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First, we briefly review the description of gravity theories as gauge theories in three and four
dimensions. Specifically, we recall the procedure in which the results of General Relativity in
three and four dimensions are recovered in a gauge-theoretic approach. Also, the procedure is
applied for the case of the Weyl gravity, too. Then, after reminding briefly the formulation of
gauge theories on noncommutative spaces, we review our most recent works in which gravity
models are constructed as gauge theories on noncommutative spaces.
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1. Introduction

1 See

also [9].

1

PoS(CORFU2018)096

Three out of four interactions of nature are grouped together under a common description by
the Standard Model in which they are described by gauge theories. However, the gravitational interaction is not part of this picture, admitting a separate, geometric formulation, that is the theory
of General relativity. In order to make contact among the two different pictures, there has been
an undertaking in which gravity admits a gauge-theoretic approach, besides the geometric one [1][12]. Pioneer in this field was Utiyama, whose work was focused on describing 4-d gravity of
General Relativity as a gauge theory, localizing the Lorentz symmetry, SO(1,3) [1]. However, the
results were not considered to be successful, since the inclusion of the vielbein did not happen in a
convincing way. A few years later, it was Kibble [2] who modified the above consideration, adopting the inhomogeneous Lorentz group (Poincaré group), ISO(1,3), as the gauge group in which,
along with the spin connection, the vierbein were also identified as gauge fields of the theory. Nevertheless, the dynamics of General Relativity remained unretrieved, since there was no action of
gauge-theoretic origin of the Poincaré gauge group that would be identified as the Einstein-Hilbert
action. Solution to this problem was given with the consideration of an SO(1,4) gauge invariant
Yang-Mills action (instead of the Poincaré one) along with the involvement of a scalar field in the
fundamental representation of the gauge group, SO(1,4) [3] (see also [4, 5, 6]). The gauge fixing
of this scalar field led to a spontaneous symmetry breaking, recovering the Einstein-Hilbert action.
Therefore, the 4-d gravitational theory of General Relativity was successfully described as a gauge
theory with the presence of a scalar field.
Moreover, in the absence of cosmological constant, 3-d Einstein gravity can be also described
as a gauge theory of the 3-d Poincaré group, ISO(1,2). In turn, the 3-d de Sitter and Anti de
Sitter groups, SO(1,3) and SO(2,2), respectively are employed, in case a cosmological constant
is present [12]. The first part of the construction, that is the calculation of the transformation
of the gauge fields (dreibein and spin connection) and the curvature tensors is similar to the 4-d
case. However, the dynamic part is less tedious than that of the 4-d case. The 3-d Einstein-Hilbert
action is recovered after the consideration of a Chern-Simons action functional, which is, in fact,
identical to the 3-d Einstein-Hilbert’s action. Thus, 3-d Einstein gravity is precisely equivalent to
an ISO(1,2) Chern-Simons gauge theory.
Another contribution in this aspect is related with the gauge-theoretic approach of Weyl gravity
(and supergravity) as a gauge theory of the 4-d conformal group [7, 8]1 . Proceeding in the same
spirit as in the previous cases, the transformations of the gauge fields and the expressions of the
various curvature tensors are obtained. The action is determined to be SO(2,4) gauge invariant
of Yang-Mills type, as it is expected. Then, constraints are imposed on the curvature tensors and
along with gauge fixing of the fields, the final action is actually the Weyl action. Therefore, it is
understood that Weyl gravity admits a gauge-theoretic interpretation of the conformal group.
An appropriate framework for the construction of physical theories at the high-energy regime
(Planck scale), in which commutativity of the coordinates cannot be naturally assumed, is that of
noncommutative geometry [13] - [35]. A very improtant feature of this framework is the potential
regularization of quantum field theories and the construction of finite theories. Nevertheless, building quantum field theories on noncommutative spaces is a tedious task and, moreover, problematic
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ultraviolet features have been encountered [17] (see also [18] and [19]). Despite that, the framework of noncommutative geometry is considered to be a suitable background for accommodating
particle physics models, formulated as noncommutative gauge theories [20] (see also [21, 22, 23]).
Also, taking into account the above correspondence between gravity and (ordinary) gauge
theories, the well-established formulation of noncommutative gauge theories [36] allows one to
use it as methodology for the construction of models of noncommutative gravity. Such approaches
have been considered before, see for example refs. [37]-[41] and, specifically, for 3-d models,
employing the Chern-Simons gauge theory formulation, see [42]-[45]. The authors of the above
works to which we refered make use of constant noncommutativity (Moyal-Weyl) and also use the
formulation of the ?-product and the Seiberg-Witten map [46].
However, besides the ?-product formulation, noncommutative gravitational models can be
constructed using the noncommutative realization of matrix geometries [47, 48]. Such approaches,
specifically for Yang-Mills matrix models, were proposed in the past few years, see refs. [49]-[59].
Also, for alternative approaches on the subject see [60, 61, 62], but also [63]. In general, formulation of noncommutative gravity implies that the noncommutative deformations break the Lorentz
invariance. However, there exist specific noncommutative deformations which preserve the Lorentz
invariance and the corresponding background spaces are called covariant noncommutative spaces
[64, 65]. Along these lines, in ref.[66], a noncommutative deformation of a general conformal field
theory defined on 4-d dS or AdS spacetime has been employed, see also [67]-[70].
In this proceedings contribution, our recent contributions in the above field of noncommutative
gravity are included. First, we briefly review our proposition for a matrix model of 3-d noncommutative gravity [71] (see also [72, 73]), in which the corresponding background space is the R3λ ,
introduced in ref. [74] (see also ref. [75] for field theories on this space), which is actually the
3-d Euclidean space foliated by multiple fuzzy spheres of different radii. As explained in ref.[76],
the above fuzzy space admits an SO(4) symmetry, which is in fact the gauge group we considered.
Noncommutativity implies the enlargement of the SO(4) to the U(2)×U(2) gauge group, in a fixed
representation, in order that the anticommutators of the generators close. In the same spirit, the
Lorentz analogue of the above construction was also explored, in which the corresponding noncommutative space is the R1,2
λ , that is the 3-d Minkowski spacetime foliated by fuzzy hyperboloids
[77]. In this case too, the initial gauge group, SO(1,3), is eventually extended to GL(2,C) in a fixed
representation, for the same reasons as in the Euclidean case. In both signatures, the action proposed is a functional of Chern-Simons type and its variation produces the equations of motion. In
addition, the commutative limit is considered, retrieving the expressions of the 3-d Einstein gravity.
Second, a 4-d gravity model as a noncommutative gauge theory is constructed [78]. Motivated
by Heckman-Verlinde [66] who were based on Yang’s early work [65], we considered a noncommutative version of the 4-d de Sitter space, which is in fact a covariant fuzzy space, preserving
Lorentz invariance. Some of the generators of the algebra of the final symmetry group of this
space, SO(1,5), are identified as its noncommutative coordinates. As in the previous 3-d case, the
final gauge group is a minimal extension of the initial, SO(1,4), specifically the SO(1,5)×U(1),
for the same reasons. According to the standard procedure, the corresponding gauge fields are
determined and their gauge transformations and their corresponding component curvature tensors
are obtained. Eventually, an action of Yang-Mills type is employed and its initial gauge symmetry
breaks imposing certain conditions (constraints) on the curvature tensors and the gauge fields. The
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commutative limit of the model reduces the obtained expressions of gauge transformations of the
fields and the ones of the tensors to those of the conformal gravity.
The outline of the present contribution is as follows: First we briefly recall the gauge-theoretic
approaches of gravitational theories mentioned above. Then, we include the necessary information
about the construction of gauge theories in the noncommutative framework. Next, we review our
suggestions for noncommutative gravity models in three and four dimensions. Eventually, we write
down our conclusions and comment on the results.

