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1. Introduction

2. U(1)anom : the source of “invisible” axion
Here we glimpse a scenario how the PQ symmetry breaking scale survives down to the intermediate scale MI from string compactification. Along this line, we assign the PQ quantum numbers
to all the fields, including BSM singlets. The relevant U(1) symmetry is U(1)anom whose charges
will be denoted as Qanom . Since the SM fields have respective Qanom quantum numbers, it can act
as the quantum number of a flavor symmetry [13]. So, this idea relates the “invisible” axion with
the flavor symmetry in the SM. Related to this, we will briefly comment on flavors in Sec. 6.
The mechanism behind lowering the PQ symmetry breaking scale is the so-called ’t Hooft
mechanism [14, 15]:
“If a global symmetry and a gauge symmetry are broken by the vacuum expectation value
(VEV) of one complex scalar field, then the gauge symmetry is broken but a global symmetry
remains unbroken”.
This is obvious because the gauge boson must obtain mass by the Brout-Englert-Higgs-GuralnikHagen-Kibble mechanism and one continuous shift symmetry from the original two angle directions cannot be broken. This unbroken shift symmetry is a global symmetry because there does
1
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The Planck scale MP ' 2.4 × 1018 GeV seems to be the definition of physics scale. So, when
new phenomenon at low energy seemed to be present, first plausible attempts might be to understand them in terms of known physics of that time. When neutral currents were announced, I tried
it along this road [1, 2, 3]. It was noted that a magnetic moment proportional to the neutrino mass
can be obtained even without the assumption of two neutrino helicities long time ago [2]. This is
because the chiral structures of fermion mass and magnetic moment are the same, except for the
electromagnetic coupling e. Chiral structure is an important information of low energy fermions.
Recently, when no new physics is announced at the TeV scale, I followed this line of argument on
chiral structure to see a possibility of light particles which are hidden from the LHC [4].
The first chiral structure proposed at low energy is the “V-A” theory of charged current (CC)
weak interactions. Independent left(L)- and right(R)-handed fermion representations with gauge
principle only for quarks and leptons can introduce, by accident, extra global symmetries such as
the baryon and lepton numbers in the standard model (SM). If global symmetries are introduced,
their destiny is to be broken at some scale [5]. The well-known global symmetry is the PecceiQuinn (PQ) global symmetry [6] which is broken dominantly by the QCD anomaly. The PQ
symmetry could have been broken by the fields at the electroweak scale only [7] but there was
no hint that such breaking takes place at the electroweak scale by the time 1978 [8]. So, it was
necessary to introduce weak interaction singlet(s) beyond the SM (BSM). A phase among these
singlets [9] is the so-called “very light” [9] or “invisible” axions which are named as the KSVZ
axions [10, 11] and DFSZ axioins [12]. The BSM singlets must be introduced above the TeV scale
[9]. Here again, the chiral symmetry is crucial to understand how such singlets survive down below
the Planck scale MP .
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not exist the corresponding gauge boson below the VEV. This fact was noted long time ago [16] in
string compactification.
In spontaneously broken gauge models, the signal for the gauge boson mass arises from the
mixing term of the longitudinal mode a (the phase of the complex scalar field φ ) and the gauge
field Aµ
1
g2
g2
1
|Dµ φ |2 = (∂µ a)2 − gQa Aµ ∂ µ a + Q2a v2 A2µ = Q2a v2 (Aµ −
∂µ a)2
2
2
2
gQa v

(2.1)

The rank 16 gauge group E8 ×E08 can produce many U(1)’s beyond the SM gauge group. If all U(1)
do not have any gauge anomaly, then the shift symmetry aMI → aMI +(constant) is broken at the
compactification scale. On the other hand, if there appears an anomalous U(1) from E8 ×E08 [19],
U(1)anom , then the gauge boson Aanom
corresponding to U(1)anom obtains mass. Here, Hµνρ couples
µ
to the anomalous gauge boson MMI Aanom
∂ µ aMI and the ’t Hooft mechanism works as shown in
µ
[13]. So, in the string compactification models with a 4D anomalous U(1) gauge symmetry, the
original shift symmetry of the MI axion, aMI → aMI +(constant), survives as a global PQ symmetry
below the compactification scale. The “invisible” axion realized around 1011 GeV scale can have
this origin of the PQ symmetry from string compactification.

