgy 1,1

A natural explanation of the smallness of neutrino masses is provided by i) the seesaw mech-
anisms of neutrino mass generation [49, 50, 51], and by the ii) mechanisms of radiative generation
of neutrino masses and mixing [52, 53] (see also, e.g., [54], the more recent publications [55, 56]
and the review article [57]).

4.1 Seesaw Mechanisms of Neutrino Mass Generation

An attractive feature of the seesaw mechanisms is that in addition of providing a natural ex-
planation of the smallness of neutrino masses, they relate via the leptogenesis scenario [58] the
generation of neutrino masses to the generation of the baryon asymmetry of the Universe.

There are three types of seesaw mechanisms. Each of the three types is associated with the
existence of new degrees of freedom (particles) beyond those present in the SM. In type I seesaw

4Similar result is obtained in the case of IO spectrum.
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mechanism [49] these are singlet heavy RH neutrino fields vi. In type II seesaw this is an SU(2),,
triplet H(x) of doubly charged, singly charged and neutral scalar fields H~~,H~, H", carrying two
units of the weak hypercharge, Yy (H(x)) = 2 [50]. In the type III seesaw mechanism these are
SU (2), triplets of fermion fields T jz(x), j > 2, carrying zero weak hyper-charge [51].

The scale of New Physics is determined by the masses of the new particles. In all three
versions of the seesaw mechanism considered the light massive neutrinos v; are predicted to be
Majorana particles. All three types of seesaw mechanisms have TeV scale versions, predicting
rich and observable, in principle, low-energy phenomenology (neutrinoless double beta ((8)oy-
)decay, charged lepton flavour violating (ChLFV) processes, etc.) and New Physics at the LHC.

Type I Seesaw Model. In the case of type I seesaw, which is easily incorporated in GUT
theories (notably in SO(10) GUTs), it is assumed that the three RH meutrino fields vjg(x) have a
“high scale” Majorana mass term:

B30) =+ 5 Vi) € 4%y vin() + e, = — 3 TN MN;, @

J

where C is the charge conjugation matrix (CilyuC =— }/5, see, e.g., [14]), and (MRR)T = MRR js
the complex Majorana mass matrix of viz(x), while N; = C (Vj)T, j=1,2,3, are heavy Majorana
neutrinos having masses M;. The heavy Majorana neutrinos masses can be at the ~TeV scale or
at the much higher scale of (10° — 10'3) GeV (e.g., in SO(10) GUTs). The mass term (4.1) is
SU(2)L x U(1)y, invariant and can be introduced in the modified SM with RH neutrinos without
spoiling any of the attractive features of the SM (renormalisability, unitarity). With the presence of
the singlet RH neutrino fields vjg(x), the SM gauge symmetries allow also the introduction of the
neutrino Yukawa-type term (3.1) in the Lagrangian, which generates a neutrino Dirac mass term
with mass matrix Mp after the spontaneous breaking of the SM gauge symmetries:

A (x) = V) Vig(x) @7 (x) (i72) Wi (x) + hc., (4.2)
= Y N (x) @" (x) (i72) Wi (x) + hec. (4.3)
Mp = —_YY, v=246GeV.

V2

The combination of the neutrino Yukawa-type term (4.2) and the Majorana mass term for the RH
neutrinos, eq. (4.1), does not conserve the total lepton charge L. For sufficiently large masses My
of the heavy Majorana neutrinos N, the interplay between the neutrino Dirac mass term and the
the RH neutrino Majorana mass term leads to a Majorana mass term for LH flavour neutrino fields
vy (x) (flavour neutrinos v;):

I
200 = 5 Vi) € (My)iy Vin(x) + e (4.4)

The mass matrix M,, which is diagonalised by the PMNS neutrino mixing matrix, is given by:

(My)r = (MEMR" Mp)yy =V (Y¥) M Y = (Upnins My Uppans )it 4.5)

where Msiag = diag(m,my,m3), m; > 0 being the masses of three light Majorana neutrinos Vv;,
k =1,2,3. The diagram leading to the v; mass term (4.5) is shown in Fig. 1. Neglecting the ma-
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Figure 1: The diagram generating the Majorana mass term (4.4) for flavour neutrinos v;, [ = e, t, 7, in the
case of type I seesaw mechanism. See text for further details.

trix structure for simplicity and choosing vY" = Mp ~ 1 GeV and M;, = 10'? GeV (suggested by
GUTs), we find M, ~ 0.1 eV, which is the correct magnitude of the light neutrino masses. Thus,
the smallness of the neutrino masses is a consequence of the smallness of the ratio v/M, i.e., of
the electroweak symmetry breaking scale v and the scale of masses of the heavy Majorana neutri-
nos My, which in GUTs is by few to several orders below the unification scale of electroweak and
strong interactions of ~ 10'® GeV.

Type II Seesaw Model. The diagram generating an effective Majorana mass term (4.4) for
the flavour neutrinos v;, [ = e, i, 7, in type Il seesaw scenario is shown in Fig. 2. It is a result of the
interplay of the SU(2),, x U(1)y, invariant couplings i) of two lepton doublets to a Higgs triplet
field H(x), and ii) of the triple scalar coupling of H(x) with two Higgs doublet fields:

Flx) = h VL) 1% Vi () H) — @1 ()2 (@' () HY (3)

— MZH' (x)H(x) + h.c., (4.6)

where (Y% (x)T = (vG()T (I$(x)T), 1S(x) = C(IL(x))T, IL(x) being the LH component of the
charged lepton field I(x), [ = e, U, T, hy; are coupling constants fy is a constant with dimension
of mass and My is the mass of H(x). The model does not include RH neutrino fields vjz(x). The
Lagrangian -4j(x) does not conserve the lepton charge L. The flavour neutrino Majorana mass
matrix thus generated has the form

My 2 1V g Mp? = Uinins MY Uiy - (4.7)

For getting an idea of the magnitude of of A, (g and My for which we get the correct scale of light
neutrino masses we neglect the matrix structure of 4 and set uy ~ Mpy. With this simplifications
and recalling that v = 246 GeV, we find that M, ~ 0.1 eV for, e.g., h = 102 and My ~ 6 x 10'2
GeV. The smallness of neutrino masses is a consequence of the smallness of the ratio vuy M 52.