In this section we briefly review the gauge-theoretic approach of various gravity theories [1][12], which consists the basis of our works in which the whole scheme is translated to the framework of noncommutativity.
2.1 3-d Einstein gravity
Let us begin with the 3-d case, in which Einstein gravity is precisely described by a ChernSimons gauge theory of the ISO(1,2), Poincaré group [12]. Specifically for the dynamic part, the
3-d Einstein-Hilbert action is written down as:
1
SEH3 =
2

Z

d3 x ε µνρ εabc eµ a Rνρ bc (ω) ,

(2.1)

which, as it will be explained, is identical to a Chern-Simons functional of ISO(1,2).
The ISO(1,2) algebra is generated by six operators, i.e. the three local translations, Pa and the
three Lorentz transformations, M a = ε abc Mbc , with a = 1, 2, 3 and determine the algebra through
the following commutation relations:
[Ma , Mb ] = εabc M c , [Pa , Mb ] = εabc Pc , [Pa , Pb ] = 0 .

(2.2)

According to the gauging procedure, the gauge connection and gauge parameter are written down
as:
Aµ = eµ a Pa + ωµ a Ma , ε = ξ a Pa + λ a Ma ,
(2.3)
where the vielbein and the spin connection are identified as the gauge fields of the theory. The
above expressions along with the transformation rule of the gauge connection:
δ Aµ = Dµ ε = ∂µ + [Aµ , ε] ,

(2.4)

lead to the calculation of the gauge transformations of the component fields:
δ eµa = ∂µ ξ a + ωµab ξb − λ ab eµb ,

(2.5)

δ ωµab = ∂µ λ ab + λ ac ωµbc − λ bc ωµac

(2.6)

and the component curvature tensors:
Tµνa = ∂µ eνa − ∂ν eµa − ωµab eνb + ωνab eµb ,
Rµνab = ∂µ ωνab − ∂ν ωµab − ωµac ωνcb + ωνac ωµcb ,
3

(2.7)
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starting from the defining relation of the curvature two-form, Rµν :
Rµν = [Dµ , Dν ] = ∂µ Aν − ∂ν Aµ + [Aµ , Aν ]

(2.8)

and expanding it on the generators of the algebra as:
1
Rµν = Tµνa Pa + Rµνab Mab .
2

(2.9)

[Pa , Pb ] = λ Mab .

(2.10)

2.2 4-d Einstein gravity
Now, gravitational interaction in four dimensions is described by General Relativity, which
consists a solid and successful theory, having passed many tests since its early days. Its formulation
is geometric, differentiating it from the rest interactions, which are described as gauge theories.
Aiming at a connection between gravitational and the other interactions, the undertaking of the
gauge-theoretic approach of gravity took place [1]-[6]. Here we mention briefly the main features
of this gauge-theoretic approach of the 4-d Einstein’s gravity.
First, for this gauge-theoretic approach of 4-d gravity, the vierbein formulation of General
Relativity has to be considered. The gauge group is reasonably chosen to be the ISO(1,3) (Poincaré
group), since it is the isometry group of the 4-d Minkowski spacetime. The generators of the
corresponding algebra satisfy the following commutation relations, which in fact determine the
algebra:
[Mab , Mcd ] = 4η[a[c Md]b] , [Pa , Mbc ] = 2ηa[b Pc] , [Pa , Pb ] = 0 ,

(2.11)

where ηab = diag(−1, 1, 1, 1) is the metric tensor of the 4-d Minkowski spacetime, Mab are the
generators of the Lorentz group (Lorentz transformations) and Pa are the generators of the local
translations. According to the standard gauging procedure, that is the one followed in the 3-d
case described in the previous section, the gauge potential, Aµ , is defined and it is expressed as a
decomposition on the generators of the Poincaré algebra, as:
1
Aµ (x) = eµ a (x)Pa + ωµ ab (x)Mab .
2

(2.12)

The functions accompanying the generators of the algebra in the above decomposition are identified
as the gauge fields of the theory and, specifically in this case, they are identified as the vierbein,
eµa and the spin connection, ωµab , which correspond to the translations, Pa , and Lorentz generators,
Mab , respectively. The consideration of the vierbein as a gauge field implies the mixing between
4
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Also, consideration of a Chern-Simons action functional leads to the Einstein-Hilbert action, (2.1).
In addition, 3-d gravitational theory with cosmological constant is also described in a gaugetheoretic approach. In this case, the gauge groups considered are the 3-d dS or AdS groups, SO(1,3)
and SO(2,2), respectively, depending on the sign of the constant. The procedure of the construction
of the gauge theory is the same, obtaining results that generalize the above of the ISO(1,2) case,
because of the difference in the right hand side of the commutator of the translations, which is now
non-zero:
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the internal symmetry and spacetime making this kind of construction special, compared to the
ordinary gauge theories. The gauge connection transforms according to the following rule:
δ Aµ = ∂µ ε + [Aµ , ε] ,

(2.13)

δ eµ a = ∂µ ξ a + ωµ ab ξb − λ a b eµ b ,
δ ωµ ab = ∂µ λ ab − 2λ [a c ωµ cb] .

