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Interactions between hard partons and the quark-gluon plasma range from frequent soft interac-
tions to rare hard scatterings. The larger number of soft interactions makes possible an effective
stochastic description of parton-plasma interactions in terms of drag and diffusion transport co-
efficients. In this work, we present a numerical implementation that builds upon this systematic
division between soft and hard parton-plasma interactions. We study the dependence of the single
parton distribution on the cutoff between soft and hard parton-plasma interactions, both for small
and phenomenological values of the strong coupling constant.
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1. Introduction

The energy loss of a hard parton traveling in the quark-gluon plasma can be studied within
a weakly-coupled kinetic approach. Parton-plasma interactions is treated perturbatively, and the
dynamics of well-defined quasiparticles (quarks and gluons) are described by transport equations
[1]. Both the energy gain and loss of the partons are included naturally.

Leading-order realizations of weakly-coupled effective kinetic theory, such as MARTINI [2],
generally divide parton-plasma interactions as elastic and inelastic processes. In Ref. [3], it was
shown that the parton energy loss can be equivalently reformulated in terms of hard large-angle
interactions and soft small-angle collisions. A major advantage of this reformulated approach is
that it could be extended to next-to-leading order [4, 3]. There are nevertheless important benefits
at leading order as well. Soft and hard parton-plasma interactions can be systematically factor-
ized. The large number of soft interactions can be efficiently described in a stochastic approach
with transport coefficients; these drag and diffusion coefficients absorb plasma effects (e.g. De-
bye screening) that are particularly important for soft interactions. Large-angle interactions can be
treated separately with emission rates, as in previous implementations.

In this work, we present the first numerical implementation of this reformulated energy loss
model. We study the dependence of the parton energy loss on the cutoffs dividing the soft and hard
interactions. We show that the reformulated energy loss remains valid at large values of the strong
coupling constant αs.

2. Description of the Reformulated Model

The Boltzmann transport equation for a parton propagating through the quark-gluon plasma
is p ·∂ f =−(p ·u)C [ f ], where p is its four-momentum, f is the distribution of partons, u is the
velocity of the medium and C [ f ] is the collision kernel. In previous implementations, C [ f ] would
be divided into an elastic and an inelastic term. In the leading order reformulation [3], the collision
kernel is divided into (i) hard elastic and inelastic interactions, (ii) diffusion, and (iii) conversion
processes.

Hard interactions In the case of inelastic interactions, multiple soft interactions with the plasma
induce the radiation of a parton of energy ω . These induced parton emissions can be divided as
large-ω and small-ω interactions by a cutoff µω with µω . T , where T is the temperature of the
plasma. Small-ω inelastic interactions are absorbed into drag and diffusion coefficients. Large-ω
inelastic interactions are described with emission rates, which are obtained from the AMY integral
equation [5].

In the elastic case, a kinematic cutoff is imposed on the transverse momentum transfer q⊥. The
cutoff µq⊥ is chosen such that gT � µq⊥ � T , with g =

√
4παs. Small-q⊥ interactions are again

absorbed into transport coefficients. Large-q⊥ interactions are calculated perturbatively. Because
plasma effects are significant only at low q⊥, it is sufficient to use vacuum matrix elements to
compute the large-q⊥ rate. Given that p� T is an excellent approximation for phenomenological
applications, we further simplify the evaluation of the large-q⊥ rate by keeping only the zeroth-
order term in T/p.
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Drag and diffusion Number- and identity-preserving soft interactions are described stochasti-
cally with drag and diffusion. Elastic as well inelastic interactions are included: because soft
radiated particles are absorbed by the plasma, the number-preserving assumption still holds in the
inelastic case. The diffusion processes can be described by a Fokker-Planck equation:

C di f f [ f ] =− ∂

∂ pi

[
ηD(p)pi f (~p)

]
− 1

2
∂ 2

∂ pi∂ p j

{[
p̂i p̂ jq̂L(p)+

1
2
(
δ

i j− p̂i p̂ j) q̂(p)
]

f (~p)
}

(2.1)

where ηD is the drag, and q̂L(p) and q̂ are the longitudinal and transverse momentum diffusion
coefficients.

The latter are calculated perturbatively while the drag coefficient ηD is obtained by the Einstein
relation. The elastic contribution to both q̂ and q̂L can be found in Ref. [3]. Inelastic interactions
also contribute to the longitudinal diffusion: q̂inel

L = (2−ln2)g4CRCAT 2µω

4π3 .