The Higgs Triplet Model (HTM). The TeV scale version of the type II seesaw model is
usually referred to as the “Higgs Triplet Model (HTM)”. In this version the Higgs particles H ™,

H-,H°,
T 1 (H-/vV2 H°
MW =7 ( H —H‘/\/§> ’ “9

have masses at the TeV scale. A Majorana mass term of the flavour neutrinos v; can be generated
just by the first term in the expression for .Zj(x), eq. (4.6), if the neutral component H(x) of the
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Figure 2: The diagram generating the Majorana mass term (4.4) for the flavour neutrinos v;, [ = ¢, U, T, in
the case of type II seesaw mechanism. See text for further details.

Higgs triplet field, develops a non-zero vacuum expectation value (vev), < H® > / V2=vp #£0°.
This can be achieved by using a rather elaborate scalar potential in the theory [59] (see also, e.g.,
[60, 61]). The flavour neutrino Majorana mass matrix generated by the vev of H%(x) is given by:

(MV)MI = 2hg(g/ % (4.9)

Thus, the smallness of the neutrino masses is related in the HTM to the smallness of the vacuum
expectation value of H°. An upper limit on v7 can be obtained from considering its effect on the
parameter p = M3, /M2 cos? By . In the SM, p = 1 at tree-level, while in the HTM one has

2

p51+5p:%, x=V2vy/v. (4.10)
The measurement p = 1.0003 + 0.00023 [62] leads (at 30) to the bound vy < 2.43 GeV. A lower
limit on v7 follows from the magnitude of |(M, )| and the requirement of perturbative values of

the couplings Ay, |hye|> < 4. Taking for simplicity |(My)¢r| = 0.1 eV, one finds vz = 1072 eV.
In the phenomenologically interesting case under discussion of masses of H%, H~ and H™~,
Myo, My- and My, which we will denote generically as My, satisfying My ~ (100 — 1000)
GeV, the model predicts a plethora of beyond the SM physics phenomena (see, e.g., [60, 63, 64,
65, 66, 67]), most of which can be probed at the LHC and in the experiments on charged lep-
ton flavour violation, if the Higgs triplet vacuum expectation value vy is relatively small, roughly
vy ~ (1 —100) eV, so that the couplings & are sufficiently large in magnitude. Under the indi-
cated conditions one can have testable predictions of the model in low energy experiments, and
in particular, in the planned future experiments on the lepton flavour violating processes [ — e,
u—3eand u+ .4 — e+ A (see, e.g., [65, 67]) 6. The TeV scale HTM predicts the existence
of rich new physics at LHC as well [68], associated with the presence of the singly and doubly
charged Higgs particles H~ and H~~ in the theory (see, e.g., [60, 61, 64]). The existing data im-
ply combined limits on vz and M7. Assuming that My > My, for vy < 10* eV the decays of
H = — 1 +!",1,I'=e,u,t are dominant. At LHC, the pair H~~ + H ' is produced via virtual

SThe second term in the expression for Ay (x), eq. (4.6), breaks the lepton charge conservation explicitly. As a
consequence, a massless Goldstone boson is not present in the theory.

%The physical singly-charged Higgs scalar field (particle) practically coincides with the triplet scalar field H™, the
admixture of the charged component ®* of the SM Higgs doublet @ being suppressed by the factor vz /v. The singly-
and doubly- charged Higgs scalars H~ and H~~ have, in general, different masses [59]: My- # My—-. Both cases
My~ > My and My~ < My~ are possible.

10
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Figure 3: The diagram generating the Majorana mass term (4.4) for flavour neutrinos v;, [ = e, i1, 7, in the
case of type III seesaw mechanism. See text for further details.

y and Z°. The search for pairs of same sign charged leptons u® + u*, e* 4+ ¢* and e* + u* at
LHC leads for vy ~ (10— 10*) eV to the following lower limit (at 95% C.L.) on the mass of H~~
[61]: My-- > 620 GeV (for further details and other constraints on the model see, e.g., [61]).

Type III Seesaw Model. The diagram generating an effective Majorana mass term (4.4)
for the flavour neutrinos Vv; in type III seesaw model is shown schematically in Fig. 3. The
model includes at least two SU(2), triplets of RH fermion fields 7 Tjg(x), j > 2, (Tjr(x))T =
diag(T1jr, T2 jr, T3jr), carrying zero weak hyper-charge, which possesses Yukawa-type couplings
to the SM lepton and Higgs doublets ;. (x) and ®(x) and a Majorana mass term:

.\ T, 1 _

Zr(x) = = Ay WiL(x) 5 T2 (@' (x))" Tjr(x) + EMTjk(TjR(x))Tc "Tir(x) +he.,  (4.11)
where A7y, are constants and M7 = (MT)T is the complex, in general, T jR(x) mass matrix. The
states with definite electric charge are T]jfe =T jrxiTy;r and Tj% = T3r. The states correspond to
electrically charged Dirac and neutral Majorana fermions EJjE and Ej.) read:

Ef =T+ C(T)", E) =Tx+C(T%)". (4.12)

The effective Majorana mass matrix of the flavour neutrinos v; is given by:

(My)p =V? (kn/j)MT*jlk Ay = Upvins Msiag U}IMNS)”' For vAy ~ 1 GeV, My ~ 10'Y GeV one
obtains My ~ 0.1 eV. The model has TeV scale version, M7 ~ (100 — 10%) GeV, with rich low-
energy phenomenology (see, e.g., [65] and references quoted therein).

In the effective operator formalism all three seesaw mechanisms generate non-zero neutrino
masses and neutrino mixing after the spontaneous electroweak symmetry breaking via dimension
5 Weinberg operators [69]. In the case of type I seesaw the Weinberg operator has the form:

A

Lgim 5(x) = A

(VL () C iy ®(x)) (D (x) iy Wy (x)) + hec., (4.13)
where A are constants and A is the scale of New Physics.