(2.15)
(2.16)

The corresponding field strength tensor of the gauge theory is defined as:
Rµν (A) = 2∂[µ Aν] + [Aµ , Aν ]

(2.17)

and is expanded on the generators as it is valued in the algebra:
1
Rµν (A) = Rµν a (e)Pa + Rµν ab (ω)Mab ,
2

(2.18)

where Rµν a (e) and Rµν ab (ω) are the curvatures associated to the component gauge fields, identified
as the torsion and curvature, respectively. Replacement of the equations (2.12) and (2.18) in the
(2.17) leads to their explicit expressions:
Rµν a (e) = 2∂[µ eν] a − 2ω[µ ab eν]b ,
ab

ab

ac

(2.19)
b

Rµν (ω) = 2∂[µ ων] − 2ω[µ ων]c .

(2.20)

Moving on with the dynamic part of the theory, the most reasonable choice is an action of YangMills type, being invariant under the ISO(1,3) gauge group. However, the aim is to result with
the Einstein-Hilbert action, which is Lorentz invariant and, therefore, the Poincaré symmetry of
the initial action has to be broken to the Lorentz. This can be carried out through a spontaneous
symmetry breaking, induced by a scalar field which belongs to the fundamental representation of
the SO(1,4) [3, 5], that is also included in the theory. The choice of the 4-d de Sitter group is an
alternative and preferred choice to that of the Poincaré group, since all generators of the algebra
can be considered on equal footing. The spontaneous symmetry breaking leads to the breaking of
the translational generators, resulting to a theory with vanishing torsion constraint and a Lorentz
invariant action involving the Ricci scalar (and a topological Gauss-Bonnet term), that is EinsteinHilbert action. Concluding, Einstein’s 4-d gravity theory is not equivalent to a pure Poincaré gauge
theory but to an SO(1,4) gauge theory with the inclusion of a scalar field and the addition of an
appropriate potential term in the Lagrangian, which leads to a spontaneous symmetry breaking.
An alternative way to obtain an action with Lorentz symmetry, is to impose that the action is
invariant only under the Lorentz symmetry and not under the total Poincaré symmetry with which
5
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where ε = ε(x) is the gauge transformation parameter which is also expanded on the generators of
the algebra:
1
(2.14)
ε(x) = ξ a (x)Pa + λ ab (x)Mab .
2
Combination of the equations (2.12) and (2.14) with (2.13) lead to the expressions of the transformations of the gauge fields:
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2.3 4-d Conformal gravity leading to Weyl or Einstein gravity
Besides the above, also Weyl gravity admits a gauge-theoretic formulation, specifically of the
4-d conformal group, SO(2,4). In this case, too, the transformations of the fields and the expressions
of the curvature tensors are obtained in a straightforward way. The action that is considered initially
is an SO(2,4) invariant action of Yang-Mills type which breaks by the imposition of constraints on
the curvature tensors. After the consideration of the constraints, the resulting action of the theory
is identical to the scale invariant Weyl action [7, 8, 9] (see also [10, 11]).
Let us start with the identification of the generators of the conformal algebra of SO(2,4). The
fifteen generators are the local translations, (Pa ), the Lorentz transformations, (Mab ), the conformal
boosts, (Ka ) and the dilatations, (D). The algebra of SO(2,4) is determined by the commutation
relations of the above generators:
[d c]

[Mab , M cd ] = 4M[a δb] ,
[Pa , D] = Pa ,

[Mab , Pc ] = 2P[a δb]c ,

[Ka , D] = −Ka ,

[Mab , Kc ] = 2K[a δb]c ,

[Pa , Kb ] = 2(δab D − Mab ) ,

(2.22)

where a, b, c, d = 1 . . . 4. According to the gauging procedure, the gauge potential of the theory is
defined and is expanded on the various generators as:
1
Aµ = eµa Pa + ωµab Mab + bµ D + f µa Ka ,
(2.23)
2
in which a gauge field has been associated with each generator. In this case, too, the vierbein and
the spin connection are identified as gauge fields of the theory. The transformation rule of the gauge
connection, (2.23), is:
δε Aµ = Dµ ε = ∂µ ε + [Aµ , ε] ,
(2.24)
where ε is a gauge transformation parameter valued in the Lie algebra of the SO(2,4) group and for
this reason it can be written as:
1
ε = εPa Pa + εMab Mab + εD D + εKa Ka .
(2.25)
2
6
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one begins. This means that the curvature tensor related to the translations has to be zero, that is the
imposition of the torsionless condition, that is a constraint that is necessary for resulting with an
action with Lorentz symmetry. Solution of this constraint leads to a relation of the spin connection
with the vielbein:
1
1
1
ωµab = eνa (∂µ eνb − ∂ν eµb ) − eνb (∂µ eνa − ∂ν eµa ) − eρa eσ b (∂ρ eσ c − ∂σ eρc )eµc .
(2.21)
2
2
2
However, straightforward consideration of an action of Yang-Mills type with Lorentz symmetry,
would lead to an action involving the R(M)2 term, which is not the correct one, since the target is the Einstein-Hilbert action. Also, such an action would imply the wrong dimensionality
(zero) of the coupling constant of gravity. In order to result with the Einstein-Hilbert action, which
includes a dimensionful coupling constant, the action has to be considered in an alternative, nonstraightforward way, that is the construction of Lorentz invariants out of the quantities (curvature
tensor) of the theory. The one that is built by certain contractions of the curvature tensor is the
correct one, ensuring the correct dimensionality of the coupling constant, and is identified as the
Ricci scalar and the corresponding action is eventually the Einstein-Hilbert action.
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Combination of the equations (2.24), (2.23) and (2.25), leads to the expressions of the transformations of the gauge fields of the theory:
δ eµa = ∂µ εPa + 2ieµb εMab − iωµab εPb − bµ εKa + f µa εD ,
1
i
δ ωµab = ∂µ εMab + 4ieµa εPb + ωµac εMbc + i f µa εKb ,
2
4
a
a
δ bµ = ∂µ εD − eµ εKa + f µ εPa ,
δ f µa = ∂µ εKa + 4ieµa εD − iωµab εKb − 4ibµ εPa + i f µb εMab .