3. QCD phase transition
The QCD phase transition occurs around the critical temperature Tc ≈ 150 − 165 MeV as
shown in the lattice gauge theory [20, 21]. Also, we should take into account the evolution of
the Universe since our current hadronic phase occured in this Universe, not in a nuclear theory
laboratory in a finite volume. The Universe cools down to Tc from a high temperature. It is in the
quark and gluon phase above Tc and in the hadronic phase below Tc . The spin degrees of freedom
g∗ used in the cosmic evolution are very different above and below Tc , and correspondingly the
energy and entropy densities also
Before phase transition: ρ =
After phase transition: ρ =

π 2 i 4 51.25π 2 4
2π 2 i 3
g∗ T =
T , s=
g T
30
30
45 ∗

π 2 f 4 17.25π 2 4
2π 2 f 3
g∗ T =
T , s=
g T
30
30
45 ∗

(3.1)
(3.2)

If we count g∗ only for strongly interacting particles, quarks, gluons, and pions, we have gi∗ = 37
and g∗f = 3. There is a huge gap in the spin degrees around Tc and hence there seems to be no
convincing numbers on the QCD phase transition so far. To calculate the current axion energy
density reliably, we have to clarify this QCD phase transition problem. Early papers on the axion
2
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and the longitudinal degree disappears by redefining the longitudinal component of Aµ as A0µ =
Aµ − gQ1a v ∂µ a.
In compactifications of the heterotic string 10D→4D, the model independent (MI) axion component comes from the tangential component of BMN (M, N = 1, 2, · · · , 10) [17, 18]: Bµν (µ, ν =
1, 2, 3, 4),
Hµνρ = MMI εµνρσ ∂ σ aMI .
(2.2)
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enrgy density of 1983 [22] could not consider this problem without the knowledge on the strong
interaction at that time, and hence it is different from the current estimates by a few orders.
The first serious attempt to tackle this QCD phase transition was performed in the mid-1980 in
the MIT bag model [23]. In one figure of their study shown in Fig. 1 (a), evolutions of heat Q and
enthalpy H are shown in the pressure vs. temperature plane. These trajectories are different from
ours as we see below. Tunneling with an effective potential Veff , shown in Fig. 1 (b), was discussed
in [24].
Recently, the lattice calculation [20, 21] of Tc on the QCD phase transition has attracted a great
deal of attention. Related to the temperature, the discrete time in the Euclidian space corresponds
to temperature. When the lattice gauge theory is used above Tc , it makes sense because the theory
has the gauge symmetry SU(3)c . The susceptibility calculation jumps sharply at Tc and hence the
critical temperature calculated in the lattice computation is used here. There are two issues on the
QCD phase transition here. We argue from physical grounds that the lattice computation cannot
be extended below Tc . The phase below Tc is in the hadronic phase, and using constituent quark
masses below Tc on the lattice does not make sense because there is no gauge symmetry. Below
Tc , we must use only three (in case of one family with negligible baryon number) pion degrees for
hadrons. The phase transition must be calculated in the evolving Universe because our Universe has
expanded during the QCD phase transition. In Ref. [23], the evolution effect has been considered
also. The phase transition deals with formation of hadronic bubbles and their expansion. Here, we
consider the QCD phase transition from the first principles. Our study will show that the phase
transition is not the first order but mimics the cross-over phase transitioin.
Firstly, when bubbles form, we consider that typical hadronic size bubbles form initially at
rest. This amounts to requiring that pressures Pqg in the quark-gluon phase and Ph in the hadronic
phase are the same at Tc . For the thermodynamic energy variables, therefore, it is better to use the
Gibbs free energy G because two independent variables of Gibbs free energy G are P and T whose
differential is given by
dG = −SdT +V dP.
3

(3.3)
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Figure 1: Early considerations of QCD phase transitions. (a) Q and H of Ref. [23] and (b) Veff of [24].