5. Radiative Generation of Neutrino Masses and Mixing

Within the radiative mechanism, no-zero neutrino masses arise as higher order — one, two,
three, etc. loop — corrections to the Lagrangian of the theory. The models employing the radiative

7In the case of only one triplet the seesaw generated flavour neutrino Majorana mass matrix, as can be easily shown,
has two zero eigenvalues, which is ruled out by the data.

11
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Figure 4: Diagram generating a Majorana mass term (see, e.g., 4.4) for flavour neutrinos v;, [ = e, U, T, at
two loop level in the model [53]. See text for further details.

mechanism of generation of neutrino masses possess certain generic features.

— The loop suppression factors help explaining the smallness of neutrino masses.

— The new particles involved in the respective specific models need not be super heavy, they can
be at the TeV scale. Models with New Physics at the TeV scale are testable experimentally.

— In the models with radiative mechanism there is no need to introduced RH neutrino fields vg(x).
— The models typically include extended scalar sectors.

We will consider briefly two examples of models of radiative neutrino mass generation. The
first [53] involves a doubly and singly charge scalar particles kKt and A, which carry i) weak
hypercharges Yy (kt1) =4 and Yy (h") = 2, and ii) total lepton charges L(k*") = —2 and L(h") =
—2, and are SU (2),, singlets. The scalars A™ and k™" couple to two lepton doublets and two RH
charged leptons (lepton fields). These couplings are SU(2),, x U(1)y, invariant and conserve the
total lepton charge L. The L—nonconservation originates from a triple k** — h™ —h™ coupling.
The model does not include RH neutrinos. Non-zero neutrino masses and neutrino mixing arise at
two loop level via the diagram shown in Fig. 4.

The neutrinos with definite mass Vv; in this model are Majorana particles. The scalars k™" and
h™ can have masses at the TeV scale: M (k™) ~ TeV, M(h') ~ TeV. In this case the model has very
rich lepton flavour and total lepton charge violating low-energy phenomenology: i) ChLFV pro-
cesses, L — e+ Y, L —3e, U~ +(A,Z) = e~ +(A,Z), mediated by k" and h™, and ii) (BB )ov—
decay, which can have rates close to the existing stringent experimental upper bounds. The dou-
bly charged scalar k™ can be produced at LHC and be observed via its characteristic same sign
di-lepton decay mode, k™" — [T+ 1", [,I' = e, u, 7.

The second model is based on SU(2),, x U(1)y, X Z, symmetry [70], where the Z, symmetry
is assumed to be exact. The model includes i) singlet RH neutrinos vig (neutrino fields vjg(x))
which possess a Majorana mass term, and ii) additional SU (2);, doublet scalar field n(x), n7 (x) =
(n™n%). Due to the choice of the Z, charges, Z>(N) = Za(Vg) = — 1, Zo(®) = Zo(yi1) = Zo(Ig) =
+1, [/ =e, 1,7, and the requirement of Z, invariance of the scalar potential of the theory, 17 does
not develop non-zero vev. The Z, symmetry forbids the Yukawa type coupling involving the SM
Higgs doublet, Yz i) D* vyg, but allows the analogous coupling involving 1, Wiz iTo " Vyg. The
interplay of this Yukawa coupling with the quartic scalar coupling (®7n)? and the v,z Majorana
mass term generates a Majorana mass for the LH flavour neutrinos v; via the diagram shown in

12
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Figure 5: Diagram generating a Majorana mass term for the flavour neutrinos v;, [ = e, i, 7, at one loop
level in the model [70] (the figure is taken from [71]). In the diagram H denotes the SM Higgs doublet
(which is denoted as ® in the text of this article). See text for further details.

Fig. 5. Thus, the massive neutrinos Vv; are predicted to be Majorana fermions. The model contains
a dark matter candidate: it could be either the lightest of the three heavy Majorana neutrinos Nj 5 3
having masses M| 3, e.g., Nj, min(M;) = M;, or \/ERenO.

The masses of N, M(n™), and of Ny 3 can be at the TeV scale: M(n*) ~ TeV, Moz ~
TeV. This possibility is associated with rich low-energy phenomenology. If M(n*) > M 12,3, the
following characteristic chain of decays with multilepton final state are possible: n* — liN172’3,
N, — IFIFN;, N3 — liljFNLg. For M(n*) < M, >3, one has: Njo3 — [¥n¥. The ChLFV pro-
cesses and the (88)oy— decay can proceed with rates close to the existing upper bounds (for further
details see [70] and, e.g., the review [71]).

General cases of neutrino masses generated at 1-loop, 2-loop, 3-loop, etc. level are discussed
in [55]. In [57] the authors review the effective operator approach to the problem of radiative gen-
eration of neutrino masses. All SU(2); x U(1)y, invariant dimension 7 operators, which generate
non-zero neutrino masses at one or two loop level are listed and their ultraviolet (UV) comple-
tions are given. In [57] it was noticed, in particular, that the neutrino masses can be generated
at loop level by two non-renormalisable dimension 7 operators (Q3 and Qg), whose UV comple-
tions involve lepto-quarks which are well known candidates to explain the flavour anomalies (the
indications for breaking of lepton universality) in B-meson decays (see, e.g., [72] ).

6. Understanding the Pattern of Neutrino Mixing.
The Quest for Nature’s Message

The observed pattern of 3-neutrino mixing is characterised, as we have seen, by two large
mixing angles 6> and 6,3, and one small mixing angle 613: 01, = 33°, 6,3 =2 45° +6° and 03 =
8.4°. Understanding the origin of this pattern is part of the fundamental flavour problem in particle
physics and represents a remarkable theoretical challenge.

I believe, and I am not alone in holding this view, that with the observed pattern of neutrino
mixing Nature is “sending” us a Message. The Message is encoded in the values of the neutrino
mixing angles, leptonic CP violation (CPV) phases in the PMNS neutrino mixing matrix and neu-
trino masses. We do not know at present what is the content of Nature’s Message. However, on the
basis of the current ideas about the possible origins of the observed pattern of neutrino mixing, the

13
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Nature’s Message can have two completely different contents, each of which can be characterised
by one word: ANARCHY or SYMMETRY.

