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1. Introduction

One of the primary goals of the program dedicated to relativistic heavy-ion collisions is to
understand, as completely as possible, the nature of the transition between the Hadron-Resonance
Gas (HRG) and Quark-Gluon Plasma (QGP) phases of nuclear matter [1, 2, 3, 4, 5]. Some of the
most important characteristics of this transition can be presented succinctly in terms of the phase
diagram of quantum chromodynamics (QCD) as a function of temperature T and baryon chemical
potential µ [6, 7, 8]. At large T and small µ , the transition is expected on the basis of lattice
calculations to be a rapid crossover [10, 9], whereas it is naturally expected that the phase transition
along the µ-axis (with T = 0) is an actual first-order phase transition [11, 12]. Somewhere along
the phase transition line, therefore, it is reasonable to expect that the first-order phase transition is
converted into a rapid crossover; the point at which this occurs is commonly known as the QCD
critical point [13, 14, 15].

The existence of the QCD critical point has not yet been experimentally confirmed nor pre-
dicted with theoretical certainty [16]. It is vital that phenomenologically motivated studies of
heavy-ion data, such as those employing relativistic hydrodynamics, be capable of accounting for
the potential influence of such a critical point on experimental observables [17]. Virtually all such
studies rely on a knowledge of the equation of state (EOS) in order to simulate the evolution of
a heavy-ion collision in a way which is consistent with the dynamics of QCD [18]. However,
because of the inherent difficulty in theoretically exploring in the QCD phase diagram, particu-
larly at finite µ [19], it is essential to have a way of phenomenologically characterizing the phase
of nuclear matter which represents the anticipated features of the full QCD phase diagram with
reasonable accuracy, even if a complete determination of the QCD EOS from first principles is
currently unavailable.

One way of phenomenologically modeling phase transitions in the QCD phase diagram is by
defining a function, known as a switching function, which allows one to construct a simple inter-
polation between phases in separate regions of the phase diagram. This approach was adopted in
Ref. [20], where the switching function was defined by a simple function of T and µ which imple-
mented a rapid crossover everywhere along a fixed phase transition line. The phenomenological
parametrization employed by the authors of that paper worked surprisingly well in describing the
lattice at both µ = 0 and finite µ [21, 22, 23, 24], and was later used by the same authors to describe
net baryon fluctuations in the vicinity of such a rapid crossover [25].

The present paper improves upon these earlier successes by constructing a switching function
S, with values ranging between 0 and 1, which contains not only a rapid crossover at large T and
small µ , but also a critical point located at (Tc,µc), and a first-order phase transition for T < Tc.
The location of the critical point must be placed along the coexistence curve (with S = 1/2), but
is otherwise a free parameter of the model. Our switching function S therefore offers a simple
and convenient way of studying the effects of a critical point and first-order phase transition, in
conjunction with the rapid crossover, without requiring any detailed knowledge of the microscopic
dynamics governing a system of nuclear matter near the coexistence curve.

This paper is organized as follows. In Sec.2, we present the switching function S and discuss
briefly how the various free parameters defining its main features may be chosen. We then illustrate
the form of S for different combinations of free parameters. We emphasize that S is infinitely differ-
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entiable everywhere except at the critical point and along the line of the first-order phase transition,
which is necessary to avoid artificially inducing unphysical, higher-order phase transitions into the
model. In Sec.3, we discuss and present the fitting of our switching function to available lattice
data at several values of µ , including µ = 0. The results of our fit are presented in Sec.4. Sec.5
finally presents some of our conclusions and recommendations for applying our switching function
to other models.

2. The QCD phase diagram and the switching function

As we have already discussed, the QCD phase diagram is not completely known. At large
temperatures, the QCD EOS should correspond to the QGP, and at low temperatures, it should
correspond to the HRG. A first-order phase transition is expected to separate the phases at large
chemical potential µ , but the transition is actually just a rapid crossover (meaning that thermody-
namic quantities like the pressure change rapidly, but all derivatives still remain finite) near µ ≈ 0.
The equations of state in each phase can be estimated or computed in various ways, and the idea
for this study is to try to model the effects of a first-order phase transition line (and a critical end-
point, where the line switches into the smooth crossover region) by using a switching function to
interpolate between the two phases. If we are interpolating the pressure P in the two phases, this is
written as

P(T,µ) = S(T,µ)PQGP(T,µ)+(1−S(T,µ))PHRG(T,µ), (2.1)

so that S = 0 “turns off" the QGP and “turns on" the HRG (and vice versa for S = 1). The
crossover/phase transition line then corresponds to S = 1/2. To avoid any potential ambiguity,
we use the term coexistence curve to refer to the contour of the switching function with S = 1/2;
this contour is depicted in Fig. 1. The ray which is located at (T,µ) = (0,0) and passes through
the critical point (T,µ) = (Tc,µc), we term the critical line. By construction, S possesses a rapid
crossover in the region above the critical line, and a first-order phase transition in the region below
the critical line.

