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1. Introduction

Fluxes play a crucial role in string theory because of their relevance in moduli stabilisation

(for a review, see e.g. [3]). Considering in particular O3-O7 orientifold type-IIB Calabi-Yau com-

pactifications with NS-NS and RR 3-form fluxes .773 and .%3 turned on, the .4#" = 1 classical su-
perpotential is given by [4]

Wisjos = [(F3—18H6)AQ (11)

where Q is the holomorphic 3-form of the Calabi-Yau manifold and S is the axion-dilaton. On the
other hand, the presence of the Chern-Simons term

/C4/\%03/\y3 (1.2)

in the IIB supergravity theory implies that the NS-NS and RR fluxes act as sources for the RR 4-
form potential C4. This source has to be cancelled for consistency, implying that fluxes are suitably
quantised so that the source can be compensated by changing the net amount of D3-branes in the
orientifold theory.

We will focus on the specific case of a T/[Z, x 7] IIB 03-O7 orientifold. Factorising the

6-torus as T° = ®;_, T(%), the two Zy’s act as (—1,—1,1) and (1,—1,—1) respectively on the co-
ordinates (x',y’) of the three 2-tori. Following the notation of [5] (see also [6, 7, 8, 9]) we define
the three 2-forms @; = —dx' A dy' as the natural basis for closed 2-forms, while the basis for closed

4-forms is given by the Hodge duals @; = *w;. The Kéhler form J and the holomorphic 3-form Q
are given by the expressions

3
J=Y Aoy Q= (dx' +indy') A(dx* +itady®) A (dx +it3dy’) (1.3)
i=1

where A; and 7; are the volumes and complex structure moduli of the three different tori. The O3-
O7 orientifold projection acts like Qp(—l)F Lop, where Qp is the world-sheet parity reversal, Fy,
is the world-sheet left-mover fermionic number and op is the space-time involution acting on the
coordinates as

op(x') = —x' os(y')=—y . (1.4)

The untwisted moduli' are the axion-dilaton S, the complex-structure moduli U; that simply coin-
cide with the toroidal complex structures, i.e. U; = 7;, and the complex Kéhler moduli 7; which are
given in terms of the Kéhler form and the RR 4-form by the expression

i

/CZC4+2

e YINT =iY Ta; . (1.5)
i

These seven moduli parametrise the space (SL(2,IR)/SO(2))’, and the theory possesses a U-duality

symmetry SL(2,Z). One can then turn on .73 and .%#3 fluxes with indices on the three different

tori. This makes in total 16 flux components, and by plugging this into eq. (1.1) using eq. (1.3) one

1One can construct freely acting Z, x Z, orbifolds [10] such that the twisted sector does not contain massless
scalars. Orientifolds of freely-acting orbifolds have been constructed in e.g. [11, 12, 13]. For a review on orientifold
models, see e.g. [14].
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obtains a superpotential which is at most cubic in the U moduli and linear in S, with no dependence
on the 7" moduli.

Before turning on fluxes, one can perform three T-dualities, each along a cycle of a different
torus, to map the model to the T° /|Za % Z,] TIA O6 orientifold. In particular, if one T-dualises
along the x' directions, the orientifold involution 64 acts on the coordinates as

oy (xi) =i GA(yi) = —yi , (1.6)

and the O6 planes are localised in the y’ directions. When fluxes are turned on, one obtains the
superpotential of the IIA theory by acting with three T-dualities along the x’s on the fluxes of the

IIB theory. In particular, given that in general the NS-NS 3-form flux .7, is mapped to the metric
flux f7, and to the non-geometric 9b¢ and %% fluxes according to the chain of rules [6] (see also

[151])

T, Ty T

Horpe < R (1.7)

ab S 24
one finds that mirror symmetry can only be restored if one allows the presence of non-geometric
fluxes. Moreover, in the ITA theory the orientifold projections also allows for additional flux com-
ponents that are mapped back in the IIB theory to all the allowed components of the non-geometric

flux 2%¢. This gives a total of 24 flux components. The resulting superpotential
Wii/03 :/(%—iS%JrQ-jC)AQ (1.8)

leads to terms linear in the moduli 7; and cubic in U;.