6.1 Anarchy

In the “Anarchy” approach to neutrino mixing [73, 74, 75, 76] it is assumed that the PMNS
neutrino mixing matrix Upyns can be described as the result from a random draw of unbiased
distribution of 3 x 3 unitary matrices. Thus, the neutrino mixing angles 0;,, 6>3 6,3 and CP vio-
lation (CPV) phases 0, o1 and o1, are supposed to be random quantities. In other words, it is
assumed that Nature “threw dice” when Nature was “choosing” the values of 6;;, 0, @ and 3.
Within the Anarchy approach one obtains predictions for distributions (and not for values) of the
three neutrino mixing angles and the leptonic Dirac and Majorana CPV phases. According to these
distributions values of 6;; = 7/4, ij =12,23,13, and § = /2,37 /2 are the most probable. Thus,
three large mixing angles is the most natural pattern for the Anarchy approach to neutrino mixing.
However, sin” 03 = 0.0214 is rather small, so the value of 6,3 2 0.15 is explained as arising from
the “tail” of the corresponding distribution. It is claimed in [75] that within the Anarchy approach

one has sin® 8;3 > 0.011 at the 26 C.L. In what concerns the neutrino masses m ; and neutrino mass
2

ij>
One of the characteristic prediction of the Anarchy approach to neutrino mixing is the ab-

squared differences Am:., they are not predicted within the Anarchy approach.
sence of whatsoever correlations between the values of some of the neutrino mixing angles and/or
between the values of the neutrino mixing angles and the CPV phases.

6.2 The Family Symmetry Approach

Since the pioneering work [77] the continuous flavour (or horizontal) symmetries approach to
the quark and lepton flavour problems has been extensively exploited (see, e.g., [78, 79, 80] which
contain comprehensive lists of references). The well known Frogatt-Nielsen (FN) [77] simplest and
effective mechanism of explaining the hierarchical patterns of quark and charged lepton masses is
based on U(1)gN local flavour symmetry assumed to be valid at some high energy scale Mpn. This
symmetry is spontaneously broken when a scalar “flavon” field ¢(x), carrying a U(1)pn charge
chosen to be (-1), acquires a non-zero vacuum expectation value < ¢ > below the scale MgxN. The
ratio < ¢ > /MgN plays the role of a small parameter in the theory. It is universally assumed
to be < @ > /Mpn ~ sinO¢c = 0.22, where O¢ is the Cabibbo angle. The charged lepton mass
matrix M,, for example, which in the SM originates from the SU(2); x U(1)y,, invariant charged
lepton Yukawa coupling after the spontaneous breaking of the SM symmetry, in the FN approach is
generated by SU(2), x U(1)y, and U(1)pn invariant non-renormalisable terms in the low-energy
effective Lagrangian of the theory after the breaking of the SM and the U (1)gN symmetries:

np A=

Vo Va0 k() Ag (2) ek =g (2) " L0 k. 6D

Here [; (x) and I, (x), [,I' = &, fi, %, are respectively the SU(2) doublet and singlet left-handed (LH)
and right-handed (RH) components of the charged lepton fields in the basis in which the charged
lepton mass term % (x) is not diagonal, and ng = n(W5,) +n(®) + n(ly), n(¥y), n(®) and n(ly)
being the U(1)gN charges of W5, @ and I;. The coefficients Aj; are assumed to be numbers of
order 1. There exist choices of the U(1)gy charges n(W7;), n(®) and n(l}) (see, e.g., [81]), that

14



Neutrino Theory S. T. Petcov

ensure the correct hierarchical structure of the elements of M,, which in turn leads to the known
hierarchies of the charged lepton masses. The ratios of, e.g., e* and u*, and u™ and t* masses, are
understood as powers of the small parameter < ¢ > /Mgy = € = 0.22: m,/ my ~ &4, my [mg ~ €2,
The angles in the unitary matrix U, which diagonalises the product M,M, and enters into the
expression for the PMINS matrix, Upyns = U, : Uy, where U, results from the diagonalisation of the
neutrino mass term, are determined by the charged lepton mass ratios and are typically predicted
to be small. All predictions have uncertainties related to the unknown order 1 coefficients Az.
Similar considerations apply to the FN approach to the quark flavour problem. Thus, the quark
mass hierarchies and the small values of the quark mixing angles have a natural explanation within
the FN approach.

Explaining the observed pattern of neutrino mixing with two large and one small maxing
angles represents a challenge for the FN approach. As was shown, e.g., in [78, 79, 81], this can
be done for quasi-degenerate neutrino mass spectrum or mass spectrum with mild hierarchy with
the help of certain amount of fine tuning. The results and predictions of interest always involve

8 These uncertainties can be

uncertainties related to the presence of unknown order 1 factors
avoided in much more complex models with larger continuous flavour symmetries (U(2), SU(3),

etc., see, e.g., [83] and [80] which includes also an extensive list of relevant references).

6.3 Towards Quantitative Understanding of the Pattern of Neutrino Mixing

The observed pattern of 3-neutrino mixing and the specific values of the three neutrino mix-
ing angles can most naturally be explained by extending the SM with a flavour symmetry corre-
sponding to a non-Abelian discrete (finite) group Gy. This symmetry is supposed to exist at some
high-energy scale and to be broken at lower energies to residual symmetries of the charged lep-
ton and neutrino sectors, described respectively by subgroups G, and Gy of G¢. Thus, within the
SYMMETRY approach, the observed pattern of neutrino mixing can be naturally understood on
the basis of specific class of symmetries - the class of non-Abelian discrete flavour symmetries (see,
e.g., [84, 85, 86, 87]). Accordingly, the specific form of the neutrino mixing can have its origin in
the existence of new fundamental symmetry in the lepton sector. We will consider the discussed
approach to neutrino mixing is some detail.