Jihn E. Kim

“Invisible” Axion & QCD

In statistical mechanics, the G conservation is used for the first order phase transition [25]. The
first order phase transition assumes the true and false vacua as depicted in Fig. 1 (b). But, we are
not assuming the first order phase transition and just adopt the conservation of Gibbs free energy.
Where is the difference? It is on the calculation of pressure. Above Tc , pressure is calculated with
the knowledge of spin degrees of freedom of Eq. (3.1), which is reliable because the QCD coupling
constant is small and the approximation of quarks and gluons as point-like blocks is reliable. We
know P of massless quarks and gluons at temperatures T , just 31 of energy density. Belowe Tc ,
pressure cannot be calculated from Eq. (3.2) because the pion waves are of the hadronic scale and
the adjacent waves overlap each other.
With the overlapping pion waves, we must calculate pressure P which has been done with the
relativistic dispersion relation [26], which is shown in Fig. 2. At Tc , a bubble (red) of the pion
size is formed in the quark-gluon phase background (gray) as depicted in Fig. 3 (a). There is no

Figure 3: Hadronic bubble(s) formation (in red) in the quark gluon phase background. Left panel: Right
panel:

4
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Figure 2: Pressure in the hadronic phase in the Ph − T plane. The right-hand side red dot corresponds to Tc .
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where α is the conversion rate to hadronic bubbles in the quark-gluon background and the second
term takes into account the Hubble expansion of the already formed hadronic bubbles. Ri is the
typical size of initially formed hadronic bubbles. This can be taken as the pion size. The conversion
rate α in Eq. (3.4) is calculated by the Gibbs free energy conservation,
(−SdT − PdV )quark−gluon phase + (−SdT − PdV )hadronic phase = 0

(3.5)

where we can use dVqg = −dVh , or
Sqg − Sh dT
dVh
=
,
V dt
Ph − Pqg dt

(3.6)

leading to
α=

Sqg − Sh dT
T6
−37π 2
=
, with T 2t[s] = MeV.
Ph − Pqg dt
45(Ph − Pqg ) MeV

(3.7)

Figure 3 (b) shows the different scale bubbles some time after the beginning of the QCD phase
transition. Overlapping situation is depicted for two bubbles. The situation from the intitial time
ti and the beginning of expansion with light velocity is not analyzed in detail. We just took the
beginning time of the light velocity expansion is right after ti .
The QCD scale in axion physics adopts 1 GeV as a typical scale for the beginning of the
misalignment angle. But, we will change this number in this talk due to our better knowledge on
the QCD phase transition. Let us first note the relevant expressions of axion mass in the quarkgluon and hadronic phases,
m2u Λ2QCD

sin2 θ̄ ,
2Z cos θ̄ + 1 + Z 2
p
2Z cos θ̄ + 1 + Z 2
0
0
0 0 2
Hadronic phase with fπ and mπ : ( fπ mπ )
,
1+Z
Quark-gluon phase with ΛQCD :≈

(3.8)

(3.9)

where θ̄ = a/ fa . In Eq. (3.8), we used the Baluni form [27], Eq. (5.47) for θ̄ ' 0, π of [10] for
vertices of quark loops in the quark-gluon phase, parametrizing the result of the loop integral as
the hadronic coupling Λ2QCD . Here, the expression is in terms of parameters determined by single
particle effects. In our case, we use Eq. (3.8) to obtain T1 for θ̄ ' 0, π. θ̄ near π is the relevant
5
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barrier (due to the requirement of the same P) to cross over in our case and hence it cannot be the
first order phase transition. It is simply the quantum mechanical phenomenon that the pion wave
created by the phase transition suddenly extends over to the horizon of the QCD scale.
Second, sometime later these bubbles expand with light velocity in the expanding Universe.
Let us introduce a two parameter differential equation for the hadronic fraction fh as the cosmic
time t increases. We must take into account the Hubble expansion in the radiation dominated
Universe. We adopt the boundary condition that in the initial formation time t = 0 there is no overlapping bubbles and also in the final state of the phase transition there is no overlapping because all
bubbles are already taken into account. Our differential equation for fh in terms of two parameters
(α and C) is
d fh
3
= α(1 − fh ) +
fh
(3.4)
dt
1 +C fh (1 − fh )(t + Ri )
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region to study a large anharmonic term. And Eq. (3.9) is the well-known form in the hadronic
phase, where the hadronic parameters in the broken phase of many particles, fπ0 and m0π , are used.
We split the temperature region by four bands as shown below.
3.1 Obvious quark gluon phase