In the TIB theory one can also include the flux £22¢ which is the S-dual of .2%¢, and find
that this flux leads to ST; (times a cubic polynomial in U;) terms in the .4 = 1 superpotential
[5]. In [16] it was shown that the fluxes that are related by T-duality to ,@fl’c in any dimension
are 95 tPr and gpabi ~bp where p is even in IIB and odd in IIA and the b indices are completely
antisymmetrised. Moreover, a universal T-duality rule for this fluxes, analogous to the one in eq.
(1.7), was discovered in [17]. This allows to repeat the same argument as before: one can map by
mirror symmetry the 22 flux of IIB to the & fluxes of the IIA theory, include all the remaining &
fluxes that are allowed by the IIA orientifold and then map this back to the IIB theory. As a result,
one finds that one must also include the 24 components of the IIB flux Z2%%1--%+ which leads to
terms in the superpotential that are quadratic in 7" and cubic in U.

One can keep using the symmetries of the theory to turn on non-geometric fluxes in the IIA and
IIB theories until one finds an expression for the superpotential which is closed under S and T dual-
ities [1]. This expression includes all the possible fluxes, and coincides with the one derived using
generalised geometry methods in [18]. The resulting superpotential is the most general polynomial
which is cubic in the T and U moduli and linear in S, and depends on 128 flux components. More
precisely, it turns out that these 128 flux components form the (2,2,2,2,2,2,2) representation of
SL(2,R)7 [5].

Given that supersymmetry allows all these fluxes to be turned on in the IIB orientifold model,
we can ask what are the 3-brane charges that are induced by them, exactly like the .73 and .73
fluxes generate a charge for the D3-brane. This question was fully answered in [1], and the result is
that the tadpole conditions induced by all the fluxes in the (2,2,2,2,2,2,2) belong to 16 irreducible
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representations of SL(2,IR)’, made of three triplets and four singlets, with the condition that there
are either zero or two triplets with respect to the three SL(2,R)’s associated to the U; moduli.
One therefore needs for consistency space-filling 3-branes in these representations. What we will
discuss in what follows is precisely what these branes are. In particular, we will show that most
of these branes are exotic, in the sense that they do not arise from the reduction of branes of the
ten-dimensional theory. Moreover, we will show that all these branes are compatible with the
supersymmetry preserved in the orientifold model.

One could study what conditions must be imposed on the fluxes to preserve .4/ = 2 supersym-
metry, i.e. before performing the orientifold projection. In this case one can see that the 6-form
JG N\ F3 integrated on the internal manifold has to vanish, because otherwise the Chern-Simons
term (1.2) would require the inclusion of D3-branes which are not compatible with .4/ = 2 super-
symmetry. More generally, turning on all possible fluxes one finds for consistency a set of Bianchi
identities must be imposed. If one then performs the orientifold projection, and thus keeps only
the 128 flux components that survive this projection, it turns out that the Bianchi identities are
projected on the 16 representations made of three triplets and four singlets mentioned above.

There is a natural way of reformulating the discussion above in the language of gaugings of
supergravity theories. Indeed, from the supergravity viewpoint fluxes are components of the em-
bedding tensor, which characterises the possible gaugings of the theory [19, 20]. Supersymmetry
imposes a quadratic constraint for the embedding tensor, and one can ask, given a specific Z, trun-
cation that halves the amount of supersymmetry, whether the quadratic constraints that survive the
truncation are actually required by supersymmetry in the truncated theory. It turns out that in gen-
eral not all of them are needed, and those that can be relaxed are precisely in the representations
to which the space-filling branes that preserve precisely the supersymmetry of the truncated the-
ory belong [21, 2]. Hence, these quadratic constraints can be relaxed provided that one adds the
right amount of space-filling branes to cancel the tadpoles. This is precisely what happens in the
orientifold model discussed above, but it is actually completely general as we are going to discuss.

The rest of this presentation is organised as follows. In section 2 we will discuss exotic branes
in general. In section 3 we will concentrate on space-filling branes in various dimensions, and we
will show how one can determine all the branes that in each theory preserve exactly the same super-
symmetry. In particular we will show that the space-filling branes required to cancel the tadpoles
of the T%/[Z, x 7, orientifold model are all compatible with supersymmetry. In section 4 we will
move to discuss the relation between space-filling branes preserving the same supersymmetry and
quadratic constraints of the embedding tensor. Section 5 will contain some concluding remarks.