The most distinctive feature of the approach to neutrino mixing based on non-Abelian discrete
flavour symmetries is the predictions of the values of some of the neutrino mixing angles and
leptonic CPV phases, and/or of existence of correlations between the values of at least some the
neutrino mixing angles and/or between the values of the neutrino mixing angles and the Dirac CPV
phase in the PMNS matrix, etc. (see, e.g., [86, 88, 89, 90, 91, 92]). This is in stark contrast with
the predicted “randomness” of, and the absence of whatsoever correlations between, the values of
the neutrino mixing angles within the ANARCHY approach. Most importantly, the predictions
and predicted correlations of the discrete symmetry approach, and thus the approach itself, can be
tested experimentally (see, e.g., [88] and [89, 93, 94, 95, 96, 97, 98]).

Flavour symmetry groups G that have been used in the considered symmetry approach to
neutrino mixing and lepton flavour include A4 [99], S4 [100], T’ [101], A5 [102], D,, (with n =

8For applications of the FN mechanism for obtaining, for example, highly hierarchical spectrum of the heavy Ma-
jorana neutrinos of the seesaw mechanism see, e.g., [82].
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10,12) [103, 104], A(27) [105], the series A(6rn?) [106], to name several ? (see, e.g., ref. [85] for
definitions of these groups and discussion of their properties !°). The choice of the non-Abelian
discrete groups Ay, S4, T', As, etc. is related, in particular, to the fact that they describe symmetries
with respect to rotations on fixed large mixing angles and, correspondingly, lead to values of the
neutrino mixing angles 6, and 6,3, which can differ from the measured values at most by sub-
leading perturbative corrections, with 63 typically (but not universally) predicted to be zero. The
PMNS matrix, as we have already indicated and is well known, has the form:

Upmns = UJ Uy,

where the unitary matrix U, (Uy) originates from the diagonalisation of the charged lepton (neu-
trino) mass term. The angles in the matrix U, are typically assumed to have values dictated by the
symmetry. The requisite corrections can most naturally be provided by the matrix U] (see, e.g.,
[111, 112, 88, 89, 90] and references quoted therein). As we have noticed already, U, diagonalises
the product M,M; , M, being the charged lepton mass matrix in the charged lepton mass term .%;(x):

Zi(x) = —1p(x) (M) 7 lze(x) + h.c., (6.2)
U M.MJ U, = diag(m?,m?,m?), (6.3)

where [1,(x) and 4(x), [,I' = & [1,%, have been defined after eq. (6.1) and m,, m, and m; are

T In certain classes of models, however, U, coincides with

the masses of the charged leptons
the unit 3 x 3 matrix and the requisite corrections are incorporated in a factor contained in the
matrix U, (see, e.g., [86, 87] and references quoted therein). Assuming that the weak-eigenstate
neutrino fields (in the basis in which charged lepton mass term is not diagonal), V;(x), vz (x) and
vz(x), possess a Majorana mass term, .%;(x), and thus the neutrinos with definite mass v; 53 are

Majorana particles '2, then U, is the matrix diagonalising the neutrino Majorana mass matrix M,:

Ly(x) = 3 v (x) C My v (x) + hee, (6.4)
UM, U, = diag(m,my,m3). (6.5)

In the approach under discussion it is standardly assumed that the LH neutrino fields, v;, (x),
and the LH components of the charged lepton fields /; (x), which form an SU(2), doublet in the
SM, are assigned to the same r-dimensional irreducible representation p,(g¢) of the Group Gy, g¢
being an element of Gy. In the cases of Gy = A4, Sa, T’ and As, p(gy) is typically taken to be

9Some of the groups T”, As, etc. can be and have been used also for a unified description of the quark and lepton
flavours, see, e.g., refs. [101, 107, 108, 109, 110] and references quoted therein.

1044 is the group of even permutations of 4 objects and the symmetry group of the regular tetrahedron. Sy is the
group of permutations of 4 objects and the symmetry group of the cube. 7" is the double covering group of A4. As is the
icosahedron symmetry group of even permutations of five objects, etc. All these groups are subgroups of SU (3).

"I'The LH components of the fields of the electron, muon, and tauon, /1 (x), [ = e, i, 7, are related to the fields /7 (x)
via the matrix U,: Ip(x) = (U;)ZifL(x).

121t should be noted, however, that the approach to neutrino mixing we are discussing can be employed also if Vi23
are Dirac fermions (see, e.g., [90]), e.g., when the theory contains right-handed neutrino fields viR(x) which form a
Dirac mass term with the LH neutrino fields v, (%) I 7l~’ =¢,[1,7, and and the total lepton charge L = L, + Ly + Lz is
conserved [45], as discussed in Section 3.
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a 3-dimensional irreducible unitary representation 3, p,(gs) = p3(gy). This is equivalent to the
assumption of unification of the three lepton families at some high energy scale. We are going to
consider this choice in what follows '3.

At low energies the flavour symmetry Gy has necessarily to be broken so that the electron,
muon and tauon as well as the three neutrinos with definite mass vy, v, and vs, can get different
masses. The breaking of G is realised in specific models by scalar “flavon” fields, which are
singlets with respect to the Standard Theory gauge group but transform under certain irreducible
representations of Gy and acquire non-zero vacuum expectation values, thus breaking Gy spon-
taneously. The breaking of the flavour symmetry G can leave certain subgroups of G, G, and
Gy, unbroken in the charged lepton and neutrino sectors. The unbroken symmetries G, € G and
Gy € Gy are residual symmetries of the charged lepton and neutrino mass matrices, M, and M.
The residual symmetry G, restricts the forms of M, and MeM;f and, thus the form of U,, while the
symmetry Gy restrict the form of M, and therefore of U,. As a consequence, the neutrino mixing
matrix Uppns is either completely determined or is restricted to have a specific form. The form of
Upmns one obtains depends on Gy, p,(g7), G, and Gy. If the residual symmetries are “sufficiently
large” (see, e.g., [86, 87]), the form of Upyns Will be completely fixed.

As we have already indicated, one of the main characteristics of the discussed approach to
neutrino mixing based on discrete flavour symmetries is that it leads to certain specific predictions
for the values of, and/or correlations between, the low-energy neutrino mixing parameters, which
can be tested experimentally. We give a few examples [86, 88, 89, 90, 93, 94, 113, 114, 115, 116].