3.2 Interim phase
Between the ρ meson mass scale and Tc , there is no particle which can be considered as a
bound state of a quark and an anti-quark. K mesons exist but they are considered to be the remnant
of chiral symmetry breaking. Furthermore, we do not consider the second family in this talk.
Below Tc , there is no temperature dependence of axion mass. In this interim region, we use the
temperature power T −4.2 .
3.3 Around Tc
Starting from Tc , temperature drops during the QCD phase transition. There are some hadronic
phase bubbles as shown in Fig. 3 and here we apply the bubble evolution equation (3.4). During
this phase, the background quark gluon phase can be super-cooled but we keep it at Tc . Using the
supercooled quark-gluon phase does not change the result very much.
3.4 After the QCD phase transition
After changing all quark-gluon phase to the hadronic phase, i.e. obtaining fh = 1, the QCD
phase transition is finished at time t f . After t f , we solve the evolution of θ̄ [29].

4. Summary of θ̄ evolution
Figure 4 summarizes, by arrowed red curves, the evolution of axion energy density from the
value at T1 until the finishing time t f of phase transition. One obvious boundary condition is that at
the beginning of the phase transition it is 100 % in the quark-gluon phase and we use the axion mass
formula (3.8) and pressure from (3.1). Without applying the evolution equation, these are used for
estimating QCD variables. From Tc , go backward in time via blue curve to the high temperature
regime. Different zero temperature axion masses have different blue curves. These blue curve
masses in Fig. 4 follow the afore-mentioned temperature powers, and in Fig. 5 we determine T1
where ma (T1 ) = 3H(T1 ). We note that T1 depends strongly on the zero temperature axion mass
ma (0). For each ma (0) at the corresponding T1 , we calculate the axion energy density together with
the evolution equation of fh , shown as the solid red curve in Fig. 4. The ratio of θ̄ ’s in terms of θ̄1
6
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Above the ρ meson mass scale, the phase is obviously in the quark-gluon phase. The ρ meson
mass is roughly twice of the current quark mass and hence it can be considered to be a bound state
of a quark and an anti-quark. So, above this scale, spontaneous breaking of chiral symmetry need
not be considered and quarks can be relevant degrees. In this quark-gluon phase, the temperature
dependence of axion mass has the power T −8.16 [28]. Below Tc , there is no temperature dependence
of axion mass. So, between 1 GeV and Tc , we change the temperature power to an interim value
T −4.2 . We choose this cusp point at the scale of mρ .
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Figure 4: Evolution of susceptibility and axion energy density during the QCD phase transition.

Figure 5: Determination of T1 for ma (0) = 10−5 eV(blue), 10−4 eV(green), and 10−3 eV(red), respectively.

is shown in Fig. 6, which is summarized as the axion mass dependence of the axion energy density
or the current value of θ̄ in terms of θ̄1 as
θ̄now = rnow/ f θ̄ f , θ̄ f ' 0.02



ma −0.591±0.008
θ̄1
10−4 eV

(4.1)

where rnow/ f . The ratio of θ̄ ’s, now and at the closing time t f of the QCD phase transition, is calculated in [29]. In [29], calculation has been achieved by using the reparametriation invariance of the
2
2
differential equation dtd 2 θ̄ + 3H dtd θ̄ + m2a θ̄ ' 0 where the harmonic oscillation has been effective,
which is satisfied after t f . Collecting all these factors, we obtained
θ̄now ' 0.62 × 10−18 θ̄1 .
7