2. Exotic branes

The prototype example of an exotic brane is the solution that one obtains starting from the
NS5-brane solution of either the IIA or the IIB theory and performing two T-dualities along direc-
tions transverse to the brane [22]. In order to do this, one has to first smear the NS5-brane along
these two directions (say directions 8 and 9), which results in a solution depending only on the two
remaining transverse directions 6 and 7, and such that the 2-form Bgg has a non-trivial monodromy
on the 6-7 plane, meaning that

Bgg — Bgg + 1 2.1)
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if one rotates around the brane on the plane. Defining
p = Bgo+ivdetG 2.2)

where G is the metric in the 8 and 9 directions, one finds that performing two T-dualities in such
directions acts on p as

1
P 2.3)

which implies that the resulting solution has a non-trivial momodromy with respect to

1 By (2.4)
p By +detG
and hence describes a metric that in these directions in not globally defined, i.e. a T-fold [23].
Although the classical solution is a well-defined geometric solution only in eight dimensions,
nonetheless T-duality is a symmetry of the quantum theory and therefore we can consider this
as a consistent solution of string theory.

This can be generalised to any dimensions. In [24], the D dimensional brane solutions with two
transverse directions (so-called defect branes) obtained by performing chains of S and T-dualities
on brane solutions that arise from ten dimensions have been classified. Typically, from the point of
view of the ten-dimensional theory most of these solutions are well defined only in the presence of
isometries, and from the point of view of the ten-dimensional theory they are non-geometric, in the
sense that their monodromy involves the metric in the isometry directions [25]. All branes of this
type are dubbed ‘exotic’ in the literature [26]. Using string dualities, one can derive the tension of
all such branes as functions of the string tension and the radii associated to the isometry directions
[27, 28]. What one finds is that for instance the brane of [22] discussed above and related to the
NS5-brane by two T-dualities has tension scaling like g; 2RgR9. More generally, exotic branes have
tensions scaling with positive powers of the isometry directions, which implies that they disappear
from the spectrum in the decompactification limit. It is important to notice that by requiring the
closure of the brane spectrum under S and T-dualities one obtains not only exotic defect branes,
but also exotic branes with one or zero transverse direction, i.e. domain walls and space-filling
branes [27, 28]. Moreover, in general one gets powers of the radii higher than one in the formula
for the tension. For instance, one can take the D7-brane of IIB in ten dimensions. Under S-duality,
this brane is mapped to a 7-brane with tension scaling like g; 3, and T-dualising along the two
transverse directions 8 and 9 one gets a space-filling brane in eight dimensions with tension scaling
like g, > RZR3.

In the brane classification of [29, 30, 31], the non-geometric nature of a particular brane cor-
responds to the fact that the brane is charged with respect to a mixed-symmetry potential.> In
particular, denoting with A, , . = a ten-dimensional mixed-symmetry potential in a representation
such that p,q,r,... (with p > g > r...) denote the length of each column of its Young Tableau, this
corresponds to a brane if some of the indices p are isometries and contain all the indices ¢, which
themselves contain all the indices r and so on. The relation between the tension of the exotic brane

2The mixed-symmetry potentials of the ten-dimensional theories is determined from the infinite-dimensional Kac-
Moody algebra E;; [32].
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and its corresponding mixed-symmetry potential is very straightforward: the isometry directions
correspond to the repeated indices, and the number of times these indices are repeated is equal
to the power dependence on the isometry radius plus one. This means that the 5-brane that one
gets performing two T-dualities starting from the NS5-brane couples to a mixed-symmetry poten-
tial Ag, while the 7-brane that arises performing two T-dualities starting from the S-dual of the
D7-brane couples to a mixed-symmetry potential Ajp2 .