I. In a large class of models one gets sin® 623 = 0.5.

IL In different class of models one finds that the values of sin” 6,3 and sin” 6,3 are correlated:
sin 623 = 0.5(1 T sin” B3 + O(sin* 3)).

IIL In certain models sin® B3 is predicted to have specific values which differ significantly from
those in cases I and II [89]: sin® 653 = 0.455; or 0.463; or 0.537; or 0.545, the uncertainties in these
predictions being insignificant.

IV. Certain class of models predict a correlation between the values of sin” 8}, and sin® 6;3: sin” 6, =
1/(3cos?013) = (1 +sin’ B3 + O(sin* 3)) /3 =2 0.340, where we have used the b.f.v. of sin’ 6.

V. In another class of models one still finds a correlation between the values of sin’ 61> and
sin? B3, which, however, differs from that in Case IV: sin?6;, = (1 —3sin?6;3)/(3cos?6}3) =
(1 —2sin? 03 + O(sin* 6;3)) /3 =2 0.319, where we have used again the b.f.v. of sin® 6;3.

VI. In large classes of models in which the elements of the PMNS matrix are predicted to be func-
tions of just one real continuous free parameter (“one-parameter models”), the Dirac and the Ma-
jorana CPV phases have “trivial” CP conserving values O or 7. In certain one-parameter schemes,
however, the Dirac phase § = /2 or 37/2.

VIL. In theories/models in which the elements of the PMNS matrix are functions of two (angle and
a phase) or three (two angles and one phase) parameters, the Dirac phase § satisfies a sum rule
by which cos d is expressed in terms of the three neutrino mixing angles 6;,, 6,3, 6,3 and one (or
more) fixed (known) parameters 6" which depend on the discrete symmetry G employed and on

BIn specific models the choice pr(gf) = p3(gy) is usually accompanied by the assumption that ég(x), fig(x) and
g (x) transform as singlet irreducible representations of G (see, e.g., [86]).
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the residual symmetries G, and G, [88, 89, 90]:
cos 8 = cos 6(6y2,0:3,013;6"). (6.6)

In these cases the Jcp factor which determines the magnitude of CP violation effects in neutrino
oscillations, is also completely determined by the values of the three neutrino mixing angles and
the symmetry parameter(s) Oy:

Jep = Jcp (012, 623, 013,6(012, 623, 013)) == Jcp(012,623,013;0"). (6.7)

The predictions listed above, and therefore the respective models, can be and will be tested in
the currently running (T2K [117] and NOVA [118]) and planned future (JUNO [119], T2HK [120],
T2HKK [121] and DUNE [122]) experiments.

Underlying Symmetry Forms of Upyns and Predictions for Dirac CP Violation. As ex-
ample of cases leading to the correlations (6.6) and (6.7), we consider a sum rule for cos § corre-
sponding to five widely discussed symmetry forms of Uy, with the requisite corrections provided
by two possible forms of U,. The symmetry forms in question are: i) tribimaximal (TBM) mixing
[123], ii) bimaximal (BM) mixing !4 [125], iii) the golden ratio type A (GRA) mixing [102, 126],
iv) the golden ratio type B (GRB) mixing [127], and v) hexagonal (HG) mixing [104]. The matrix
U, for all five forms has the following simple form:

% : \%
cos @), sinf);, 0

sinB, cos 6,
Uy =R (83, = —m/4)Ri3 (03 =0)Ria (B)) PP = | =52 =52 —5 | P°, (69
_sinB); cos@), 1
V2 V2 V2

. 5 & . . . . ..
where P° = diag(1,¢/2,¢/>") and R; i(0Y) is a 3 x 3 orthogonal matrix of rotation in the i — j

1
plane. The phases in the matrix P° contrilj)ute to the Majorana phases of the PMNS matrix. The
value of the angle 6}, and thus of sin’ 6),, depends on the symmetry form of U,. For the TBM,
BM, GRA, GRB and HG forms '> we have: i) sin?8}, = 1/3 (TBM), ii) sin’ 8}, = 1/2 (BM),
iii) sin® @Y, = (24 7)~! = 0.276 (GRA), 7 being the golden ratio, 7 = (1+/5)/2, iv) sin’ 0}, =
(3 —7)/4 =2 0.345 (GRB), and v) sin? 0y, =1/4 (HG).

It follows from eq. (6.8) that for the five discussed symmetry forms of U, we have: i) 6); =0,
which should be corrected to the measured value of 63 = 0.15, and ii) sin® 92V3 = 0.5, which might
also need to be corrected if it is firmly established that sin® 6,3 deviates significantly from 0.5.
In the case of the BM form sin’ 6;, = 0.5, which is ruled out by the existing data and should be
corrected. Finally, the value of sin’ 0}, for the HG form lies outside the current 3¢ allowed range
of sin” 6, and needs also to be corrected. However, all necessary corrections are perturbative and
sub-leading, i.e., small.

14Bimaximal mixing can also be a consequence of the conservation of the lepton charge L' = L, — Ly — Lt (LC)
[124], supplemented by (t — T symmetry.

I5For a detailed discussion of how the symmetry forms TBM, BM, GRA, GRB and HG are obtained from the
symmetries A4 (or T’ or S4), S4, As, D1 and D», respectively, see, e.g., [86, 87] and references quoted therein.
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Table 2: Predicted values of cos & and 8 for the five symmetry forms, TBM, BM, GRA, GRB and HG, and
U, given by the form A in eq. (6.9), obtained using eq. (6.11) and the best fit values of sin’ 017, sin’ 6,3 and
sin? 0,3 for NO and IO neutrino mass spectra from ref. [18].

