Difficulties in the description of Drell-Yan processes
at low invariant mass and high transverse
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We study the Drell-Yan cross section differential with respect to the transverse momentum of
the produced lepton pair. We consider data with moderate invariant mass Q of the lepton pair,
between 4.5 GeV and 13.5 GeV, and similar (although slightly smaller) values of the transverse
momentum qT . We approach the problem by deriving predictions based on standard collinear
factorization, which are expected to be valid toward the high-qT end of the spectrum and to which
any description of the spectrum at lower qT based on transverse-momentum dependent parton
distributions ultimately needs to be matched. We find that the collinear framework predicts cross
sections that in most cases are significantly below available data at high qT . We discuss additional
perturbative and possible non-perturbative effects that increase the predicted cross section, but not
by a sufficient amount.
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1. Introduction

2. Collinear factorization and comparison to low energy data
Although there is a generally good agreement between fixed-order predictions and collider
Drell-Yan data (see, for instance, Fig. 10 and Fig. 11 in [11] for a comparison to ATLAS data), this
is not the case for low energy experiments. In this regime, data seem to be well described when
integrated over qT (i.e. when the cross section is differential in rapidity and invariant mass): this
is the case of the Fermilab E288 [12] and E866 [13, 14] data sets, commonly used in global PDF
fits (like, e.g., [15, 16]). When comparing the qT -differential cross section to collinear factorization predictions, the situation is as shown in Figs. 1 and 2. The predictions are known not to be
reliable for qT  Q, where resummation of qT -logarithms is needed. However, data are largely
underestimated even at the highest accessible values of qT (qT ∼ Q for the case of E866), where
fixed-order calculations are expected to be valid. The fact that, for qT & 2.5 GeV, the NLO uncertainty band in Fig. 1 overlaps with (and is eventually included in) the LO uncertainty band indeed
provides some indication that perturbation theory is well-behaved for this process1 . The reach in
qT of E288 data is somewhat smaller. However, in Fig. 2 we also plot the asymptotic expansion
of the resummed calculation, as this should give a rough guide concerning the region where the
fixed-order calculation may start to become reliable [17]: ideally, when qT is large enough that the
difference between the fixed-order and asymptotic calculations (the so-called “Y term") exceeds
the full (“W +Y ") cross section, one should switch from W +Y to the fixed-order result to obtain
more reliable predictions. This occurs for qT values around 1-2 GeV in the present case. The disagreement between theory and data is general for data with center-of-mass energy of the order of
few tens of GeV (see [10] for more plots).
1 On

the other hand, we also observe that the NLO scale uncertainty band is only marginally more narrow than the

LO one.
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The transverse-momentum dependent Drell–Yan (DY) cross section has been considered in
different studies [1, 2, 3, 4, 5, 6, 7, 8] for the determination of Transverse Momentum Distributions
(TMDs). However, TMDs can only describe the low transverse momentum region, qT  Q, and,
concerning fixed-target experiments, there is no attempt to address the region ΛQCD  qT . Q,
where theoretically one expects a transition from TMDs to fixed-order collinear factorization. In
this talk, we show that fixed-order predictions significantly underestimate the available fixed-target
data even at the highest accessible values of qT . To understand this discrepancy, we investigate two
possible extensions of the collinear framework: the resummation of high-qT threshold logarithms,
and intrinsic transverse-momentum smearing. Even if they are relevant for some kinematics, these
effects do not seem to give a general solution to the problem.
It is interesting that also for semi-inclusive deep inelastic scattering (SIDIS) processes ([9])
large discrepancies were found between fixed-order calculations and experimental data at high qT .
Understanding the origin of these issues, besides being relevant by itself, is necessary in order to
have full control of TMD physics and its matching to collinear physics.
The results we present here are available in a more extensive form in Ref. [10].
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Figure 1: Transverse-momentum distribution of Drell–Yan di-muon pairs at s = 38.8 GeV in a selected
invariant mass range and Feynman-x range: experimental data from Fermilab E866 (hydrogen target) [14]

compared to LO QCD and NLO QCD results. Left: NLO QCD O αs2 calculation with central values
of the scales µR = µF = Q = 4.7 GeV, including a 90% confidence interval from the CT14 PDF set [18].
Right: LO QCD and NLO QCD theoretical uncertainty bands obtained by varying the renormalization and
factorization scales independently in the range Q/2 < µR , µF < 2Q.
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Figure 2: Experimental data from E288 [12] vs. NLO QCD predictions (full line with blue band). The
NLO asymptotic expansion of the resummed result is also shown (red dotted lines). The bands are given by
scale variations, as in Fig. 1, while central values correspond to µR = µF = Q.
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3. Threshold resummation