The fact that exotic branes couple electrically to mixed-symmetry potentials gives a very sim-
ple way to determine how different branes are mapped under T-duality. This is formulated in terms
of a universal T-duality rule derived in [17] which states as follows: given a brane whose tension

—n

scales like g

with respect to the string coupling constant, and associated to a mixed-symmetry
potential such that the a index occurs p times (in p different sets of antisymmetric indices), this is
mapped by T-duality along a to the brane associated to the potential in which the a index occurs

n— p times. Schematically, this can be written as

_ T
g " a,a,...,a <= a,a,.....a . (2.5)
—— N——
P n—p

In the next section we will use this rule to determine all the space-filling branes in any dimension
that preserve the same supersymmetry.

3. Space-filling branes

A crucial result that applies to all the maximal theories in dimension less than ten is the fact
that the 1/2-BPS condition for space-filling branes is degenerate, which means that different branes
can preserve the same supersymmetry [33]. This degeneracy was determined in [33] by simply
observing that the number of 1/2-BPS space-filling branes is always a multiple of the dimension of
the R-symmetry group of the vector central charge Z;,. We can associate to each space-filling brane
a Z, truncation to the half-supersymmetric theory, and given that the degenerate branes all preserve
the supersymmetry of the same truncation, we arrive at the obvious conclusion that the number of
different supersymmetric Z, truncations is precisely the dimension of the representation of the
central charge Z;. In this section we want to identify these truncations, and for each truncation
we want to identify the branes that are not projected out, i.e. the branes that preserve the same
supersymmetry of the truncated theory [2].

We can first consider explicitly the eight-dimensional case. In this case the degeneration of
the space-filling branes is equal to 2, and indeed we know that in particular the D7-brane and its
S-dual preserve the same supersymmetry [34, 35], which is the supersymmetry preserved by the
O7 truncation. Performing T-dualities in the compact directions 8 and 9, the D7-brane is mapped
to the D9-brane, while the S-dual of the D7-brane is mapped to an exotic space-filling brane,
i.e. a brane charged with respect to an 8-form potential whose IIB origin is the mixed-symmetry
potential Ajgo>. These branes survive the O9 truncation in eight dimensions. These results can
naturally be rephrased in a group theory setting. The global symmetry of the maximal theory
is SL(3,R) x SL(2,R), and the one of the truncated theory is R x (SL(2,RR))?. There are three
different truncations, corresponding to the three different ways in which SL(2,R) can be embedded
inside SL(3,R). The O7 and O9 are two of these three truncations , the third being the one in which
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all RR potentials are projected out. The space-filling branes of the maximal theory belong to the
15 of SL(3,R), and after the truncation this representation is projected on the 3 of SL(2,R). The
two 7-branes that preserve the same supersymmetry of the truncation are the two long weights of
this representation [33, 36].

We then move to considering the seven-dimensional case. In seven dimensions the mixed-
symmetry potential A1, gives three different exotic 7-branes, one with isometries in the direc-
tions 8 and 9, one in the directions 7 and 9 and finally one in the directions 7 and 8. Obviously
all these branes preserve the same supersymmetry because each of them preserves the same super-
symmetry of the D9-brane. If we now perform two T-dualities, say along the directions 8 and 9,
the D9 goes back to the D7 wrapping the direction 7 and the exotic brane with isometries along
8 and 9 goes back to the S-dual of the D7, again wrapping the direction 7. On the other hand,
the other two exotic branes are mapped to two additional exotic branes with tensions gs_3RgR% and
g;3R9R%, corresponding to two different components of the mixed-symmmetry potential Ag> ;.
The conclusion is that in seven dimensions in the cases of both the O7 and the O9 truncations there
are 4 space-filling branes preserving the same supersymmetry of the truncation. As in eight dimen-
sions, we can understand this from group theory. In this case the symmetry of the maximal theory
is SL(5,R), which is reduced to R™ x SL(4,R) by the Z, truncation to the half-maximal theory.
There are five ways of performing this truncation. The 7-branes of the maximal theory belong to
the 70 of SL(5,R), which is projected on the 10 of SL(4,R). The four 7-branes that preserve the
same supersymmetry of the truncation correspond to the four long weights of the 10.