Conversion An additional type of interactions are conversions, in which the incoming parton
changes identity. The leading contribution to this process, both in the elastic and inelastic cases, is
suppressed by O(T/p) compared to the large-angle and diffusion processes. Consequently, their
contribution is not included in this work.

Reformulation The reformulation can be written as:

C = C 2↔2 +C 1↔2 = C large−ω (µω)+C large−q⊥ (µq⊥)+C di f f (µω ,µq⊥)+C conv (µq⊥) (2.2)

Every term has a cutoff dependence, which cancels out when added together. In what follows we
test this cutoff independence numerically, for the first time.

3. Numerical implementation & results in a static medium
To implement the reformulated energy loss model described in the previous section, we used

the public version of the JETSCAPE framework [6], building upon the existing implementation of
MARTINI [2] already in the framework. The Fokker-Planck equation describing the soft interac-
tions (2.1) was added as a Langevin equation, solved with the pre-point Ito scheme.

Strictly speaking, the reformulation of parton energy loss Eq. ( 2.2) is valid in the small
coupling limit. Independence on the cutoffs separating soft and hard interactions (µq⊥ and µω )
is not assured in phenomenological applications, where a large coupling is used. We discuss this
cutoff dependence in what follows. Because the cancellation of the cutoff is essentially independent
in the elastic and inelastic cases, we look at them separately.

Inelastic energy loss We set αs = 0.3 and simulate the propagation of a 20 GeV gluon traveling
for 1 fm/c in an infinite static medium. Only inelastic energy loss is included. The temperature
of the plasma is 300 MeV. We vary the inelastic cutoff µω to the value µω = 0.25T, T, 2T . The
leading-gluon energy distribution is shown in Figure 1, first separately for the large-ω interactions
and the drag and diffusion, and then combined.

In the large-ω case (Figure 1(a)), all soft radiations below the cutoff µω are forbidden; in-
evitably, the energy distribution around the initial parton energy is found to depend on µω . In the
drag and diffusion case (Figure 1(b)), because the transport coefficients increase linearly with µω ,
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Figure 1: Energy distribution of a 20 GeV gluon losing energy through inelastic processes only in a 1 fm/c
static quark-gluon plasma at T = 300 MeV, for different µω . For (a) large-ω only, (b) small-ω only, and (c)
combined energy loss.

the parton energy loss also increases on µω . Once combined, Figure 1(c), the µω dependence of
the parton energy loss cancels out.

In fact, when µω is decreased, we reach the limit where the effect of small-ω radiation is neg-
ligible. This is the limit in which inelastic energy loss is typically implemented. The reformulated
energy loss allows for this cutoff to be increased and varied.

We verified that results similar to Figure 1 were obtained with (i) a smaller coupling constant,
(ii) different initial parton energies, (iii) a quark propagating instead of a gluon, and (iv) a realistic
hydrodynamic medium used instead of a brick.
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Figure 2: Energy distribution of a gluon with initial energy E0 = 200 GeV losing energy through elastic
processes in a static plasma with T = 300 MeV, for a propagation length τ = α−2

s 0.32 fm/c at different
elastic cutoff µq⊥ . The results are shown for four different coupling constants αs.

Elastic energy loss Figure 2(a) shows the energy distribution of a 200 GeV gluon propagating
for 1 fm/c in the same medium as used in the previous example: infinite length, T = 300 MeV.
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Only elastic energy loss is included. We show only the combined result with both large-angle
scattering and drag and diffusion. At large coupling, the dependence on the elastic cutoff µq⊥ is
modest, although larger than found in the inelastic case. This larger cutoff dependence, in the
large coupling limit, is likely a consequence of our use of vacuum matrix elements in the large q⊥
elastic energy loss calculation, instead of screened matrix elements. In the small coupling regime,
screening effects are small for large-q⊥ interactions, and the use of vacuum matrix elements is
enough. As expected, we find that the cutoff independence is recovered when the coupling is
reduced1, as shown in Figure 2(b-c).

4. Summary & outlook

The reformulated parton energy loss from Ref. [3] provides a systematic factorization of soft
and hard interactions in the weakly-coupled limit. The numerical implementation presented in
this work indicates that this factorization still holds well at large coupling and can be used in
phenomenological studies.

Naturally one benefit of this reformulation is the possibility of extending it to next-to-leading
order [3]. A separate benefit is phenomenological: this methodical separation of the transport
(soft) sector of the parton energy loss from hard interactions provides a framework for data-driven
constraints on the drag and diffusion coefficient of partons. We expect both of these directions to
have important applications for the study of jets in heavy ion collisions.
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