(2.26)

Rµν = 2∂[µ Aν] − i[Aµ , Aν ]

(2.27)

and is expanded on the generators as:
1
Rµν = R̃µνa Pa + Rµνab Mab + Rµν + Rµνa Ka .
2

(2.28)

Combining the equation (2.27) and (2.28), the expressions of the component curvature tensors are
obtained:
Rµνa (P) = 2∂[µ eν]a + f[µa bν] + e[µb ων]ac δbc ,
Rµνab (M) = ∂[µ ων]ab + ω[µca ων]db δcd + e[µa eν]b + f[µa fν]b ,
Rµν (D) = 2∂[µ bν] + f[µa eν]b δab ,
Rµνa (K) = 2∂[µ fν]a + e[µa bν] + f[µb ων]ac δbc .

(2.29)

Regarding the action, at first it is taken to be an SO(2,4) invariant of Yang-Mills type. The initial, SO(2,4), symmetry gets broken by the imposition of certain constraints, [7, 8, 9], that is the
torsionless condition, R(P) = 0 and an additional constraint on R(M). The two constraints admit
an algebraic solution leading to expressions of the fields ωµab and f µa in terms of the independent
fields eµa and bµ . Also, the gauge fixing bµ = 0 can be employed and, inclusion of all constraints
in the initial action lead to the well-known Weyl action.
Besides the above breaking of the conformal symmetry which led to the Weyl action, it is
possible to employ an alternative breaking route, this time leading to an action with Lorentz symmetry, explicitly the Einstein-Hilbert action [81]. From our prespective, the latter can be achieved
through an alternative symmetry breaking mechanism, specifically with the inclusion of two scalar
fields in the fundamental representation of the conformal group [80], being a generalization of the
case of the breaking of the 4-d de Sitter group down to the Lorentz group by the inclusion of a
scalar in the fundamental representation of SO(1,4), as explained in section 2.2. The inclusion of
two scalars could trigger a spontaneous symmetry breaking in a theory with matter fields and the
resulting action would be the Einstein-Hilbert one, respecting Lorentz symmetry. Calculations and
details on this issue will be included in a future work.
Moreover, the argument used in the previous section in the four-dimensional Poincaré gravity
case, that is an alternative way to break the initial symmetry to the Lorentz, can be generalized
for this case of conformal gravity. Since it is desired to result with the Lorentz symmetry out of
7
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The field strength tensor is defined by the following relation:

G. Manolakos

Noncommutatve gravity

the initial SO(2,4), the vacuum of the theory is considered to be directly SO(4) invariant, which
means that every other tensor, except for the R(M), has to be vanishing. Setting these tensors to
zero will produce the constraints of the theory leading to expressions that relate the gauge fields.
In particular, in [81], it is argued that if both tensors R(P) and R(K) are simultaneously set to zero,
then from the constraints of the theory it is understood that the corresponding gauge fields, f µa , eµa
are equal - up to a rescaling factor - and bµ = 0.

3. Noncommutative gauge theories

δ φ (X) = λ (X)φ (X) ,

(3.1)

where λ (X) is the gauge transformation parameter. If λ (X) is a function of the coordinates, Xa ,
then it is an infinitesimal Abelian transformation and G=U(1), while if λ (X) is a P×P Hermitian
matrix, then the transformation is non-Abelian and the gauge group is G=U(P). The coordinates are
invariant under an infinitesimal transformation of the the gauge group, G, namely δ Xa = 0. Now,
the gauge transformation of the product of the field and a coordinate is not covariant:
δ (Xa φ ) = Xa λ (X)φ ,

(3.2)

Xa λ (X)φ 6= λ (X)Xa φ .

(3.3)

since, in general, it holds:

Drawing lessons by the construction of ordinary gauge theories, in which a covariant derivative is
defined, in the noncommutative case, the covariant coordinate, φa , is introduced by its transformation property:
δ (φa φ ) = λ φa φ ,
(3.4)
which is satisfied when:
δ (φa ) = [λ , φa ] .

(3.5)

Therefore, the covariant coordinate is defined as:
φa ≡ Xa + Aa ,

(3.6)

where Aa is identified as the gauge connection of the noncommutative gauge theory. Combining
equations (3.5), (3.6), the gauge transformation of the connection, Aa , is obtained:
δ Aa = −[Xa , λ ] + [λ , Aa ] .
8

(3.7)
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Let us now briefy recall the basic concepts of the formulation of gauge theories on noncommutative spaces, in order to use them later for the construction of the noncommutative gravity models.
For convenience, the following methodology is performed on the most typical noncommutative
(fuzzy) space, the fuzzy sphere [15]. Obviously, the results can be easily generalized in the cases
of other noncommutative spaces, too.
Let a field φ (Xa ) of the fuzzy sphere, written in terms of powers of Xa [36], and a gauge group,
G. An infinitesimal gauge transformation of φ (Xa ) is:
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In the above relation, the role of Aa as a gauge field is demonstrated. Next, the field strength tensor,
Fab , is defined on the fuzzy sphere as:
c
c
Fab ≡ [Xa , Ab ] − [Xb , Aa ] + [Aa , Ab ] −Cab
Ac = [φa , φb ] −Cab
φc ,

(3.8)

which is covariant under a gauge transformation:
δ Fab = [λ , Fab ] .