(4.2)
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5. A GUT model from string compactification : Flipped SU(5)
There is a useful Georgi-Quinn-Weinberg(GQW) GUT relation on the weak mixing angle
θW in GUTs [30]: sin2 θW = TrT32 /TrQ2em . The GUT value 3/8 was welcome in late 1970s with
sin2 θW = 0.233 ± 0.009 ± 0.005 [31].1 An “invisible” axion-photon-photon coupling from GUT
is usually the inverse of sin2 θW , and 8/3 is a standard GUT value for c0aγγ (without considering
the QCD chiral symmetry breaking) which below Tc is shifted to caγγ ' c0aγγ − 2. The scale dependences of sin2 θW and c0aγγ are shown in Fig. 7. In this sense, the “invisible” axion is closely related
to GUT models. In addition, the MI axion in string theory can survive as a global symmetry down
to an intermediate scale [15].
The SU(5) GUT attracted a great deal of attention because of its simplicity. The branching of
SO(10) can take the simplest route in the Georgi-Glashow (GG) model,
SO(10) → SU(5) × U(1)X

(5.1)

where all matter fields carry X = 0 [33]. The possibility of assigning nonzero X to matter fields was
noted by Barr, which has been named ‘flipped SU(5)’ [34], and its supersymmetric generalization
without a need for an adjoint representation for GUT breaking was given in [35]. The X charges in
the GG and flipped SU(5) models are
Georgi-Glashow : X = 0 for all GUT representations,
Flipped SU(5) : Matter, 10−1 , 5+3 , 1−5 ,

1 The

(5.2)
(5.3)

Higgs, 5−2 , 5+2 ,

(5.4)

Higgs, 10+1 , 10−1 .

(5.5)

most accurate current value is the LEP+SLD determination, 0.23153 ± 0.00016 [32].

8
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Figure 6: The ratio of θ̄ ’s for the initial θ̄1 .
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A good point of the flipped SU(5) from string is that the level-1 fields 10+1 and 10−1 needed for the
GUT breaking are present in the compactification [36]. Even though, the standard-like model [37]
from Z12−I , without the need for GUT breaking fields, is possible, this kind of standard-like models
introduces too many chiral fields. So, to simplify the listing of all possible Yukawa couplings, it is
desirable to have a flipped SU(5) from string.

6. Flavor symmetries
A flipped SU(5) with a small number of representations was discovered in [38]. In Ref. [39],
the Yukawa couplings were studied by assigning the third family members in the twisted sector
T40 , which needed a fine-tuning to forbid the dimension-5 proton decay operators sufficiently. To
resolve this problem, the discrete symmetry Z4R has been found by assigning the third family
members in the untwisted sector U [40].2 For reference, we list the non-singlet fields in Table 6. It
has been shown that the quark [41] and lepton [42] mixing angles from [40] are possible to fit to
the observed data.
In Table 1, QR is the quantum number of discrete Z4R symmetry. Since Z4R is a subgroup
of U(1)R symmetry, we need Yukawa coupling terms from F-terms satisfying ∑i QiR = 2 modulo 4
and Yukawa coupling terms from D-terms satisfying ∑i QiR = 0 modulo 4. One can check that the
fields in Table 1 alone cannot give any renormalizable Yukawa couplings. One needs more flipped
SU(5) singlet fields σi (listed in Refs. [40, 42]) to form non- renormalizable Yukawa couplings. In
particular, all the needed Yukawa couplings are obtained by attaching the flipped SU(5) singlets to
2 This

part is done after the talk at Corfu.

9
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Figure 7: The scale dependences of gauge couplings and sin2 θW . c0aγγ does not depend on the scale.
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Θi

RX (Sect.)