Scheme  cos§ (NO) 6 (NO) cos o (I10) 0 (10)
TBM —0.23 +103° —0.24 +104°

BM (LC) —1.81 cos 0 —unphysical —1.82 cos d —unphysical
GRA 0.31 +72° 0.30 +72°

GRB —0.34 +110° —0.35 +111°
HG 0.56 +56° 0.55 +56°

The requisite corrections can be provided by the matrix U, (see, e.g., [88, 89, 90, 96, 115]).
For the two possible forms of U],

A: UeJr = Rlz(GfZ)R23(0§3)‘PA, W, = diag (l,efiw,efiw) s (6.9)

B: Ul =R»(6f,)¥s, Wg=diag(l,e ¥ 1), (6.10)

16

where 6f, and 65, are free real angle parameters and ¥ and @ are two phases '°, cos & was shown

to satisfy the following sum rule [88]:

tan 03

cosd = [cos26); + (sin2 61 — cos? 61,) (1— cot? 653 sin® 613)] - (6.11)

sin 2912 sin 913

Within the approach employed this sum rule is exact '’

[89] (and not only for 6); = — 7 /4 of the five considered symmetry forms of Uy ). For the form B
of U, we also have [88]:

and is valid for any value of the angle 6,

. 2

sin? 53 — %%}1‘;&3 ~ %(1 —sin’6;3). 6.12)
Thus, in contrast to the case A in which sin” 63 is not constrained and is allowed to differ signifi-
cantly from 0.5, in case B the values of sin” 63 and sin” 6,3 are correlated and sin” 63 can deviate
from 0.5 only by 0.5sin?6;3 =2 0.011. The fact that the value of the Dirac CPV phase § is deter-
mined (up to an ambiguity of the sign of sin §) by the values of the mixing angles 6;,, 6,3 and 6,3
of the PMNS matrix and of 6, of matrix Uy, eq. (6.8), is the most striking prediction of the models
considered. This result implies that in the discussed models the sum rule (6.7) for the Jcp factor

also holds with 8¥ = 6),.
Using the sum rule (6.11) predictions for cos § and the Jcp factor in the cases of the TBM,
BM, GRA, GRB and HG underlying symmetry forms of Upyns were derived first in [88] using
the results on sin’ 6; ; available in 2013 from [20]. In Table 2 we present updated predictions of

16Cases A and B correspond to G ¢ completely broken and broken to G, = Z; by the charged lepton mass term.

17The renormalisation group corrections to the sum rule for cos 8, eq. (6.11), in the cases of neutrino Majorana
mass term generated by the Weinberg (dimension 5) operator added to 1) the Standard Model, and ii) the minimal SUSY
extension of the Standard Model, have been investigated in [128, 129]. They were found in [128] to be negligible, e.g.,
when the Weinberg operator was added to the Standard Model.
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cos & and & for the b.f.v. of sin’6y,, sin® 63 and sin’ 6,3 given in Table 1. The results in Table
2 show that the predictions of cos & vary significantly with the symmetry form of U, '®. Thus,
a measurement of cos d can allow to distinguish between at least some of the different symmetry
forms of Uy, provided 0;,, 813 and 6,3 are known, and cos § is measured with sufficiently high
precision [88]. This conclusion was confirmed by the statistical analyses performed in [96, 97, 98].

The results of the statistical analysis [96] of the predictions for the Jcp factor for the five
symmetry forms considered are shown in Fig. 6. They were obtained using the “data” (b.f.v. and
x> —distributions) on sin? 8y, sin® B;3, sin® 6,3 and § from [20] for NO spectrum; similar results
are valid for the IO spectrum. These results show, in particular, that the CP-conserving value of
Jcp = 0 is excluded in the cases of the TBM, GRA, GRB and HG symmetry forms, respectively,
at approximately 50, 40, 40 and 30 C.L. with respect to the C.L. of the corresponding best fit
values which all lie in the interval Jcp = (—0.034) — (—0.031). The b.f.v. for the BM (LC) form is
much smaller and close to zero: Jep = (—5 x 1073). For the TBM, GRA, GRB and HG forms at
30 we have 0.020 < |Jcp| < 0.039. Thus, for these four forms the CP violating effects in neutrino
oscillations are predicted to be relatively large and observable in the T2HK and DUNE experiments
[120, 122]. These conclusions hold if one uses in the analysis the results on the neutrino mixing
parameters and &, obtained in the more recent global analyses [18, 19].

In Fig. 7 we present results of statistical analysis of the predictions for cos§, namely the
likelihood function versus cos 0 within the Gaussian approximation (see [96] for details) performed
using the b.f.v. of the mixing angles given in Table 1 and the prospective 10 uncertainties i) of 0.7%
on sin” 65, planned to be reached in JUNO experiment [119], ii) of 3% on sin” 63, foreseen to be
obtained in the Daya Bay experiment [131], and iii) of 3% on sin® B3, expected to be reached
in the currently running and future planned long baseline neutrino oscillation experiments [117,
120, 122]. The BM (LC) case is very sensitive to the b.f.v. of sin” 0y, and sin” 63 and is strongly
disfavored for the b.f.v. given in Table 1 '°. The measurement of sin® y,, sin” ;3 and sin’ 6»3 with
the quoted precision will open up the possibility to distinguish between the BM (LC), TBM/GRB,
GRA and HG forms of U,. More specifically, it was shown in [97] that a combined analysis of
the data from the DUNE and T2HK experiments would allow to distinguish between TBM and
HG (GRA) symmetry forms of the PMNS matrix at approximately 30 (20) confidence level; and
the same data would allow to distinguish between GRB and HG (GRA) forms at more than 3¢ (at
approximately 26) confidence level 2°. In what concerns the BM (LC) form, as was shown in [97],
it can be distinguished from the other four symmetry forms — TBM, GRB, GRA and HG - at more
than 50 using only the data from the DUNE experiment. Using the T2HK, T2HKK and DUNE
combined data is expected to lead to a better discrimination between the different symmetry forms
of Uppns owing to the better prospective sensitivity to 0 of the combined data from the T2HK and

18The unphysical value of cos 8 in the BM (LC) case is a reflection of the fact that the discussed scheme with BM
(LC) form of the matrix Uy does not provide a good description of the data on 05, 6>3 and 03 [130].

19This case might turn out to be compatible with the data for larger (smaller) measured b.f.v. of sin? 01, (sin? 623).

