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We discuss a T-even, twist-3 transverse momentum dependent parton distribution for un-
polarized proton. We review its general, model-independent and gauge-independent de-
composition, which follows from the QCD equations of motion and it is given in terms of a
lower-twist distribution, a pure twist-3 distribution and singular terms. Then we present
the results for the twist-3 distribution, using a Light-Front Wave Function (LFWF) over-
lap representation and taking into account the contribution from the three-quark and the
three-quark plus a gluon proton’s Fock-states. Predictions are obtained using a model
for the LFWFs, based on the conformal expansion of the proton distribution amplitudes.
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1. Introduction

Twist-3 distributions are a covenient tool to study quark-gluon correlations inside the
proton [1]. All the higher-twist Transverse Momentum Dependent parton distributions
(TMDs) can be, in general, decomposed into different terms: lower-twist contributions,
pure higher-twist contributions and singular terms. Most of the model calculations assume
that the proton is a bound state of three quarks or quark-diquark bound state. One of
the limitations of these types of models is that they cannot describe the "true" nature
of the twist-3 distributions, related to the correlation between quarks and gluons inside
the proton. Although there are no explicit gluon degrees of freedom, higher-twist effects
can effectively be generated in these models from the interactions of the quarks inside the
proton [2–4]. Recently, a step forward in the direction of including intrinsic gluon degrees
of freedom was made in in Refs. [5-6].

In this work, after reviewing the model independent decomposition for the unpolarized
twist-3 TMD, we summarize the light-front approach of Ref. [6] to model the three-quarks
(3q) and three-quarks plus a gluon (3q+g) Fock-state components of the proton state and
show the model results for the twist-3 distribution e(x,k⊥).

2. Decomposition

Quark’s TMDs are defined from the twist expansion of the following quark-quark
correlator:

Φq
ij(x,k⊥, S) =

∫
dz−dz⊥
(2π)3 eiz

−k+−iz⊥·k⊥ 〈P,S|ψj(0)W(0;z)ψi(z)|P,S〉 |z+=0 . (2.1)

Here and in the following, we use light-front coordinates, with v± = 1√
2
(
v0±v3)

and v⊥ = (v1,v2) for a generic four-vector v. In Eq. (2.1), W(0;z) is a Wilson line, which
ensures the gauge-invariance of the correlator. If one restrict himself to twist-2 and twist-
3 TMDs for an unpolarized proton, only three distributions are present in the T-even
sector: the twist-2 and chiral-even TMD f1, the twist-3 TMDs e and f⊥, that are, respec-
tively, chiral-odd and chiral-even. Their definition in terms of the quark-quark correlator
of Eq. (2.1) is given by

f q1 (x,k⊥) = 1
2Tr

[
Φq(x,k⊥)γ+

]
,

kj⊥
P+ f

⊥,q(x,k⊥) = 1
2Tr

[
Φq(x,k⊥)γj

]
, (2.2)

M

P+ e
q(x,k⊥) = 1

2Tr [Φq(x,k⊥)1)] . (2.3)

If one introduces the “good” and “bad” components of the quark field as ψ± ≡P±ψ where
P± = 1/2γ∓γ± , it turns out that the twist-2 distribution involves only good components
of the quark fields, whereas the twist-3 distributions are matrix elements of the product
of a good and a bad component. It can be checked from the explicit expression of the
light-cone quark spinors (see, e.g., Ref.[7]), that each bad component brings a suppression
factor 1/P+ with respect to a good component. In the following, we focus the attention
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only on the TMD eq. Explicitly, the bilocal quark operator that defines the eq of Eq. (2.3)
can be written as (here and in the following z+ = 0 is understood)

O
(
0;z−,z⊥

)
≡ ψ(0)W(0;z)ψ(z) = ψ+(0)W(0;z)ψ−(z) +ψ−(0)W(0;z)ψ+(z). (2.4)

