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We discuss the production of transversely polarized hyperons in unpolarized proton-proton colli-
sions in the framework of the collinear twist-3 factorization. We focus on the contribution from
the twist-3 fragmentation functions for the final hyperon, that represent the effect of multi-parton
correlations in the fragmentation process. This contribution consists of the quark fragmentation
one and the gluon fragmentation one. We present the twist-3 cross section for the former in the
Leading Order (LO) with respect to the QCD coupling constant. We also present a new formalism
to calculate the cross section for the latter contribution. These contributions are as important as
that from the twist-3 distribution in the initial proton combined with the transversity fragmenta-
tion function for the final hyperon.
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1. Introduction

Clarifying the origin of the large transverse polarization of produced hyperons (collectively de-
noted as Λ hereafter) observed in high energy unpolarized proton-proton collision, pp→ Λ↑X [1],
has been a big challenge in the field of QCD spin physics. This is because the conventional twist-2
calculation (QCD parton model) leads to negligible polarization for this process. This is known as
a Transverse Single Spin Asymmetries (TSSA). Other TSSAs include the spin asymmetries with
respect to the initial polarization for processes such as p↑p→ πX and ep↑→ eπX etc.

In the collinear factorization, the SSAs appear as a twist-3 observable which represents the
effect of multi-parton correlations in the initial hadrons or in the fragmentation process for the
final hadron [2, 3] as opposed to the independent scattering off partons for the case of the twist-2
contribution. The extension of the theoretical framework to deal with this twist-3 effect is quite
involved but is now available in the literature. TSSAs for p↑p→ πX and ep↑ → eπX have been
studied in detail by using this collinear twist-3 factorization framework [4–10], but the hyperon’s
polarization phenomenon has not been addressed that much.

In this article, we study the twist-3 fragmentation contribution to pp→ Λ↑X in the collinear
twist-3 factorization. It is represented as the twist-3 quark Fragmentation Function (FF) and the
twist-3 gluon FF of the hyperon. The Leading-Order (LO) cross section from the former was
calculated in [11]. Here we extend the study to include the latter contribution. These contributions
constitute the cross section for this process together with the previously calculated contribution
from the twist-3 distribution function in the initial proton combined with the transversity FF for
Λ↑ [12–14].

This paper is organized as follows: In Sec. 2, we discuss the twist-3 quark fragmentation
contribution to pp → Λ↑X . This part is a short summary of [11]. In Sec. 3, we discuss the
twist-3 gluon fragmentation contribution. After summarizing the relevant gluon FFs, we present a
formalism to calculate the cross section. Details of the formalism and the partonic cross section for
each channel will be reported elsewhere. Sec. 4 is devoted to a brief summary.

2. Contribution from Twist-3 quark fragmentation functions

2.1 Twist-3 quark fragmentation functions

Here we summarize the twist-3 quark FFs for a transversely polarized hyperon which con-
tribute to pp→ Λ↑X . They are classified as intrinsic, kinematical, and dynamical FFs [15]. Intrin-
sic ones are defined from the usual lightcone correlators of two quark fields as [15–17]

∆i j(z) =
1
N ∑

X

∫ dλ
2π

e−i λ
z ⟨0|ψi(0)|h(Ph,S⊥)X⟩⟨h(Ph,S⊥)X |ψ̄ j(λw)|0⟩=

=

(
γ5 /S⊥

/Ph

z

)
i j
H1(z)+MhεαS⊥wPh(γα)i j

DT (z)
z

+ Mh(γ5 /S⊥)i j
GT (z)

z
+ · · · , (2.1)

where ψi is a quark field with the spinor index i and the color average is implied with N = 3 the
number of quark colors. In (2.1), H1(z) is the transversity FF, and {DT (z), GT (z)} are the intrinsic
twist-3 FFs. The hyperon (Λ) is characterized by its four-momentum Ph, the transverse spin vector
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S⊥ and the mass Mh. A lightlike vector wµ satisfies Ph ·w = 1. A gaugelink operator between the
quark fields is suppressed in (2.1) for simplicity. Here and below we use the shorthand notation
εαS⊥wPh ≡ εαβγδ S⊥β wγPhδ with our convention for the Levi-Civita tensor ε0123 =+1.