(3.9)

4. A 3-d noncommutative gravity model
The solid framework for constructing noncommutative gauge theories, as described in the previous section, combined with the description of 3-d gravity as a gauge theory, section 2.1, gives
rise to the construction of a 3-d model of noncommutative gravity. First, one has to identify an
appropriate noncommutative space, on which the noncommutative gauge theory is constructed on.
A suitable 3-d fuzzy space is constructed by the foliation of the 3-d Euclidean space by multiple
fuzzy spheres of different radii, called R3λ , first considered in ref.[74] (see also [75]). The coordinates of R3λ , satisfy the commutation relation of the SU(2) algebra, just like the coordinates of a
fuzzy sphere do. However, unlike the case of the fuzzy sphere, the generators of SU(2), to which
coordinate operators are related, are not accommodated in an irreducible (higher-dimensional) representation, but in a reducible one. The employment of a reducible representation of SU(2) means
that the coordinates can be expressed as matrices in a block-diagonal form, with each block being
some irreducible representation, corresponded to a fuzzy sphere of certain radius. Therefore, the
Hilbert space would be:
H = ⊕[`], ` = 0, 1/2, 1, . . . .
(4.1)
The three coordinates of R3λ , Xi , are the operators which satisfy the following commutation relation:
[Xi , X j ] = iλ εi jk Xk ,

(4.2)

and are described by matrices in reducible representations of the algebra of SU(2) (cf. [74]). Therefore, the coordinates, Xi , are allowed to be set in a reducible representation and this is equivalent
to a sum of fuzzy 2-spheres of different radii. Thus, the noncommutative space can be viewed as a
discrete foliation of 3-d Euclidean space by fuzzy 2-spheres, each fuzzy sphere being a leaf of the
foliation2 (cf. [82]).
The gauge group that is adopted for the construction of the theory is the SO(4), that is the
parametrization of the symmetry of the R3λ , as it is explained in ref.[76]. During the gauging
procedure, the typical problem of the non-closure of the anticommutators of the generators of the
algebra is encountered. The indicated solution for this problem is to pick a specific representation of
the group to accommodate the generators and enlarge the algebra to the minimal extend, including
2 In

the Lorentzian signature, an analogous construction is encountered, specifically the foliation of the 3-d
Minkowski spacetime by fuzzy hyperboloids of different radii [77].
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In the next sections, the above methodology is applied on the construction of noncommutative
gravity models as gauge theories.
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the operators that are produced by the anticommutators. Accordingly, in the specific SO(4) case of
interest, the final gauge group is the U(2)×U(2) in a fixed representation, due to the inclusion of
two more operators 1l and γ5 to the SO(4) set of generators.
After the determination of the fuzzy space and the gauge group, the procedure that is followed
is a modification of the one of the continuous case, adjusted in the framework of noncommutative
geometry. At first, the commutation and anticommutation relations of the generators of the gauge
group are obtained:
[Pa , Mb ] = iεabc Pc ,

[Ma , Mb ] = iεabc Mc ,

(4.3)

{Pa , Pb } = 21 δab 1l ,

{Pa , Mb } = 12 δab γ5 ,

{Ma , Mb } = 21 δab 1l .

(4.4)

Next, in order to write down the expression of the gauge connection, a gauge field has to be introduced for each generator. Therefore, the covariant coordinate is defined as:
eµ ⊗ γ5 .
Xµ = Xµ ⊗ i1l + eµ ⊗ Pa + ωµ ⊗ Ma + Aµ ⊗ i1l + A

(4.5)

Also, a gauge transformation parameter is introduced and it is expanded on the generators of the
algebra as:
ε = ξ a ⊗ Pa + λ a ⊗ Ma + ε0 ⊗ i1l + e
ε0 ⊗ γ5 .
(4.6)
The above relations combined with the transformation rule of the covariant coordinate, produce the
following transformations of the gauge fields:
δ eµa = −i[Xµ + Aµ , ξ a ] + 2{ωµb , ξc }ε abc + 2{eµb , λ c }ε abc + 2i[λa , Ãµ ] + 2i[ε̃0 , ωµa ] + i[ε0 , eµa ] ,
i
i
1
δ ωµa = −i[Xµ + Aµ , λ a ] + 2{ωµb , λc }ε abc − {eµb , ξc }ε abc + [ξ a , Ãµ ] + i[ε0 , ωµa ] + [ε̃0 , eµa ] ,
2
2
2
a
a
δ Aµ = −i[Xµ + Aµ , ε0 ] − i[ξ , eµa ] + 4i[λ , ωµa ] − i[ε̃0 , Ãµ ] ,
δ Ãµ = −i[Xµ + Aµ , ε̃0 ] + 2i[ξ a , ωµa ] + 2i[λ a , eµa ] + i[ε0 , Ãµ ] .

(4.7)

Also, making use of the definition of the covariant coordinate in the following defining relation of
the field strength tensor:
ρ
Rµν = [Xµ , Xν ] − iλ εµν Xρ ,
(4.8)
the corresponding component curvature tensors are obtained:
Tµνa = i[Xµ + Aµ , eνa ] − i[Xν + Aν , eµa ] − 2ε abc {eµb , ωνc } + {ωµb , eνc }

ρ
+ 2i [ωµa , Ãν ] − [ωνa , Ãµ ] − iλ εµν eρa ,
Rµνa = i[Xµ + Aµ , ωνa ] − i[Xν + Aν , ωµa ] + ε abc

ρ
+ 2i [eµa , Ãν ] − [eνa , Ãµ ] − iλ εµν ωρa ,
Fµν =
F̃µν =



1
2 {eµb , eνc } − 2{ωµb , ωνc }

(4.9)


ρ
i[Xµ + Aµ , Xν + Aν ] − i[eµa , eνa ] + 4i[ωµa , ωνa ] − i[Ãµ , Ãν ] − iλ εµν (Xρ + Aρ )

ρ
i[Xµ + Aµ , Ãν ] − i[Xν + Aν , Ãµ ] + 2i [eµa , ωνa ] + [ωµa , eνa ] − iλ εµν Ãρ .

(4.10)
,

(4.11)
(4.12)

Finally, the action that is proposed is of Chern-Simons type, specifically:
S = Triε µνρ Xµ Rνρ .
10
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The equations of motion are obtained after variation of the above action with respect to the various
gauge fields:
Tµνa = 0 , Rµνa = 0 , Fµν = 0 F̃µν = 0 .
(4.14)
It is worth-noting that the results of the above construction of noncommutative 3-d gravity reduce
to the ones of the continuous case in section 2.1.

