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We describe a new formalism which aims to unify particle production in high energy
hadronic/nuclear collisions in the Color Glass Condensate formalism at small x (low pt ) with
that of collinear factorization of perturbative QCD at high pt (large x). To do so, in addition to
the classical color field representing small x gluons of a target hadron or nucleus we also include
large x gluons of the target. We then calculate the scattering amplitude for a projectile quark
scattering from both large and small x gluons of the target. This allows us to generalize the Color
Glass Condensate formalism to include high pt deflection of the quark projectile. We discuss the
remaining steps needed to derive expressions for particle production cross sections in high energy
collisions, in both small and large x (low and high pt ) kinematics , including quantum effects
which would contain both large 1/x and Q2 logarithms.
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1. Introduction
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dσ pp→π
d3 p

0X

= f1 (x1 , Q2 ) ⊗ f2 (x2 , Q2 ) ⊗

dσ
⊗ D(z, Q2 )
dt

(1.1)
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where dσ
dt is the hard scattering part with t = pt while f 1 (x1 , Q ), f 2 (x2 , Q ) describe the distribution
of partons carrying fractions x1 , x2 of the energy of the incoming protons. The parton distribution
functions depend on the hard scale Q2 which is usually taken to be the pt2 of the produced hadron.
The fragmentation function D(z, Q2 ) summarizes our ignorance of the details of hadronization in
QCD, with z being the energy fraction of a parton carried by a hadron. Both fragmentation and
distribution functions satisfy the DGLAP evolution equation which determines their Q2 evolution
arising from singular logarithms ever present in quantum (αs ) corrections to tree level diagrams.
The DGLAP evolution equation for one quark flavor can be written as
! Z
!
!
1 dz
d
q(x, Q2 )
Pqq (z, αs ) Pqg (z, αs )
q(x/z, Q2 )
=
.
(1.2)
d log Q2 g(x, Q2 )
Pgq (z, αs ) Pgg (z, αs )
g(x/z, Q2 )
x z

The splitting functions Pab (z, αs ) are calculated in perturbation theory with the most important one
(kinematically) being Pgg which describes radiation of a gluon by another gluon and is singular as 1z
as z → 0. This leads to a fast rise of gluon (and sea quark) distribution function with energy fraction
x. This fast growth of parton distribution functions is observed experimentally in Deep Inelastic
Scattering (DIS) at HERA. The fast rise of gluon (and sea quark) distribution function with inverse
of energy fraction x naturally leads to a breakdown of collinear factorization; as number of gluons
in the wave function of a proton grows there must be an eventual breakdown of the parton model
due high gluon densities, called gluon saturation. A back of the envelope estimate shows that when
2)
the probability of gluon-gluon interactions αs xG(x,Q
∼ 1 one can not treat partons as quasi-free
S⊥ Q2
2
anymore. This relation defines a saturation scale Qs (x, b⊥ , A), which roughly corresponds to the
scale where high parton density effects become dominant. This leads to a breakdown of collinear
factorization formalism and a new approach is needed.
1.1 QCD in the small x limit and the Color Glass Condensate formalism
The Color Glass Condensate (CGC) formalism [1] goes beyond the QCD parton model by
treating small x gluons of a proton or nucleus coherently as a classical color field. This field is
assumed to be radiated by the large x partons (quarks and gluons) jointly referred to as color charge
1
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High pt particle production in high energy hadronic (proton-proton, · · ·) collisions is usually
described in the collinear factorization framework of QCD. Here one makes the approximation
that only one parton (quark or gluon) in each of the incoming protons undergoes a hard scattering,
after which the protons break up and their remnants form the soft underlying event. The hard
scattering is calculable in perturbative QCD to any order in the coupling constant αs while the
parton distribution functions are truly non-perturbative. The predictive power of the formalism lies
in the fact that the parton distribution functions are universal, i.e., they can be measured in one
process and used in any other unlike the hard scattering part which is process dependent. In case
of single inclusive hadron production the invariant cross section can be symbolically written as
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density ρ [2]. Due to the high energy kinematics the color current has only one large component,
along the direction of motion. One then solves the classical Yang-Mills equations in the presence
of this color charge density. The solution in the light cone gauge is
∂i α̃ia (xt ) = g ρ̃ a (xt ) ,

(1.3)

where α̃ia (xt ) is the classical solution with i = 1, 2. This relation however can not be inverted and
it is much easier to work in the covariant gauge where the solution has a particularly simple form
(1.4)

which is very useful for analytic calculations. Armed with this classical solution for the color field
of a proton or nucleus one can use it to calculate parton production cross sections in the small x
limit of QCD. For example, this approach is used to calculate the energy and number density of
gluons produced in a high energy heavy ion collision, which can then be used as initial conditions
for further evolution of the produced system using other approaches, for example, hydrodynamics.
Nevertheless due to the complexities of the problem, analytic solutions are not known and one has
to use numerical methods to solve these equations.
A much simpler process which allows an analytic approach is the so-called dilute-dense collisions [3] where one projectile is treated as a collection of quasi-free partons while the other (the
target) is treated as a classical color field given by (1.4). Examples are proton-proton and protonnucleus collisions in the forward rapidity region where partons of the proton are at moderate to
large x while the target gluons are at small x. This is the essence of the hybrid formulation in contrast to the "kt " factorization approach which treats both the projectile and target as classical color
fields with the projectile field being weak and therefore expanded in powers of the color charge
density. Here we will focus on the hybrid formulation. In this approach the basic building block is
the Wilson line, a path-ordered exponential which sums multiple scattering of a quark (or gluon)
from the projectile proton on the classical color field of the target proton or nucleus. The Wilson
line is given by (for a left moving target and a right moving quark)
 Z +∞

+ − +
V (xt ) ≡ P̂ exp ig
dx Aa (x , xt )ta
(1.5)
−∞

so that the elastic scattering amplitude is
iMeikonal (p, q) = 2πδ (p+ − q+ ) ū(q) n/

Z

d 2 xt e−i(qt −pt )·xt [V (xt ) − 1] u(p) .