The analysis can be performed for the maximal theories in all dimensions. The results are
shown in the first two columns of table 1, where the red representations contain the branes that
preserve the same supersymmetry of the truncated theory. In four dimensions there are 63 different
Z; truncations of the maximal theory to the half-maximal one, with global symmetry SL(2,R) x
SO(6,6). As the table shows, the space-filling 3-branes that preserve the same supersymmetry of
the truncation belong to the (1,462). There are 32 such branes, corresponding to the long weights
of this representation. We can identify 32 of the 63 truncations as the O9 truncation, the O3
truncation, the 15 OS5 truncations and the 15 O7 truncations. One can show that for each of these
truncations the heaviest branes at weak coupling are exotic branes with tension scaling like g,/ [2].
The remaining truncations are related to these by chains of S and T-dualities.

As the table shows, starting from six dimensions, apart from the branes that preserve the same
supersymmetry of the truncation, there are additional space-filling branes that are not projected out
by the Z, truncation but are 1/2-BPS branes of the truncated theory. This is consistent with the fact
that such theories can be further truncated to quarter-maximal theories. One can then repeat the
same analysis and determine the space-filling branes among these 1/2-BPS branes that preserve the
same supersymmetry of the truncation to the quarter-maximal theory. The results are summarised
in the remaining columns of table 1.

All this analysis allows to finally answer the question: in the 7°/[Z, x Z,] TIB 03-O7 orien-
tifold model, what are the branes that preserve the same supersymmetry of the O3-O7 truncation
to .4 =1, and what is their relation with the tadpole conditions induced by the fluxes? Out of the
15 different O7 truncations of the maximal theory, corresponding to D7-branes wrapping the 15
4-cycles of T®, in the orbifold there are three truncations that survive, corresponding to D7-branes
wrapping two of the three tori of the orbifold. In the truncation from .4 =2 to .4 = 1, these
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# susy 32 16 8 4
D
o SL(3,R) x SL(2,R) | R* x (SL(2,R))2
(15,1) 3,1
. SL(5,R) R* x SL(4,R)
70 10
R* x SO(4,4
SO(5,5) xSO(4,4) R* x SO(4,4)
S0O(5,5)
6 120 35y 35y 35y
320 35y &35y
136 35S335C 355 & 35¢
126
Eq(6) R* x SO(5,5) (RT)? x SO(4,4)
5 _ 320 35y &35y
12
1728 % 210 355 ©35¢
Ey7) SL(2,R) x SO(6,6) | (SL(2,R))> x SO(4,4) | (SL(2,R))’
4 . (3,495) 3x(3%,28)
45 1,462) 3,35 ’ 16 x 3
86 (1.462) 1 2079) | 37335 (,350) 6
Egs) SO(8,8) SO(4,4) xSO(4,4) | (SL(2,R))®
3 (350,28)
147250 6435 60060 4% (35,35 ’ 16 x 34
X (3535 g 350 X

Table 1: The representations of the space-filling branes that preserve the same supersymmetry of the trunca-
tion (in red) and those that are 1/2-BPS states (in black). In six dimensions the case with 16 supersymmetry
is divided in two rows, with the upper row corresponding to the truncation to the .#" = (1, 1) theory and the
lower row to the truncation truncation to the 4" = (2,0) theory. In four and three dimensions, the represen-
tations of the cases with eight and four supersymmetry are written in a short-hand notation, see [2] for the
details.

three truncations and the O3 truncation are degenerate, and therefore the branes that preserve the
same supersymmetry are all the branes of the four truncations of the maximal theory together. This
gives in total 3 x 32 = 128 branes, which turn out to be the long weights of the 16 representations
of SL(2,R)’, made of three triplets and four singlets, with the condition that there are either zero
or two triplets with respect to the three SL(2,IR)’s associated to the U; moduli. As we mentioned
in the introduction, these are precisely the representations of the tadpoles generated by the fluxes,
that is the representations of the Bianchi identities of the .4~ = 2 theory that survive the orientifold
truncation but are not required by .4~ = 1 supersymmetry.