dσ
=∑
dQ2 dq2T
a,b

Z 1
0

dx1 fa/h1

σ0
≡ 2 2∑
qT Q a,b

x1 , µF2

Z 1
y2T

dx1 fa/h1

Z
0

1

dx2 fb/h2 x2 , µF2

x1 , µF2

Z



1

y2T /x1

dx2 fb/h2

d σ̂ab
dQ2 dq2T
x2 , µF2



(3.1)



µF2 µR2
2
ωab ŷT , r, 2 , 2 , αs (µR ) ,
Q Q

where σ0 = 4πα 2 /(9Q2 ), fa/h1 and fb/h2 are the PDFs, and where ŝ = sx1 x2 is the partonic centerof-mass energy squared. In the second line we have written out the variables that the dimensionless
hard-scattering functions ωab may depend on:
ŷT ≡

qT
qT + mT
√
, r≡
,
mT
ŝ

(3.2)

where ŷT ≤ 1. For ŷT → 1 the partonic center-of-mass energy is just sufficient to produce the
lepton pair with mass Q and transverse momentum qT . Therefore, ŷT = 1 sets a threshold for the
process. As is well known [19, 20], the partonic cross sections receive large logarithmic corrections
near this threshold. At the kth order of perturbation theory for the ωab , there are logarithmically
enhanced contributions of the form αsk lnm (1 − ŷ2T ), with m ≤ 2k. These logarithmic terms are due
to soft and/or collinear gluon radiation and dominate the perturbative expansion when the process
is kinematically close to the partonic threshold. We note that ŷT becomes especially large when the
partonic momentum fractions approach their lower integration limits. Since the PDFs rise steeply
towards small argument, this enhances the relevance of the threshold regime, and the soft-gluon
effects are relevant even when the hadronic center-of-mass energy is much larger than the produced
transverse mass and transverse momentum of the final state.
We note that large corrections from threshold resummation have been found previously in
purely hadronic single-inclusive processes such as pp → πX [21, 22], which motivates a corresponding study for the high-qT Drell–Yan cross section pp → γ ∗ X → `+ `− X that will be carried
out in this section. The relevant formalism has been developed in Refs. [23, 24, 25, 26, 27], although in most of these papers only fixed-order (NNLO) expansions of the resummed cross sections
have been considered, and in [28] for the closely related high-qT Higgs production cross section.
We follow here the approach taken in the latter reference. For details, we refer the reader to
[10]. Our numerical results are shown in Figs. 3 and 4, for a fixed value of Q and three values
√
of s. We have chosen µF = µR = Q. We first notice that the NLO expansion of the resummed
formula (black dashed curve) accurately reproduces the NLO result (blue solid curve, with uncertainty bands). This provides some confidence that threshold resummation correctly describes the
3
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As we have seen in Fig. 1, the NLO corrections to the qT -differential cross sections are quite
sizable. It is therefore important to investigate in how far beyond-NLO perturbative corrections
might be relevant for obtaining a better agreement with the data. For the kinematics relevant for
the Fermilab experiments, the invariant mass and transverse momentum of the Drell–Yan pair are
such that the production is relatively close to partonic threshold, where a new class of logarithms
(separate from that mentioned above at low qT ) arises. The summation of these logarithms to all
orders is known as threshold resummation. To be more specific, let us consider the differential
cross section for h1 h2 → `− `+ X in collinear factorization (for simplicity integrated over y):
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Figure 3: E288: experimental data vs. threshold-resummed predictions at NLL+NLO QCD for two different rapidity bins and two different center-of-mass energies.
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Figure 4: E866: experimental data vs. threshold-resummed predictions at NLL+NLO QCD for a selected
(xF , Q) bin.