(1.6)

It is then clear that the scattering cross section for elastic scattering of a quark on the target is given
in terms of (Fourier transform of) correlators of this Wilson line, the so-called dipole,
T (xt , yt ) ≡



1
< Tr 1 −V (xt )V † (yt ) >ρ
Nc

(1.7)

where xt , yt are the transverse positions of the quark (anti-quark) in the amplitude (complex conjugate amplitude) and < · · · >ρ denotes an averaging over all color charges. All the observables
in dilute-dense collisions (as well as in DIS) in the hybrid formalism are given in terms of multipoint correlators of Wilson lines [4]. The energy (or equivalently x) dependence of observables
2
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∂t2 A+
a (xt ) = g ρa (xt ) ,

Jamal Jalilian-Marian

Particle production at all pt

results from one-loop (O(αs )) corrections which contain singular logarithms of 1/x resummed by
JIMWLK evolution equation (or its large-Nc counterpart BK equation) [5] . It is important to realize
that scattering is done in the eikonal approximation where the projectile quark (or gluon) does not
get a sizable deflection after scattering from the target. Therefore one expects that this approximation will not be valid when considering particle production at high pt . Furthermore since transverse
momentum and rapidity of the produced parton are kinematically related to the energy fraction x of
the target proton or nucleus via x ∼ √pts ey , high pt particle production probes intermediate to large
x modes of the target and small x (eikonal) approximation is not applicable.

It should be clear that due to eikonal approximation and the kinematic relation between transverse momentum and rapidity of the produced parton with energy fraction x the CGC formalism is
limited to particle production at low pt ∼ Qs where Qs ∼ 2 − 3 GeV at RHIC and the LHC. Keeping in mind that the target energy fraction x increases as the pt of the produced parton increases
it is more appropriate to treat the large x modes of the target as the standard gluons rather than
a classical field. Therefore we reconsider the dilute-dense scattering and include scattering of a
projectile quark not only from the small x modes of the target represented as a classical color field
but also from the large x gluons [6]. The simplest process is q T → q X where T stands for a proton
or nucleus. Since we are going beyond the eikonal approximation the scattered quark can now
get deflected by a large angle, i.e. have a large transverse momentum. Furthermore, the large x
gluon is now a dynamical degree of freedom and can itself rescatter from the classical color field
representing the small x degrees of freedom. The scattering amplitude can be written as
iM = iMeikonal + iM1 + iM2 + iM3

(2.1)

where iMeikonal , iM1 , iM2 and iM3 are given by eqs. (1.6,2.2,2.3,2.4) respectively,
d 2 kt d 2 k̄t i(k̄−k)x −i(q̄t −k̄t )·z̄t −i(kt −pt )·zt
e
e
e
d x d zt d z̄t
(2π)2 (2π)2


 k/
k/̄ 
+
+
/̄
/
/
ū(q̄) V AP (x , z̄t ) n + igA(x)
n VAP (zt , x ) u(p)
2k+
2k̄
Z

iM1 =

with k+ = p+ , k− =

4

kt2
+
2k+ , k̄

iM2 =

2

2

Z

= q̄+ , k̄− =

k̄t2
,
2k̄+


Z
h
iab
2i
†
+
4 i(q̄−p)x
a
+
d
x
e
ū(
q̄)
(igt
)
∂
U
(x
,
x
)
x
AP t
(p − q̄)2



n · (p − q̄)A/b (x) − (p − q̄) · Ab (x) n/ u(p)

d 2 p̄1t i(q̄+ −p+ )x− −i( p̄1t −pt )·xt −i(q̄t − p̄1t )·x̄t
e
e
e
(2π)2

h
iab


†
ū(q̄) ∂x̄+ V AP (x̄+ , x̄t ) n/̄ /̄p1 (igt a ) ∂x+ UAP
(xt , x+ )



n · (p − q̄)A/b (x) − (p − p̄1 ) · Ab (x) n/

 u(p) ,
2n · q̄ 2n · (p − q̄) p− − 2n · (p − q̄) p̄21t − 2n · q̄ ( p̄1t − pt )2

iM3 = −2 i

Z

(2.2)

(2.3)

d 4 x d 2 x̄t d x̄+

3

(2.4)
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2. Toward a unified formalism for particle production for all transverse momentum
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the semi-infinite, anti path-ordered Wilson lines in the fundamental representation are defined as
 Z +∞

+
+ −
+
V AP (x , z̄t ) ≡ P̂ exp ig
d z̄ S̄a (z̄t , z̄ )ta
(2.5)
x+

 Z
+
VAP (zt , x ) ≡ P̂ exp ig

x+

−∞

dz+ Sa− (zt , z+ )ta


.

(2.6)
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The first term in (2.1) is just the standard small x result (1.6) while the second term (2.2) corresponds to the case when the projectile quark scatters at large angle but the large x gluon does not
interact with the small x gluon modes. The third and fourth terms (2.3,2.4) correspond to the case
when the large x and both large x and final state quark interact with the small x gluon modes. We
note that in the small x limit all the non-eikonal terms vanish and one recovers the usual eikonal result of CGC formalism. To proceed further one would need to calculate the gluon propagator [7] in
this approach first and then the one-loop corrections to this result which would then bring about the
x and Q2 dependence of the cross section and would hence unify the DGLAP and CGC description
of particle production at the Leading Order in αs . Work in this direction is in progress and will be
reported elsewhere.