4. Gaugings & the embedding tensor

Form the supergravity point of view, fluxes induce a gauging, which is described in terms of
the embedding tensor [19, 20]. If the ungauged theory has a global symmetry G, the embedding
tensor belongs to a specific representation of G. Moreover, in general supersymmetry and gauge
invariance impose an additional quadratic constraint on the embedding tensor, which requires that
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the product of two embedding tensors projected on specific representations of G must vanish. The
aim of this section is to consider Z; truncations within gauged supergravities in various dimen-
sions to obtain theories with less supersymmetries. The concrete prescription is to compare all
the quadratic constraints required by the theory with more supersymmetry when restricted to its
Z,-even sector with the ones imposed by the consistency of the theory with halved amount of
supersymmetry. The mismatch between the two exactly identifies the irreducible representations
containing space-filling branes allowed by the less supersymmetric theory. More precisely, we find
that all the space-filling branes that preserve the same supersymmetry of the Z, truncation belong
to the representation of the symmetry of the truncated theory which is the highest-dimensional
representation of the quadratic constraint which survives the truncation but is not required by the
supersymmetry of the truncated theory.

We can give as an example the truncation to the half-maximal theory of maximal gauged
supergravity in four dimensions. The most general maximal gauged theory was studied in [37] and
it turns out to enjoy E7(7) global symmetry, with the embedding tensor belonging to the 912 of this
group. Furthermore, in [21], the truncation defined by

E7(7) — SL(Z,R) X SO(6,6) s

®c 912 (2,12) & (2,220) | @.1)
\/f —_——  —
Xarz Eam Samne]

was found to yield a half-maximal theory [38] coupled to six extra vector multiplets.
The quadratic constraints of the maximal theory

Q"X 4 v pXogny = 0, (133 @ 8645) 4.2)

give rise to the following quadratic constraints for Z, even objects

Ean &g =0, (3.1)
o fppane =0, (3,66)
3 farian fpro™ = 2fiamnrEpro) = 05 (3,495)
e%P (gapfﬁPMN + Eam gBN) =0, (1,66) 4.3)
€% famnr fapo® + (f& terms) = 0, (1,66) & (1,2079)
Samnp f5"° =0, (3,1)
g%p Jamne fpors)lsp = 0, (1,462)

where one can recognise all the quadratic constraints of ./ = 4 supergravity, plus the last two lines
which therefore contain space-filling branes. In particular, the (1,@) contains exactly the 32 long
weights that we expect from the results of the previous section.

We find that exactly the same applies if one further truncates to theories with less supersym-
metry. In particular, using the quadratic constraints of the embedding tensor of .4~ = 2 theories
discussed in [39], we find that the truncation of the four-dimensional .4 = 2 theory with symmetry
(SL(2,R))? x SO(4,4) gives the .4/ = 1 theory with SL(2,R)” global symmetry. The embed-
ding tensor is projected on the (2,2,2,2,2,2,2) of SL(2,R)’, while the quadratic constraints are
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projected on the 16 representations made of three triplets and four singlets that are exactly the
representations of the space-filling 3-branes that preserve the same supersymmetry of the trunca-
tion. Indeed, minimal supersymmetry does not require any quadratic constraint for the embedding
tensor, and consistently we find that all the highest-dimensional representations of the quadratic
constraints of the ./~ = 2 theory that survive the Z, truncation can be uplifted introducing space-
filling branes.

5. Conclusions

In this presentation we have reviewed the results of refs. [1, 2]. In particular, we have found a
relation between the quadratic constrains of the embedding tensor and the space-filling branes that
all preserve the same supersymmetry of the truncated theory. This explains how in the 7% /[Z, x Z,]
IIB 03-07 orientifold model the Bianchi identities of the .4 = 2 theory can be uplifted generating
tadpoles for space-filling 3-branes. Crucial to the derivation of these results was the discovery of a
universal T-duality rule for all the branes in string theory [17], which we give in eq. (2.5).

There is an elegant relation between these results and the structure of the supersymmetry
algebra. The number of truncations to the theory with halved supersymmetry is always given by
the number of vector central charges, which in turn is always equal to the different ways in which
the global symmetry of the Z, truncated theory can be embedded in the global symmetry of the
original theory.

To conclude, what the results presented here show is that the inclusion of exotic branes may be
an important tool in string compactifications with non-geometric fluxes. Indeed, it would enlarge
the possibilities to find more viable .4 = 1 four-dimensional vacua where all moduli can be con-
veniently stabilised, as many constraints on the fluxes could be relaxed. Moreover, from a wider
perspective which goes beyond the closed string sector, it could be of extreme interest to further
extend this analysis studying the dynamics of the exotic branes.
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