4. Intrinsic-kT smearing and power corrections
The factorized cross section given in Eq. (3.1) receives corrections that are suppressed by
4
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dominant parts of the cross section to all orders, and that subleading contributions not addressed
by resummation are reasonably small. In the left part of Fig. 3 we also show the scale uncertainty
band for the NLL matched result (red dot-dashed curve), which is barely broad enough to be visible. Evidently, resummation leads to a strong reduction in scale dependence, as one would expect
from a result that incorporates the dominant contributions to the cross section at all orders.
Overall, we find a further significant increase of the cross section due to NLL resummation,
with respect to the NLO results. The enhancement is more pronounced for the case of E288 than
for E866 since, for a given Q, at E288 energy one is closer to threshold because of the lower
c.m.s. energy. However, despite the increase, the NLL result unfortunately still remains well below
the E288 and E866 experimental data at high qT . We thus conclude that NLL high-qT threshold
resummation is not able to lead to a satisfactory agreement with the data.
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dσ
d3σ
=
E 3 ≡
d q
dy d 2 qT ∑
a,b

Z

2

dxa dxb fa/h1 xa , Q



fb/h2

 d σ̂ ab→γ ∗ c ŝ

xb , Q
δ ŝ + tˆ + û − Q2 ,
ˆ
dt
π
2

(4.1)
where as before the fa/h (xa , Q2 ) are the usual collinear PDFs for partons a = q, q̄, g in hadron h. If
one allows the incoming partons to have a small transverse momentum kT , Eq. (4.1) becomes [3]:
E

d3σ
=
d3q ∑
a,b

Z



dxa d 2 kaT dxb d 2 kbT Fa/h1 xa , kaT , Q2 Fb/h2 xb , kbT , Q2
∗


ŝ d σ̂ ab→γ c ŝ
δ ŝ + tˆ + û − Q2 ,
×
xa xb s
dtˆ
π

(4.2)

where the functions Fa/h are a generalization of the PDFs, including a dependence on transverse
momentum. Notice that the partonic Mandelstam invariants must be modified with the inclusion
of kT , and consequently a factor ŝ/(xa xb s) must be inserted to account for the modification of the
partonic flux (see Appendix A of [3]). The modification of the partonic four-momenta is most
µ
often done according to two criteria: (1) the partons remain on-shell: paµ pa = 0, and (2) the light+
cone momentum fractions retain the usual meaning, e.g.: xa = p+
a /Pa . This leads to the following
5
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inverse powers of Q ∼ qT . Little is known so far about the structure and size of such power corrections for the high-qT Drell–Yan cross section. It is an interesting question whether the discrepancies
between perturbative predictions and the high-qT experimental data seen above might be explained
by power corrections. We will try here to address this question from a phenomenological point of
view.
As a simple way of modeling power corrections we estimate below the impact of a nonperturbative partonic “intrinsic” transverse momentum kT on the Drell–Yan qT spectrum. Such an
“intrinsic-kT smearing” is a phenomenological model that has been invoked in the literature in cases
where collinear factorization was found to underestimate transverse momentum spectra, like for inclusive prompt photon and pion production in hadronic collisions (see for instance [29, 3, 30]). For
inclusive processes such as these and the high-qT Drell–Yan process considered here, no general
factorization theorem is known that would extend to arbitrary kinematics of the partonic process.
For prompt photons, factorization has been established, however, for near-threshold kinematics and
low kT in the framework of the “joint resummation” formalism [31, 32, 33], and for high-energy
(small-x) dynamics [34]. A technical challenge for all these approaches is the potential for an artificial singularity when the total transverse momentum of the initial state partons is comparable to the
observed transverse momentum. A method for dealing with this issue was proposed in Ref. [35]
and found to give rise to power corrections to the cross section. A full treatment of the Drell–Yan
cross section may require implementation of perturbative joint resummation along with a study of
corrections in inverse powers of Q or qT . Rather than pursuing this elaborate framework, for the
purpose of obtaining a simple estimate of the potential size of such higher-order perturbative and
power-suppressed non-perturbative effects, we resort to an implementation of a simple model of
intrinsic-kT smearing. In the following we summarize the main features of the model (the detailed
description can be found in Sec. V of [10]). The collinear factorization formula for the process
h1 h2 → γ ∗ X reads at LO (O (αs )):
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choice, in terms of Minkowski components [36, 3]:

 √
√
s
s
k2
k2
paµ + xa
+ aT√ , kaT , xa
− aT√ ,
2
2
2xa s
2xa s

(4.3)

and likewise for the other parton’s momentum. Note that we use LO cross sections in Eq. (4.2)
since a higher-order formulation is not really warranted for our simple model.