5. A 4-d noncommutative gravity model

5.1 Fuzzy de Sitter space
The 4-d background space that is employed in this case is the fuzzy 4-d de Sitter space, dS4 .
The continuous dS4 is defined as a submanifold of the 5-d Minkowski spacetime and can be viewed
as the Lorentzian analogue of the definition of the four-sphere as an embedding in the 5-d Euclidean
space. Specifically, the defining, embedding equation of dS4 is:
η MN xM xN = R2 ,

(5.1)

where M, N = 0, . . . , 4 and η MN is the metric tensor of the 5-d Minkowski spacetime, η MN =
diag(−1, +1, +1, +1, +1). In order to obtain the fuzzy analogue of this space, one has to consider
its coordinates, Xm , to be operators that do not commute with each other:
[Xm , Xn ] = iθmn ,

(5.2)

where the spacetime indices are m, n = 1, . . . , 4. Analogy to the fuzzy sphere case, in which the
corresponding coordinates are identified as the three (rescaled) generators of SU(2) in an (large)
N-dimensional representation, implies that the right hand side, (5.2), should be identified as a
generator of the underlying algebra, ensuring covariance, that is θmn = Cmnr Xr , where Cmnr is a
rescaled Levi-Civita symbol. However, in this fuzzy de Sitter case, such an identification cannot
be achieved, in the sense that such an identification of the coordinate operators with generators of
SO(1,4) would break Lorentz invariance, since the algebra would not be closing, i.e. θmn cannot be
identified as generators into the algebra [66]3 . However, preservation of covariance is necessary for
our purpose, therefore a group with larger symmetry, in which all operators identified as coordinates
but also the noncommutativity tensor can be included in it, is considered. The enlargement of the
symmetry leads to the consideration of the SO(1,5) group. Therefore, a fuzzy dS4 space, with
its coordinates being operators represented by N-dimensional matrices, respecting covariance, too,
is obtained after the enlargement of the symmetry to the SO(1,5) [78]. In order to facilitate the
construction we make use of the Euclidean signature, therefore, instead of the SO(1,5), the resulting
symmetry group is considered to be that of SO(6).
3 For

more details on this issue, see [68, 86], where the same problem emerges in the construction of the fuzzy
four-sphere.
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In this section, the construction of a 4-d gravity model as a noncommutative gauge theory is
reviewed. First, the construction of an appropriate 4-d fuzzy space, on which the gravity model
is constructed, is presented and then the features of the gravity model on this 4-d fuzzy space are
explored [78].
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For the explicit formulation of the above 4-d fuzzy space, let us consider the SO(6) generators,
denoted as JAB = −JBA , with A, B = 1, . . . , 6, which satisfy the following commutation relation:
[JAB , JCD ] = i(δAC JBD + δBD JAC − δBC JAD − δAD JBC ) .

(5.3)

The above generators can be written as a decomposition in an SO(4) notation, with the component
generators being identified as various operators, including the coordinates:
λ
2h̄ Pm ,

J56 = 12 h ,

(5.4)

with m, n = 1, . . . , 4. For dimensional reasons, an elementary length, λ , has been introduced in the
above identifications, in which the coordinates, momenta and noncommutativity tensor are denoted
as Xm , Pm and Θmn , respectively. The coordinate and momentum operators satisfy the following
commutation relations:
h̄
λ2
(5.5)
[Xm , Xn ] = i Θmn , [Pm , Pn ] = 4i 2 Θmn
h̄
λ
[Xm , Pn ] = ih̄δmn h, [Xm , h] = i
[Pm , h] = 4i

λ2
Pm
h̄

h̄
Xm .
λ2

(5.6)

(5.7)

The algebra of spacetime transformations is:
[Xm , Θnp ] = ih̄(δmp Xn − δmn Xp )

(5.8)

[Pm , Θnp ] = ih̄(δmp Pn − δmn Pp )

(5.9)

[Θmn , Θ pq ] = ih̄(δmp Θnq + δnq Θmp − δnp Θmq − δmq Θnp )

(5.10)

[h, Θmn ] = 0 .

(5.11)

In contrast to the Heisenberg algebra (see [83]), the above algebra admits finite-dimensional matrices to represent the operators Xm , Pm and Θmn , therefore the kind of spacetime obtained above is a
finite quantum system. Spaces like the above fuzzy dS4 fall into the general class of fuzzy spaces,
that is the fuzzy covariant spaces [66, 67, 84].
5.2 A noncommutative gauge theory of 4-d gravity
In this section we review the construction of a noncommutative 4-d gravity model as a gauge
theory on the fuzzy dS4 space of the previous section, 5.14 . In analogy to the 3-d translation of
the gauge-theoretic description of gravity on the fuzzy space R3λ , in section 4, the same pattern is
followed, this time translating the 4-d case presented in section 2.3.
4 For

a string theory approach on such a model, see [85].
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5.3 Determination of the gauge group and representation by 4 × 4 matrices

{Γa , Γb } = 2δab 1l ,

(5.12)

where a, b = 1, . . . 4. Also the Γ5 matrix is defined as Γ5 = Γ1 Γ2 Γ3 Γ4 . Therefore, the generators of
the SO(6)×U(1) gauge group are identified as:
a) Six generators of the Lorentz transformations: Mab = − 4i [Γa , Γb ] = − 2i Γa Γb , a < b,
b) four generators of the conformal boosts: Ka = 12 Γa ,
c) four generators of the local translations: Pa = − 2i Γa Γ5 ,
d) one generator for special conformal transformations: D = − 12 Γ5 and
e) one U(1) generator: 1l.
The Γ-matrices are determined as tensor products of the Pauli matrices, specifically:
Γ1 = σ1 ⊗ σ1 , Γ2 = σ1 ⊗ σ2 , Γ3 = σ1 ⊗ σ3
Γ4 = σ2 ⊗ 1, Γ5 = σ3 ⊗ 1 .
Therefore, the generators of the algebra are represented by the following 4×4 matrices:
1
i
Mi j = − Γi Γ j = 1l ⊗ σk ,
2
2