20pistinguishing between the TBM and GRB forms seems to require unrealistically high precision measurement of
cos 8. However, elf-consistent models or theories of (lepton) flavour which lead to the GRB form of U, might still be
possible to distinguish from those leading to the TBM form using the specific predictions of the two types of models for
the neutrino mixing angles and other observables. The same observation applies to models which lead to the GRA and
HG forms of Uy .
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Figure 6: Ns = \/F as a function of Jcp. The dashed lines represent the results of the global fit [20],
while the solid lines represent the results we obtain for the TBM, BM (LC), GRA (upper left, central, right
panels), GRB and HG (lower left and right panels) neutrino mixing symmetry forms. The blue (red) lines
are for NO (IO) neutrino mass spectrum. (From ref. [96].)

T2HKK experiments.

Predictions for correlations between neutrino mixing angle values and/or sum rules for cos 8,
which can be tested experimentally, were further derived in [90] (see also [89]) for a large number
of models based on G = Sy, A4, T and As and all symmetry breaking patterns, i.e., all possible
combinations of residual symmetries, which could lead to the correlations and sum rules of interest.
Remarkably, of the extremely large number of possible cases only a very limited number — only
fourteen — turned out to be phenomenologically viable, i.e., to be compatible with the existing data
on the neutrino mixing angles [98] (see also [90]). Statistical analysis of these 14 cases was per-
formed in [98] using the b.f.v. of the three neutrino mixing parameters sin” 6; ; from [19] and taking
into account the prospective (10) uncertainties in the determination of the mixing angles, planned
to be achieved in currently running (Daya Bay [131]) and the next generation (JUNO [119], T2ZHK
[120], DUNE [122]) of neutrino oscillation experiments: 3% on sin’ 613 [131], 0.7% on sin’ 61>
[119] and 3% on sin” 6»3 [122, 120]. This analysis revealed that only six cases would be compatible
with the indicated prospective data from the Daya Bay, JUNO, T2HK, DUNE experiments. This
number can be further reduced by a precision measurement of the Dirac phase 6.

The results of the studies [90, 98] summarised above lead to the important conclusion that
although the number of cases of non-Abelian discrete symmetry groups and their subgroups that
can be used for description of lepton mixing is extremely large, only a very limited number survive
when confronted with the existing data on the three neutrino mixing angles. This limited number
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Figure 7: The likelihood function versus cos d for NO and IO neutrino mass spectra after marginalising over
sin’ 0,3 and sin’ 6,3, for the TBM, BM (LC), GRA, GRB and HG symmetry forms of the mixing matrix Uy .
The figure is obtained by using the prospective 16 uncertainties in the determination of sin” 65, sin® 63 and
sin” 6,3 within the Gaussian approximation. The neutrino mixing angles being fixed to their NO and IO b.f.v.
taken from [18] (Table 1). See text for further details. (Updated by A.V. Titov of a figure from ref. [96].)

of presently phenomenologically viable cases will be further considerably reduced by the precision
measurements of the three neutrino mixing angles and the Dirac phase 0 in the currently running
(Daya Bay) and future planned (JUNO, T2HK, T2HKK, DUNE) neutrino oscillation experiments.

7. Outlook

The results obtained in refs. [88, 89, 90, 93, 94, 96, 97, 98, 113, 114, 115, 116, 132, 133]
and in many other studies (quoted in the present and the cited articles) show that a sufficiently
precise measurement of the Dirac phase & of the PMNS neutrino mixing matrix in the current and
future neutrino oscillation experiments, combined with planned improvements of the precision on
the neutrino mixing angles, can provide unique information about the possible discrete symmetry
origin of the observed pattern of neutrino mixing and, correspondingly, about the existence of new
fundamental symmetry in the lepton sector. Thus, these experiments will not simply provide a high
precision data on the neutrino mixing and Dirac CPV parameters, but will probe at fundamental
level the origin of the observed form of neutrino mixing. In order to test critically the discrete
symmetry approach to neutrino mixing, the three neutrino mixing parameters sin’ 6y, sin® 653,
sin? @3 and the Dirac phase & should be measured with 16 uncertainties not larger than those
quoted below (see, e.g., [98]):

8(sin615) = 0.7% (JUNO), (7.1)

8(sin® 8;3) = 3% (DayaBay), (7.2)

8(sin® 63) = 3% (T2HK, DUNE; T2K +NOVA(?)), (7.3)
8(8) = 12° at 270° (T2HK + THKK + DUNE(?)). (7.4)

The measurement of & with 16 uncertainty of 10° at the central value of & of 270° is highly
desirable but is extremely challenging. These future data will show, in particular, whether Nature
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followed the discrete symmetry approach for fixing the values of the three neutrino mixing angles
and of the Dirac and Majorana CP violation phases of the PMNS matrix. We are looking forward
to these data and to the future exciting developments in neutrino physics.

The program of research in neutrino physics aims at shedding light on some of the fundamental
aspects of neutrino mixing:
i) the status of CP symmetry in the lepton sector;
ii) the nature of massive neutrinos v;, which can be Dirac fermions possessing distinct antiparticles,
or Majorana fermions, i.e., spin 1/2 particles that are identical with their antiparticles;
iii) the type of spectrum the neutrino masses obey;
iv) the absolute scale of neutrino masses.

The program extends beyond the year 2030 (see, e.g., refs. [1, 117, 118, 119, 120, 121, 122,
134, 135, 136]). Our ultimate goal is to understand at a fundamental level the mechanism giving rise
to neutrino masses and mixing and to non-conservation of the lepton charges L;, [ = e, i, 7. This
includes understanding the origin of the patterns of neutrino mixing and of neutrino masses sug-
gested by the data. The remarkable experimental program of research in neutrino physics and the
related theoretical efforts are stimulated by the fact that the existence of nonzero neutrino masses
and the smallness of the neutrino masses suggest the existence of new fundamental mass scale in
particle physics, i.e., the existence of New Physics beyond that predicted by the Standard Theory.
It is hoped that progress in the theory of neutrino mixing will also lead, in particular, to progress in
the theory of flavour and to a better understanding of the mechanism of generation of the baryon
asymmetry of the Universe.
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