This ensures that each parton moves predominantly along the direction of its parent hadron, and
√
that its energy does not exceed the hadron’s energy. However, for s ' 40 GeV (E866 and E605
experiments), this condition implies that kaT may still reach values as high as 20 GeV. In our
numerical analysis we therefore prefer to introduce an additional cutoff kT max on both kaT and kbT
and will test the dependence of the results on this cutoff.
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Figure 5: Left panel: the effect of kT -smearing (dashed blue lines), with the cutoff kT max in Eq. (4.2) set
to 2 GeV. The bands correspond to variation of factorization and renormalization scales between Q/2 and
2Q. For comparison, the calculation in ordinary collinear factorization at LO is also shown (red dotted
lines). Right panel: the effect of varying the cutoff kT max in Eq. (4.2). Here the curves correspond to the
central values µR = µF = Q. For kT max ≥ 2 GeV, which corresponds to the 99% percentile of the gaussian
in Eq. (4.5), independence from the cutoff is reached.

In Fig. 5 we show the effect of kT -smearing, Eq. (4.2), for E866 kinematics. For the generalized PDFs in Eq. (4.2), we use

Fa/h xa , kaT , Q

2



2

= fa/h xa , Q
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"
#
2
1
kaT
exp − 2 ,
π kT2
kT

(4.5)
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As mentioned above, the framework must become unreliable when kaT or kbT become of
the order of the observed transverse momentum, and arguably well before. Large values of kaT
can make the partonic Mandelstam in the denominators of the LO hard-scattering cross sections
unphysically small. In [3], the following condition was chosen to limit the size of, for example,
kaT :
i
h √ p
(4.4)
kaT < min xa s, xa (1 − xa ) s .

Drell-Yan at low invariant mass and high transverse momentum
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where kT2 is independent of flavor2 and momentum fraction xa , but does depend logarithmically
on Q2 because of soft gluon radiation. The kT2 of the Gaussian is chosen by comparing to the
TMD fit in [7] (see discussion below Fig. 14 in [10]). The impact of smearing on the cross
section overall remains mild, as long as the cutoff kT max is chosen below 2 GeV. Especially the
regime qT ' Q is only little affected by kT -smearing. We conclude that, although kT -smearing
does somewhat improve the comparison with the data, its effects do not appear to be sufficiently
large to lead to a satisfactory agreement. We note that at lower c.m.s. energies as relevant for E288,
one is forced to choose smaller cutoffs since the reach in qT is more limited in these cases.

We have shown that theoretical predictions based on fixed-order perturbation theory fail to
√
describe Drell–Yan data at low c.m. energy s ∼ 40 GeV and large values qT ∼ Q of the transverse
momentum of the lepton pair, the experimental cross sections being significantly larger than the
theoretical ones. This is the region where collinear-factorized perturbation theory is expected to
accurately describe the cross section. This disagreement is observed for different experiments, and
across a range of different kinematics in xF , y and Q (see Sec. III of [10]), although admittedly the
experimental uncertainties are in some cases quite large.
Barring the possibility of sizable normalization uncertainties in the experiments, it is important
to identify the theoretical origins of the discrepancies observed in the fixed-target regime. We
have first implemented perturbative threshold resummation and found that it improves the situation
somewhat; a significant discrepancy remains, however. This leaves the investigation of powersuppressed corrections, which we have modeled by implementing a simple Gaussian intrinsic-kT
smearing into the LO cross section. We find that this again helps somewhat, but does not lead to a
satisfactory description of the data. Ultimately, a more detailed study of power corrections may be
required in this case.
Our findings are in line with those reported for the SIDIS cross section in Ref. [9]. We close
by stressing the importance of obtaining a thorough understanding of the full Drell–Yan and SIDIS
qT -spectra in the fixed-target regime. Low-qT Drell–Yan and SIDIS cross sections measured at
fixed-target experiments are a prime source of information on TMDs. At present, the theoretical
description for the important “matching regime” around qT = 2 GeV is not robust (see Sec. II in
[10]). Given the shape of the experimental spectra, it appears that TMD physics may extend to such
large qT and may well remain an important ingredient even beyond. This view is corroborated by
the fact that the qT -integrated Drell–Yan cross section is well described by fixed-order perturbation
theory at these energies. In any case, a reliable interpretation of data in terms of TMDs, including
the matching to collinear physics, is only possible if the cross sections are theoretically understood
over the full transverse-momentum range, which includes the regime of qT ∼ Q we have addressed
here.
2 We

remark that the initial parton “a” can also be a gluon. Every kT -smearing model has to make an assumption
for the average gluon transverse momentum, which is usually taken to be the same as that for the quarks. We note that
perturbative resummations predict dependence of kT2 on parton flavor [35].

7
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5. Conclusions
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