(5.13)

i
1
M4k = − Γ4 Γk = − σ3 ⊗ σk .
2
2

(5.14)

where i, j, k = 1, 2, 3 and:
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In the previous section, the fuzzy dS4 space was constructed and its symmetry group was
found to be the SO(6). Recalling the case of the construction of Einstein gravity as gauge theory in
section 2.2, in which the isometry group (the Poincaré group) was chosen to be the gauged, in this
case the role of the gauge group will be given to the isometry group of the fuzzy dS4 space, namely
the SO(5), viewed as a subgroup of the SO(6) group.
However, the same problem related to the anticommutators of the generators of the algebra
that emerged in the 3-d case of noncommutative gravity, section 4, is encountered in this case, too
[71, 72, 73] (see also [39]). Specifically, the anticommutation relations of the generators of the
gauge group, SO(5), produce operators that, in general, do not belong to the algebra. Therefore, to
troubleshoot this problem, the representation of the generators has to be fixed and all operators produced by the anticommutators of the (fixed) generators have to be included into the algebra, identifying them as generators, too. Thus, the initial gauge group, SO(5) is extended to the SO(6)×U(1)
group with the generators being represented by 4×4 matrices (in the 4 representation of SO(6)).
In order to obtain the specific expressions of the matrices representing the generators, the four
Euclidean Γ-matrices are employed, satisfying the following anticommutation relation:
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Straightforward calculations lead to the following commutation relations, which the operators satisfy:
[Ka , Kb ] = iMab , [Pa , Pb ] = iMab
[Xa , Pb ] = iδab D, [Xa , D] = iPa
[Pa , D] = iKa , [Ka , Pb ] = iδab D, [Ka , D] = −iPa
[Ka , Mbc ] = i(δac Kb − δab Kc )
[Pa , Mbc ] = i(δac Pb − δab Pc )
[D, Mab ] = 0 .

(5.15)

5.4 Noncommutative gauge theory of gravity
Having determined the commutation relations of the generators of the algebra, the noncommutative gauging procedure can be initiated. First, the covariant coordinate is defined as:
X̂m = Xm ⊗ 1l + Am (X) .

(5.16)

The property of covariance of the coordinate X̂m , is expressed as:
δ X̂m = i[ε, X̂m ] ,

(5.17)

where ε(X) is the gauge transformation parameter. It is a function of the coordinates (N×N matrices), Xm , but also is valued in the SO(6)×U(1) algebra. Therefore, it can be decomposed on the
sixteen generators of the algebra:
ε = ε0 (X) ⊗ 1l + ξ a (X) ⊗ Ka + ε̃0 (X) ⊗ D + λab (X) ⊗ Σab + ξ˜ a (X) ⊗ Pa .

(5.18)

Taking into account that a gauge transformation acts trivially on the coordinate Xm , namely δ Xm =
0, the transformation property of the Am is obtained by the combination of the equations (5.16) and
(5.17). In accordance to the corresponding procedure in the commutative case, the Am transforms in
such a way admitting the interpretation of the connection of the gauge theory. Similarly to the case
of the gauge transformation parameter, ε, the Am , is a function of the coordinates Xm of the fuzzy
space dS4 , but also takes values in the SO(6)×U(1) algebra, which means that it can be expanded
on its sixteen generators as follows:
Am (X) = ema (X) ⊗ Pa + ωmab (X) ⊗ Σab (X) + bma (X) ⊗ Ka (X) + ãm (X) ⊗ D + am (X) ⊗ 1l ,

(5.19)

where it becomes manifest that one gauge field has been corresponded to each generator. The
component gauge fields are functions of the coordinates of the space, Xm , therefore they have the
form of N×N matrices, where N is the dimension of the representation in which the coordinates
are accommodated. Therefore, instead of the ordinary product, between the gauge fields and their
corresponding generators, the tensor product is used, since the factors are matrices of different
dimensions, since the generators are represented by 4×4 matrices. Therefore, it is concluded that
each term in the expression of the gauge connection is a 4N×4N matrix.
14
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After the decomposition of the gauge connection and the introduction of the gauge fields, the
covariant coordinate is now written as:
X̂m = Xm ⊗ 1l + ema (X) ⊗ Pa + ωmab (X) ⊗ Σab + bma ⊗ Ka + ãm ⊗ D + am ⊗ 1l .

(5.20)

The next step is to calculate the field strength tensor for this SO(6)×U(1) noncommutative gauge
theory, which, for the fuzzy de Sitter space, is defined as:
Rmn = [X̂m , X̂n ] −

(5.21)

where Θ̂mn = Θmn ⊗1l+Bmn . The Bmn is a 2-form gauge field, which takes values in the SO(6)×U(1)
algebra. The Bmn field was introduced in order to make the field strength tensor covariant, since in
its absence it does not transform covariantly5 . The Bmn field will contribute in the total action of
the theory with a kinetic term of the following form:
SB = Tr tr Hˆmnp Hˆ mnp .

(5.22)

The Hˆmnp field strength tensor transforms covariantly under a gauge transformation, therefore the
above action is gauge invariant.
The field strength tensor of the gauge connection, (5.21), can be expanded in terms of the
component curvature tensors, since it is valued in the algebra:
Rmn (X) = Rmnab (X) ⊗ Σab + R̃mna (X) ⊗ Pa + Rmna (X) ⊗ Ka + R̃mn (X) ⊗ D + Rmn (X) ⊗ 1l .

(5.23)

All necessary information for the determination of the transformations of the gauge fields and the
expressions of the component curvature tensors is obtained. The explicit expressions and calculations lie in ref.[78].
5.5 The constraints for the symmetry breaking and the action
The gauge symmetry of the resulting theory, with which we would like to end up, is the one
described by the Lorentz group, in the Euclidean signature, the SO(4). In this direction, one could
consider directly a constrained theory in which the only component curvature tensors that would
not be imposed to vanish would be the ones that corresponds to the Lorentz and the U(1) generators of the algebra, achieving a breaking of the initial SO(6)×U(1) symmetry to the SO(4)×U(1).
However, counting the degrees of freedom, adoption of the above breaking would lead to an overconstrained theory. Therefore, it is more efficient to follow a different procedure and perform
the symmetry breaking in a less straightforward way [78]. Accordingly, the first constraint is the
torsionless condition:
a
R̃mn
(P) = 0 ,
(5.24)
which is also encountered in the cases in which the Einstein and conformal gravity theories are
described as (ordinary) gauge theories. Next, the gauge field bma would admit an interpretation of
a second vielbein of the theory, which would lead to a bimetric theory, which is not our case of
5 Details

on this generic issue on such spaces are given in Appendix A of [78].
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interest. Thus, the relation ema = bma in the solution of the constraint should be considered. Also,
this leads to the expression of the spin connection ωmab in terms of the rest of the independent fields,
ema , am , ãm . In order to obtain the explicit expression of the spin connection in terms of the other
fields, the following two identities are employed:
abcd
δ fabc
ε f ghd
gh = ε