It is known that the bad component is not an independent dynamical field, since it is
constrained by the equation of motion at fixed light-cone time:

iD+ψ− =−γ
+

2
(
i /D⊥−m

)
ψ+, (2.5)

with D+ being a spatial derivative. For k+ > 0, Eq. (2.5) can be easily inverted. In the
case of k+ = 0, we can manipulate Eq. (2.5) using a subtraction point at 0−, leading to the
following operator identity:

W(0;z)ψ−(z)|z==0 =W(0−,0⊥;0−,z⊥)ψ−(0−,z⊥)+

i

∫ z−

0−
dζ−W(0−,0⊥;ζ−,z⊥)γ

+

2
(
i /D⊥−m

)
ψ+(ζ−,z⊥). (2.6)

Using (2.6), the operator (2.4) can be decomposed as the sum of three terms:

O
(
0;z−,z⊥

)
=Os+Om+Otw3, (2.7)

with

Os = ψ(0)W(0−,0⊥;0−,z⊥)ψ(0−,z⊥), (2.8)

Om =−im
∫ z−

0
dζ−ψ+(0)W(0−,0⊥;ζ−,z⊥)γ+ψ+(ζ−,z⊥), (2.9)

Otw3 =− i2

∫ z−

0
dζ−ψ+(0)σj+

[
W(0−,0⊥;ζ−,z⊥)

→
D⊥,j(ζ−,z⊥)+

←
D
†
⊥,j(0)W(0−,0⊥;ζ−,z⊥)

]
ψ+(ζ−,z⊥), (2.10)

where the index j = 1,2 labels the transverse components. By inserting the operator (2.8)
in the definition of eq, we obtain the following “singular” contribution

eqs (x,k⊥) = δ(x)
2M

∫
dz⊥

(2π)2 e
−iz⊥·k⊥ 〈P |ψ(0)W(0−,0⊥;0−,z⊥)ψ(0−,z⊥)|P 〉 . (2.11)

Following the same procedure with the operator (2.9), we obtain the “mass” contribution
as a sum of a regular term and a singular term:

eqm = m

Mx
f q1 (x,k⊥)− m

M
δ(x)

∫ 1

−1
dy
f q1 (y,k⊥)

y
. (2.12)
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Finally, with (2.10), we obtain the pure twist-3 contribution to eq:

eqtw3(x,k⊥) = ẽq(x,k⊥)− δ(x)
∫ 1

−1
dy ẽq(y,k⊥), (2.13)

where
ẽq(x,k⊥) =− i

Mx
Φq,[σj+]
A,j (x,k⊥) (2.14)

is defined in terms of the quark-gluon-quark correlation function [8]:

Φq,[σj+]
A,j (x,k⊥) = 1

2Tr
[
Φq
A,j(x,k⊥)σj+

]
= gs

2

∫
dz−dz⊥
2(2π)3 e

ik+z−−k⊥·z⊥×(∫ ζ−

∞−
dη−〈P |ψ(0)W(0−,0⊥;η−,z⊥)G+

j(η
−,z⊥)σj+W(η−,z⊥;ζ−,z⊥)ψ(ζ−,z⊥)|P 〉+

∫ ∞−
0−

dη−〈P |ψ(0)W(0−,0⊥;η−,0⊥)G+
j(η
−,0⊥)σj+W(η−,0⊥;ζ−,z⊥)ψ(ζ−,z⊥)|P 〉

)
.

Collecting the results of Eqs. (2.12) and (2.14) we obtain the following general decom-
position for eq(x,k⊥):

eq(x,k⊥) = eqs (x,k⊥) + ẽq (x,k⊥) + m

xM
f q1 (x,k⊥)− δ(x)

∫ 1

−1
dy

(
m

My
f q1 (y,k⊥) + ẽq(y,k⊥)

)
.

