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The non-unitarity of the neutrino mixing matrix is a problem related with a more fundamental
question about the origin of the neutrino mass. After a brief discussion on the questions “why do
we need model-independent framework for unitarity test?”, we show interesting properties present
in the oscillation probabilities of neutrinos propagating in matter with non-unitarity. That is, (1)
partial unitarity and (2) universal phase correlation. To illuminate these points, we formulate a
perturbative framework with the two expansion parameters ε ≡ ∆m2

21/∆m2
31 and α matrix ele-

ments. The complex triangular α matrix is introduced through the definition of 3×3 non-unitary
flavor mixing matrix N as

N = (1−α)U =

1−

 αee 0 0
αµe αµµ 0
ατe ατµ αττ

U (1)

where U is the unitary MNS mixing matrix, and hence α characterizes the size and the flavor
dependence of unitarity violation (UV)‡ caused by new physics (NP) at low- or high-scales.

The point (1) above essentially means that despite non-unitary mixing, neutrino evolution must
be unitary because the three active neutrinos span a complete state space of neutral leptons. The
phase correlation mentioned in the point (2) refers an intriguing property that the complex α

parameters and νStandard Model CP phase δ always come into the oscillation probabilities in a
correlated way, e−iδ αµe, ατe, and eiδ ατµ , universally in all the oscillation channels. The physical
meaning of this result is briefly discussed.
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1. Model-independent unitarity test

Probably, the first question one asks in thinking about unitarity test in the lepton sector would
be: Given that it is difficult to construct the “MNS triangle”, how and in what circumstance do we
carry out leptonic unitarity test? We must anticipate that unitarity test is to be carried out without
knowing what is NP. If we know what it is, we can just go to models of the NP to confront them
to experiments! Then, the only way we could proceed is to prepare (as much as possible) model-
independent framework for unitarity test. A version for low-scale UV is described in refs. [1, 2].
In the rest of this manuscript we discuss low-scale UV in its leading order, or high-scale UV.

2. Correlation between CP phase δ and the unitarity violating α parameter phases

Following the previous effort and to understand the physics of UV, we went on to construct
a perturbation theory of UV effect in matter [3], whose outcome will be briefly reported in this
manuscript. We have used the two expansion parameters, ε ≡ ∆m2

21/∆m2
31 (helio-to-terrestrial

ratio) and the α matrix elements, while we treat the effects of the matter potential and of θ13 to all
orders. We have derived the formulas of the oscillation probabilities to first order in ε and α’s.

We find that the oscillation probabilities can be decomposed into the three terms (with super-
script indicating the order of expansion) as

P(νβ → να) = P(νβ → να)
(0+1)
helio+P(νβ → να)

(1)
int-UV +P(νβ → να)

(1)
ext-UV , (2.1)

where the first term is the νSM mixing part given in [4], while the second term exhibits the effect
of (must be) unitary evolution of neutrinos. The third term, which is special to UV scenario,
represents the effect of non-unitarity which comes from initial projection onto the mass eigenstate
and final projection back to the flavor state using the non-unitary mixing matrix. Hence, the only
P(νβ → να)

(1)
ext-UV violates unitarity.

By computing the oscillation probabilities to first order in the expansion parameters, we have
demonstrated a very interesting property of universal phase correlation: The complex α parameters
come in into the oscillation probabilities always in combination with νSM CP phase δ as e−iδ αµe,
ατe, and eiδ ατµ in all the oscillation channels [3]. What do these results mean?

• The framework of UV itself somehow places a gentle constraint on NP that causes non-
unitarity by relating the complex UV parameters α’s to the νSM CP phase δ .

• Partial unitarity is a reflection of the completeness of neutral lepton space spanned by the
three active neutrinos.
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