1 abc f gh
δ a = a[ f gh] .
3! f gh

and

(5.25)

Solving the constraint R̃(P) = 0, one obtains:
(5.26)

where Dm = Xm + am being the covariant coordinate of an Abelian noncommutative gauge theory.
The above equation leads to the following two:
ε abcd [emb , ωncd ] = −[Dm , ema ]

and

{ωmab , enb } = {ema , ãn } .

(5.27)

Taking into consideration the identities, (5.25), the above equations lead to the desired expression
for the spin connection:
3
a]
ωnac = − emb (−ε abcd [Dm , end ] + δ [bc {en , ãm }) .
(5.28)
4
Next, according to ref.[87], the vanishing of the field strength tensor in a gauge theory could lead
to the vanishing of the associated gauge field. However, the vanishing of the torsion component
tensor, R̃(P) = 0, does not imply eµa = 0, because such a choice would lead to degeneracy of the
metric tensor of the space [12]. The field that can be gauge-fixed to zero is the ãm . This fixing,
ãm = 0, will modify the expression of the spin connection, (5.28), leading to a more simplified
expression:
3
(5.29)
ωnac = emb ε abcd [Dm , end ] .
4
It should be noted that the U(1) field strength tensor, Rmn (1l), which is associated to the noncommutativity, is not considered to be vanishing. The symmetry breaking does not affect the U(1)
part of the symmetry since the breaking takes place in the (high-energy) noncommutative regime.
However, the corresponding field, am , decouples in the commutative limit of the broken theory.
Therefore, in the commutative limit, the gauge symmetry would be just SO(4).
Alternatively, another way to break the SO(6) gauge symmetry to the desired SO(4) is to induce a spontaneous symmetry breaking by including two scalar fields in the 6 representation of
SO(6), extrapolating the argument developed for the case of the conformal gravity to the noncommutative framework. It is expected that the spontaneous symmetry breaking induced by the scalars
would lead to a constrained theory as the one that was obtained above by the imposition of the
constraints (5.24).
5.6 The action and equations of motion
Next, for the action of the theory, it is natural to consider one of Yang-Mills type6 :
S = Trtr{Rmn , Rrs }ε mnrs ,
6A

(5.30)

Yang-Mills action trF 2 defined on the fuzzy dS4 space is gauge invariant, for details see Appendix A of [78].
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where Tr denotes the trace over the coordinates-N×N matrices (it replaces the integration of the
continuous case) and tr denotes the trace over the generators of the algebra. After the symmetry
breaking, that is including the constraints, the surviving terms of the action will be:
4
1
S = 2Tr(Rmnab Rrscd εabcd ε mnrs + 4R̃mn Rrs ε mnrs + Hmnpab H mnpcd εabcd + H̃mnp H mnp ) . (5.31)
3
3
Replacing with the explicit expressions of the component tensors and writing the ω gauge field
in terms of the surviving gauge fields, (5.29), then variation with respect to the independent gauge
fields would lead to the equations of motion.

In this review the construction of noncommutative 3-d and 4-d gravity models as gauge theories were revisited. Although for both cases the main procedure is similar, since they are based on
the corresponding works in the continuous regime, let us summarize and conclude separately for
the two cases.
In the 3-d case, the noncommutative background space we employed is the R3λ which is a foliation of the 3-d Euclidean space by multiple fuzzy spheres. This onion-like construction admits an
SO(4) symmetry which is the one we chose as gauge group. The anticommutators of the generators
of the gauge group would not close, that is why we promoted the symmetry to the U(2)×U(2) and
fixed its representation. Then, following the standard procedure, we defined the covariant coordinate and calculated the transformations of the fields and the expressions of the component curvature
tensors. Naturally, the action we determined was of Chern-Simons type and the equations of motion were obtained after its variation. The results obtained in the above construction reduce to the
ones of the commutative case.
In the 4-d case, the noncommutative background space we employed is the fuzzy version of the
4-d de Sitter space. It is worth-mentioning that it consists a 4-d covariant noncommutative space,
respecting Lorentz invariance, which is of major importance in our case. Next, we determined
the gauge group, SO(5), which was enlarged for the same reasons as in the previous case, to the
SO(6)×U(1). Then, we went on following the standard procedure for the calculation of the transformations of the fields and the expressions of the component curvature tensors. Since we desired
to result with a theory respecting the Lorentz symmetry, we imposed certain constraints in order
to break the initial symmetry. After the symmetry breaking, the action takes its final form and its
variation will lead to the equations of motion. The latter will be part of our future work. It should
be noted that, before the symmetry breaking, the results of the above construction reduce to the
ones of the conformal gravity in the commutative limit. Finally, it should be also stressed that the
above is a matrix model giving insight into the gravitational interaction in the high-energy regime
and also giving promises for improved UV properties as compared to ordinary gravity. Clearly, the
latter, as well the inclusion of matter fields is going to be a subject of further study.
Another possible direction of further investigation is to consider our construction embedded
in the Lie superalgebra of SU(2,2/1) which is isomorphic to the algebra of the superconformal
spacetime symmetry group [88]. Gauging of the latter leads to N = 1 conformal supergravity
[8, 7, 89, 90, 91]. In the present noncommutative context it seems more natural pursuing the gauging of the supergroup of SU(2,2/1) algebra. This possibility appeared to be fruitful in relating the
17
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Connes-Lott model [20] to those based on gauging the SU(2/1) superalgebra [92]-[96] (see also
[97]) and could be useful in our construction, too.
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[61] M. Burić, J. Madore and G. Zoupanos, SIGMA 3 (2007) 125 doi:10.3842/SIGMA.2007.125
[arXiv:0712.4024 [hep-th]].
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