As was noted in Ref. [20], discontinuities in the nth order derivative correspond to a phase tran-
sition of the same order. S has therefore been constructed to be infinitely differentiable everywhere,
except at the critical point and across the first-order phase transition line.

2.1 The coexistence curve

The coexistence curve is commonly chosen to be an ellipse, parameterized by(
T
T0

)2

+

(
µ

µ0

)2

= 1 , (2.2)

where T0 and µ0 are scale parameters. Although this is a convenient choice, we will find the
need below to allow the coexistence curve to assume a more general shape, parametrized by a
numerically determined curve R(ψ) in the phase diagram plane, where ψ ≡ arctan(µ/T ). For the
particular case of an elliptical coexistence curve, R(ψ) can be written exactly as

R(ψ) =

[(
cosψ

T0

)2

+

(
sinψ

µ0

)2
]−1/2

(2.3)
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Figure 1: The conjectured structure of the QCD phase diagram, assuming an elliptical coexistence curve.
In this case, the scale parameters T0 and µ0 are related to the shape and location of the coexistence curve by
Eq. (2.2). The light blue region corresponds to where S ≡ 0 (pure hadron-resonance gas), and the light red
region shows where S≡ 1 (pure quark-gluon plasma).

In general, the critical point is defined to lie along the coexistence curve at some critical angle ψc,
at a distance from the origin given by R(ψc).

The generalization from an ellipse is especially useful, since the crossover temperature Tco (µ)

is known from lattice data to be at least a quartic function of µ/µc [26]:

Tco (µ)≡ T0

[
1− k2

(
µ

µc

)2

− k4

(
µ

µc

)4

−·· ·
]
. (2.4)

In this paper, we assume a crossover region with a quartic coexistence curve and disregard any
subsequent terms in the µ/µc expansion. Furthermore, as we describe below, we constuct R(ψ) by
smoothly joining the quartic curve (2.4) and the numerically determined solution to PHRG = PQGP

together at the critical point.

2.2 The switching function

In order to retain the excellent agreement between the switching function of Refs.[20, 25] and
the lattice data along the T -axis, we require S to reduce to the functional form employed in these
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earlier works as µ → 0. This functional form is given explicitly by

Src(T,µ) = exp [−θ(T,µ)] , (2.5)

where

θ(T,µ)≡
[(

T
T0

)r

+

(
µ

µ0

)r]−1

, (2.6)

and the “rc" underscores that Eqs. (2.5) and (2.6) contain only a rapid crossover. Along the T -axis,
where µ = 0, we have

Src(T,µ = 0) = exp

[
−
(

T
T0

)−r
]
. (2.7)

Our new switching function S should have also this form along the T axis.
A function which satisfies the condition (2.7) and possesses the coexistence curve is given by

S (T,µ,ψc,r) =
1
2
+

1
π

arg(η1 (m, t,ψc)+ iη2 (m, t,r)) , (2.8)

where

η1 (µ,T,ψc) ≡
1
2

1+ tanh

 a
(

b−
∣∣∣ ψ

ψc

∣∣∣)∣∣∣ ψ

ψc

∣∣∣(1−
∣∣∣ ψ

ψc

∣∣∣)
 , (2.9)

η2(µ,T,r) ≡ tan
[

π

2θ
− π

2

]
, (2.10)

θ (µ,T,r) =

(
T 2 +µ2

R2 (ψ)

)−r/2

, (2.11)

ψ = arctan(µ/T ) , (2.12)

and

tanψc ≡
µc

Tc
. (2.13)

We note that ψ = 0 corresponds to the positive T -axis while ψ = π/2 corresponds to the positive
µ-axis. The critical angle ψc divides the phase diagram into two disjoint regions,

|ψ/ψc|< 1: crossover region

|ψ/ψc| ≥ 1: critical region, (2.14)

as illustrated in Fig. 1. The function arg(z) in Eq. (2.8) is generally defined in terms of elementary
functions by

arg(x+ i y)≡ 2arctan

(
y

x+
√

x2 + y2

)
. (2.15)

By construction, our switching function is even under µ → −µ . In this paper, we confine our
attention to the quadrant of the phase diagram with T ≥ 0, µ ≥ 0.