(2.15)

3. Model

In order to calculate the pure twist-3 term directly from the expression in terms of the
quark-gluon-quark correlator (see Eq. (2.14)), we need to introduce a model with intrinsic
gluon contributions. We chose a framework based on the Fock-state expansion of the
proton state within light-front quantization. In the light-front Fock expansion each state
is weighed with a LFWF, that represents the probability amplitude of the corresponding
Fock state in the proton. We truncate the expansion to the 3q+g state:

|P,Λ〉= |P,Λ〉3q + |P,Λ〉3q+g , (3.1)

with

|P,Λ〉3q =
∑
β

∫
[Dx]3ΨΛ

3q(β,r)εcc2c3
3∏
i=1
|λi, qi, ci, k̃i〉 , (3.2)

|P,Λ〉3q+g =
∑
β

∫
[Dx]4ΨΛ

3q+g(β,r)εdc2c3T ad,c

( 3∏
i=1
|λi, qi, ci, k̃i〉

)
|λ4,g,a,ki〉 . (3.3)

In Eqs. (3.2) and (3.3), ΨΛ
3q and ΨΛ

3q+g are, respectively, the LFWFs for theN = 3 andN = 4
parton Fock state

∏N
i=1 |λi, qi, ci,ki〉, with λi the parton light front helicity, qi = u,d and g

the quark and gluon flavor index, ci the parton color index, and ki the parton momentum.
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Figure 1: Results for the twist-3 distribution xe(x) for the up (left panel) and down quark (right
panel). The blue long-dashed curves are the pure twist-3 terms, the red short-dashed curves corre-
spond to the mass-terms in Eq. (2.15), and the solid black curves show the total results.

For the argument of the LFWFs, we used a collective notation, with β = ({λi};{qi}) and
r = {k̃i}, where k̃i = (k+

i = xiP
+,kkk⊥,i). Furthermore, the sum over the color indexes is

understood, and, then, using also the sum over the flavor indexes, the color matrix can be
saturated with the color index of the first quark only.

The functional form of the LFWFs can be fixed by using the relations between the
LFWFs and the Distribution Amplitudes (DAs) of the proton. The DAs can be parametrized
using a polynomial expression based on the conformal expansion of the QCD, as outlined in
Ref. [5]. In our work, we modified this parametrization by including non-vanishing masses
for the quarks and the gluons. We fixed the parameters of the LFWFs by fitting the phe-
nomenological parametrization of the twist-2 parton distribution f q1 (x) from Ref. [9], which
provides results at the same scale of our model, i.e. Q2 = 1 GeV2.

Figure 2: Ratio of the pure twist-3 term over the twist-2 distribution f1 for the up (red line) and
down quark (blue line) as function of k2

⊥ and at x= 0.5, normalized to the point k⊥ = 0⊥.

The ẽq distribution can be expressed as the convolution of the LFWFs for the 3q state
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and the 3q+ g state with the same component of orbital angular momentum in the ẑ
direction. For the explicit expressions of the LFWFs overlap representation we refer to [6].
The model results for eq(x) =

∫
dk⊥eq(x,k⊥) are shown in Fig. 1. One notices the non-

negligible size of the pure twist-3 contribution with respect to the mass term in Eq. (2.15),
which is proportional to the twist-2 distribution f1. The two contributions have a quite
different x-dependence. We also note that the pure twist-3 contributions for the up and
down quarks have very similar size, whereas the mass-term contribution for the up quark
is approximately twice as large as the mass-term contribution for the down quark. The
model results for the ratio

R= ẽq(x= 0.5,k⊥)/ẽq(x= 0.5,0)
f q1 (x= 0.5,k⊥)/f q1 (x= 0.5,0)

are shown in Fig. 2. One can appreciate the growth in k2
⊥ of the ratio, due to the different

behaviour in the transverse space of the pure twist-3 distribution with respect to the twist-2
one. In particular, it is evident that the twist-3 distribution is more spread in the transverse
momentum space.
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