The kinematical twist-3 FFs are obtained from the transverse derivative of the qq correla-
tor [15–17]:

∆α
∂ i j(z) =

1
N ∑

X

∫ dλ
2π

e−i λ
z ⟨0|[∞w,0]ψi(0)|h(Ph,S⊥)X⟩⟨h(Ph,S⊥)X |ψ̄ j(λw)[λw,∞w]|0⟩←−∂

α
=

= −iMhεαS⊥wPh( /Ph)i j
D⊥(1)1T (z)

z
+ iMhSα

⊥(γ5 /Ph)i j
G⊥(1)1T (z)

z
+ · · · . (2.2)

Note that the derivative in the r.h.s. of (2.2) also acts on the gauge link [λw,∞w]. D⊥(1)1T and G⊥(1)1T

are defined as real and can be written as the k⃗⊥
2
/M2

h -moment of the twist-2 transverse-momentum-
dependent quark FFs [16, 17].

The dynamical twist-3 FFs are obtained from the correlation functions containing the gluon’s
field strength Fαw ≡ Fαβ wβ as [15],

∆α
Fi j(z,z1) =

=
1
N ∑

X

∫ dλ
2π

∫ dµ
2π

e−i λ
z1 e−iµ( 1

z−
1
z1
)⟨0|ψi(0)|h(Ph,S⊥)X⟩⟨h(Ph,S⊥)X |ψ̄ j(λw)gFαw(µw)|0⟩=

= MhεαS⊥wPh( /Ph)i j
D̂∗FT (z,z1)

z
− iMhSα

⊥(γ5 /Ph)i j
Ĝ∗FT (z,z1)

z
+ · · · . (2.3)

We note that the dynamical FFs D̂FT and ĜFT are complex functions: their real parts are naïvely
T -even, while the imaginary parts are naïvely T -odd. The replacement gFαw → Dα on the l.h.s.
of (2.3) defines other twist-3 FFs, but they can be related to the above FFs. For p p→ Λ↑X , the
naïvely T -odd functions DT , D⊥(1)1T , Im D̂FT and Im ĜFT appear in the twist-3 cross section.

The above three types of FFs are not independent but obey the constraint relations which
follow from the QCD equation of motion (e.o.m. relation) and the operator identities for the parton
correlation functions based on the Lorentz invariance (LIR=Lorentz Invariance Relation). The
e.o.m. relation relevant to our study reads [15]:

∫ ∞

z

dz1

z2
1

1
1/z−1/z1

(
Im D̂FT (z,z1)− Im ĜFT (z,z1)

)
=

DT (z)
z

+D⊥(1)1T (z) , (2.4)

and the LIR is given by

−2
z

∫ ∞

z

dz1

z2
1

ImD̂FT (z,z1)

(1/z1−1/z)2 =
DT (z)

z
+

d
(
D⊥(1)1T (z)/z

)
d(1/z)

.

(2.5)

These relations generally simplify the form of twist-3 cross sections and, in particular, guarantee
their frame-independence [15].
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2.2 Twist-3 quark fragmentation contribution to the cross section

This section summarizes the twist-3 quark fragmentation contribution to

p(p)+ p(p′)→ Λ↑(Ph,S⊥)+X . (2.6)

The LO cross section was calculated in [11] following the formalism developed in [8]. It
receives contributions from the three types of twist-3 FFs introduced in the previous subsection,
which is diagrammatically shown in Fig. 1. For the LO cross section, using the constraint relations
(2.4) and (2.5), we found that the result can be written in the frame-independent form as

P0
h

dσ(p, p′,Ph,S⊥)
d3Ph

=
2α2

s Mh

s2 εPh pp′S⊥
∫ dx

x
f1(x)

∫ dx′

x′
f1(x′)

∫ dz
z3 δ (ŝ+ t̂ + û)×

×

[
DT (z)

z
σ̂1−

{
d

d(1/z)
D⊥(1)1T (z)

z

}
σ̂2− D⊥(1)1T (z)σ̂3 +

+
∫ ∞

z

dz1

z2
1

(
z1

1/z−1/z1

)(
ImD̂FT (z,z1)+ ImĜFT (z,z1)

)
σ̂4

]
, (2.7)

where s = (p+ p′)2 is the center of mass energy squared, f1(x) is the unpolarized twist-2 Parton
Distribution Function (PDF) in the nucleon, σ̂1,2,3,4 are the partonic cross sections, and summation
over all channels and the parton types is implied. For actual forms of σ̂1,2,3,4, see [11].

p

p′ f1(x
′)

f1(x)