QR

Q1

Q2

Q3

Q4

Q5

Q6

Qanom

(+ + + − −; − − +)(08 )0

0
0
0

10−1 (U3 )
5+3 (U3 )
1−5 (U3 )
10−1 (T40 )
5+3 (T40 )
1−5 (T40 )
10−1 (T40 )
5+3 (T40 )
1−5 (T40 )

−5
−5
−5
−5
−5
−5
−5
−5
−5

−6
+6
−6
−2
−2
−2
−2
−2
−2

−6
−6
+6
−2
−2
−2
−2
−2
−2

+6
−6
−6
−2
−2
−2
−2
−2
−2

0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0

−13
−1
+5
−3
−3
−3
−3
−3
−3

2 · 5−2 (T6 )
2 · 5+2 (T6 )

−2
−2

0
0

0
0

0
0

−12
+12

0
0

0
0

0
0

2 10−1 (T3 )L
1 10−1 (T3 )L
2 10+1 (T3 )L
1 10+1 (T3 )L

+4
+4
−4
−4

0
0
0
0

0
0
0
0

0
0
0
0

0
0
0
0

+9
+9
−9
−9

+3
+3
−3
−3

ξ3
η̄3
τc
ξ2
η̄2
µc
ξ1
η̄1
ec

(+ − − − −; + − −)(08 )0
(+ + + + +; − + −)(08 )0
(+ + + − −; − 16 , − 61 , − 16 )(08 )0
(+ − − − −; − 16 , − 61 , − 16 )(08 )0
(+ + + + +; − 16 , − 61 , − 16 )(08 )0
(+ + + − −; − 16 , − 61 , − 16 )(08 )0
(+ − − − −; − 16 , − 61 , − 16 )(08 )0
(+ + + + +; − 16 , − 61 , − 16 )(08 )0

HuL
HdL

(+1 0 0 0 0; 0 0 0)(05 ; −1
2
(−1 0 0 0 0; 0 0 0)(05 ; +1
2

Σ∗1
Σ∗1
Σ2
Σ2

(+ + + − −; 03 )(05 ; −1
4
(+ + + − −; 03 )(05 ; −1
4
(+ + − − −; 03 )(05 ; +1
4
(+ + − − −; 03 )(05 ; +1
4

+1
0
2 0)
−1
0
2 0)
−1 +2 0
4 4 )
−1 +2 0
4 4 )
+1 −2 0
4 4 )
+1 −2 0
4 4 )

+1
4
+1
4
+1
4
+1
4
+1
4
+1
4
+1
3
+1
3

0
+2
3

0
+1
3

Table 1: U(1) charges of matter fields in the flipped SU(5). ξi and η̄i contain the left-handed quark and
lepton doublets, respectively, in the i-th family.

the well-known SM Yukawa couplings. Here, we just cite the mixing matrices and the CP violation
magnitude J,


π
−5
−5
+0.974395 · ei(8.90745×10 ) , +0.224814 · ei(2.51923×10 ) , +0.003615 · ei(− 2 +0.4005)


i(6.302×10−4 ) , +0.973517 · ei(−7.666×10−5 ) , +0.042275 · ei(1.258×10−4 )  ,
VCKM = 
−0.224672
·
e


+0.008754 · ei(−0.37945) , −0.041516 · ei(1.788×10

−2 )

−5 )

, 0.99910 · ei(−4.506×10

JCKM = 3.08 × 10−5 .

(6.1)

and


0.82939,


VPMNS =  −0.47985,

0.53909,

0.14663




0.68740 + 0.13441e−iδ , 0.18697 − 0.49417e−iδ  ,

−0.28611eiδ , −0.22543 + 0.40986eiδ , 0.82880 + 0.11148e−iδ

JPMNS = 2.8838 × 10−2 sin δ .

(6.2)

In the quark sector, the CP violation has been determined rather accurately and the phases are given
in terms of numbers in Eq. (6.1). On the other hand, in the lepton sector the CP violation has not
been determined yet and the phases are given in terms of unknown δ in Eq. (6.2).

7. Conclusion
Key aspects of “very light” or “invisiblet” axion working for a dark matter possibility are dis10
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State(P + kV0 )

−33
7
−33
7
+33
7
+33
7
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