∆(z),∆∂(z)

xp

x′p′

Ph
z1

xp

Ph
z

x′p′

f1(x
′)

f1(x)

∆F (z, z1)Ph
z Ph

z
−

Ph
z1

(a) (b) (c)

Ph
z1

Ph
z

Ph
z
−

Ph
z1

f1(x
′)

f1(x)

∆F (z, z1)

f1(x)

Ph
z

Figure 1: Generic diagrams giving rise to the twist-3 quark fragmentation contribution to the polarized
cross section for the process (2.6). The top blob and bottom blob indicate the unpolarized twist-2 PDFs
in the protons. The second blob from the top represents the twist-3 FFs for Λ: ∆(z) and ∆∂ (z) in (a) and
∆F(z,z1) in (b) and (c). The second blob from the bottom is the partonic hard scattering parts.

3. Contribution from Twist-3 gluon fragmentation functions

3.1 Twist-3 purely gluonic fragmentation functions for Λ

In this section, we summarize the purely gluonic twist-3 Fragmentation Functions (FFs) [19].
(Our notation here is slightly different.) Similarly to the quark FFs, they are classified into three
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types. First, the gluon FFs defined from the 2-gluon correlators are given by

Γ̂αβ (z) =
1

N2−1 ∑
X

∫ dλ
2π

e−i λ
z ⟨0|Fwβ

a (0)|h(Ph,Sh)X⟩⟨h(Ph,Sh)X |Fwα
a (λw)|0⟩= (3.1)

=−gαβ
⊥ G(z)− iMhεPhwαβ (Sh ·w)∆Ĝ(z)− iMhεαβSh⊥w∆Ĝ3T (z)+MhεPhwSh⊥{αwβ}∆Ĝ3T̄ (z),

where ∆G3T (z) and ∆G3T̄ (z) are the intrinsic twist-3 FFs, while the other two are twist-2 FFs.
These functions are defined as real. Among these FFs, ∆G3T̄ (z) is naïvely T -odd, while the other
three are naïvely T -even.

Second, we need the kinematical gluon FFs obtained from the derivative of the 2-gluon corre-
lator. For a transversely polarized Λ, they are parametrized as

Γ̂αβγ
∂ (z) =

1
N2−1 ∑

X

∫ dλ
2π

e−i λ
z ⟨0|Fwβ

a (0)|h(Ph,S⊥)X⟩⟨h(Ph,S⊥)X |Fwα
a (λw)|0⟩←−∂

γ
=

=−i
Mh

2
gαβ

T εPhwS⊥γĜ(1)
T (z)+

Mh

2
εPhwαβ Sγ

⊥∆Ĝ(1)
T (z)

−i
Mh

8
(εPhwS⊥{αgβ}γ + εPhwγ{αSβ}

⊥ )∆Ĥ(1)
T (z), (3.2)

where each FF is defined to be real, and can also be written as the k2
T/M2

h -moments of the twist-2
transverse-momentum-dependent gluon FFs. Among the three FFs in (3.2), Ĝ(1)

T (z) and ∆Ĥ(1)
T (z)

are naïvely T -odd, while ∆Ĝ(1)
T (z) is naïvely T -even.

Finally, we introduce the dynamical twist-3 gluon FFs defined from the 3-gluon correlators.
Presence of the two structure constants for the color SU(3) group, dabc and i fabc, allows us to
construct two types of FFs from three gluon field strength tensors. They are defined as

Γ̂αβγ
FA (

1
z1
,

1
z2
) =

=
−i fabc

N2−1 ∑
X

∫ dλ
2π

∫ dµ
2π

e−i λ
z1 e−iµ( 1

z2
− 1

z1
)⟨0|Fwβ

b (0)|h(Ph,S⊥)X⟩⟨h(Ph,S⊥)X |Fwα
a (λw)gFwγ

c (µw)|0⟩=

=
Mh

z2

(
NF1(

1
z1
,

1
z2
)gαγεPhwS⊥β+NF2(

1
z1
,

1
z2
)gβγεPhwS⊥α−NF2(

1
z2
− 1

z1
,

1
z2
)gαβ εPhwS⊥γ

)
, (3.3)

Γ̂αβγ
FS (

1
z1
,

1
z2
) =

=
dabc

N2−1 ∑
X

∫ dλ
2π

∫ dµ
2π

e−i λ
z1 e−iµ( 1

z2
− 1

z1
)⟨0|Fwβ

b (0)|h(Ph,S⊥)X⟩⟨h(Ph,S⊥)X |Fwα
a (λw)gFwγ

c (µw)|0⟩=

=
Mh

z2

(
OF1(

1
z1
,

1
z2
)gαγεPhwS⊥β+OF2(

1
z1
,

1
z2
)gβγεPhwS⊥α+OF2(

1
z2
− 1

z1
,

1
z2
)gαβ εPhwS⊥γ

)
. (3.4)

The four functions NF1, NF2, OF1 and OF2 are complex and depend on two lightcone momentum
fractions z1 and z2. Although the tensor decomposition in (3.3) and (3.4) is in parallel to the case of
the three-gluon distribution functions [6], the number of independent FFs is four times as large as
for the distribution functions. For the polarized hyperon production, the naïvely T -odd FFs ∆Ĝ3T̄ ,
Ĝ(1)

T , ∆Ĥ(1)
T , ImNFi and ImOFi (i = 1,2) contribute to the twist-3 cross section.
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3.2 Twist-3 gluon fragmentation contribution to the cross section

The twist-3 gluon-fragmentation contribution to the process (2.6) is diagrammatically shown
in Fig. 2. As in the case of the twist-3 quark-fragmentation contribution [11], the cross section
arises as a nonpole contribution. Applying the collinear expansion in Feynman gauge developed
in [8,20], one can show that the corresponding twist-3 cross section can be eventually expressed in
terms of the gauge invariant correlation functions defined in the previous subsection as

EPh

dσ(p, p′,Ph,S⊥)
d3P⃗h

=
1

16π2s

∫ dx
x

f (x)
∫ dx′

x′
f (x′)

[
Ωµ

αΩν
β

∫
dzTr

[
Γ̂αβ (z)Sµν(Ph/z)

]
−

−iΩµ
αΩν

β Ωλ
γ

∫
dzTr

[
Γ̂αβγ

∂ (z)
∂Sµν(k)

∂kλ

∣∣∣∣
c.l.

]
+Re

{
−iΩµ

αΩν
β Ωλ

γ

∫ dz
z

∫ dz1

z1
P
(

1
1/z1−1/z

)
×

×Tr
[(

i f abc

N
Γ̂αβγ

FA (
1
z1
,
1
z
)+dabc N

N2−4
Γ̂αβγ

FS (
1
z1
,
1
z
)

)
SL

µνλ ,abc(z1,z)
]}]

, (3.5)

where Ωα
β = gα

β −Pα
h wβ . Sµν(k) and SL

µνλ ,abc(z1,z) are the partonic hard scattering parts corre-
sponding to the fragmentation matrix elements given in Eqs. (3.1)-(3.4). Based on this formula,
we have derived the LO partonic hard cross sections. The derivation of the above formula and the
partonic hard cross sections for each FF in each channel will be reported elsewhere.

p

p′

S(z)

f1(x
′)

f1(x)

Γ(z),Γ∂(z)

xp

x′p′

Ph
z1

xp

Ph
z

x′p′

f1(x
′)

f1(x)

SL(z1, z)

ΓF (z1, z)Ph
z

Ph
z

Ph
z
−

Ph
z1

(a) (b) (c)

Ph
z1

Ph
z

Ph
z
−

Ph
z1

f1(x
′)

f1(x)

ΓF (z1, z)

SR(z1, z)

f1(x)

Figure 2: Generic diagrams giving rise to the twist-3 fragmentation contribution to the polarized cross
section for the process (2.6). The top blob and bottom blob indicate the unpolarized twist-2 PDFs in the
protons. The second blob from the top represents the fragmentation matrix elements for Λ: Γ̂(z) and Γ̂∂ (z)
in (a) and Γ̂F(z1,z) in (b). The second blob from the bottom is the partonic hard scattering parts: S(z) in (a)
and SL

α,abc(z1,z) in (b) and (c).

4. Summary

In this work we studied the twist-3 fragmentation contribution to the polarized hyperon pro-
duction in unpolarized proton-proton collision, pp→ Λ↑X , in the collinear twist-3 factorization.
For the twist-3 quark fragmentation contribution, we have presented the complete LO cross sec-
tion. The e.o.m. relation and the LIR among the twist-3 FFs have lead to the frame-independent
twist-3 cross section. For the twist-3 gluon fragmentation contribution, we have formulated the
method of calculating the cross section in terms of the complete set of the gluon FFs. Details of
the calculation will be reported elsewhere.
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