The most general version of our model contains a total of seven free parameters: Tc, T0, k2, k4,
r, a, and b. The parameter Tc fixes the value of the temperature at the critical point. The next three
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parameters (T0, k2, k4) are used to determine the curve R(ψ) in the crossover region, as described
in more detail below. The parameter r is a positive integer (typically ≥ 4) which quantifies the
rapidness of the crossover between the two phases in the crossover region, with larger r producing
a more rapid crossover transition. Finally, the parameters a and b control the nature of the transition
along the coexistence curve from a first-order transition to a simple crossover. They must satisfy
the conditions a > 0 and 0 < b < 1. Roughly, a quantifies how rapidly the conversion from a
first-order transition to a crossover occurs with decreasing ψ ≤ ψc, while b defines approximately
where (i.e., at which ψ) this conversion happens. For the results presented in this paper, we have
fixed a = 1 and b = 0.8.

We evaluate our switching function in the following way. First, we numerically determine the
coexistence curve corresponding to the set of points where the functions PHRG and PQGP are equal
to one another. We then choose a value for the critical temperature Tc and use the point where
the coexistence curve crosses this temperature to define the critical chemical potential µc. The
critical angle ψc is then defined by Eq. (2.13). For angles ψ ≥ ψc, the coexistence curve is defined
to coincide with the line of first-order phase transition. The precise shape of this line cannot be
written in a simple algebraic form, and so R(ψ) in this region must be determined numerically.
Then, below the critical line, the switching function S has the value 0 when T 2 +µ2 < R2(ψ) and
1 when T 2 +µ2 > R2(ψ).

In the crossover region, we use the quartic curve (2.4) to parametrize R(ψ). In order to obtain
a unique and sufficiently smooth coexistence line, we fix the parameters T0 and k2 appearing in
Eq. (2.4) so that both R(ψ) and its first derivative R′ (ψ) are continuous at the critical point. The
quartic coupling k4 is then retained as one of the free parameters used in optimizing the switching
function. By fixing the shape of R(ψ) in this way, our switching function depends on just three
free parameters: Tc, k4, and r.

3. Fitting the switching function

We now describe the procedure of fitting the switching function to lattice data [21, 22, 23, 24].
At this point, our treatment diverges slightly from the work of Refs. [20, 25]. These earlier

studies fit to lattice data only along the T -axis, and opted to use the corresponding data at finite µ as
a way of demonstrating the surprising versatility of their simple switching function for accurately
characterizing the full QCD equation of state (assuming no critical point or first-order transition).
In this paper, we use the available lattice data at both zero and finite µ to fix an appropriate value
of the parameters r and k4, while retaining Tc as a free parameter. This allows us to construct
a switching function which is simultaneously consistent both with currently available lattice data
and with placement of a critical point in the (as yet) inaccessible regions of the QCD phase diagram.

In Fig. 2, for illustrative purposes, we plot the form of our switching function for some reason-
able choices of the parameters discussed above; these choices do not correspond to the fit results
described in the next section. The specific parameter values used in this Figure are as follows:
T0 = 150 MeV, µ0 = 1200 MeV, r = 5, a = 1 and b = 1/2. Additionally, we show three different
placements of the critical point, specified in terms of the critical temperature Tc = 80 MeV (top),
100 MeV (middle), and 120 MeV (bottom).
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(c)
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Figure 2: S as given in Eq. (2.8) with R(ψ)

given by Eq. (2.3). The critical point is shown
as a large black point, the entire line ψ = ψc

is shown as a solid black line, and the thin
black line corresponds to the coexistence curve
where S = 1/2. Panels (a)-(c) correspond to
values of Tc = 80, 100 and 120 MeV, respec-
tively. Note also that all three plots have pre-
cisely the same values along the T -axis, as re-
quired.

Model T0 k2 k4 r χ2/d.o.f.
pt 197.423 0.341508 0.000010 8 9.980
exI 211.8876 0.000015 0.386452 4 4.302
exII 212.3557 0.000093 0.387725 4 4.574

Table 1: The fit results for the three hadronic models considered in this work. The excluded volume models
(exI, exII) clearly offer a superior description of the lattice data than the pt model.

Several features of the switching function are worth pointing out. First, note that the function
assumes identical values along the T -axis, by our requirement of consistency with the lattice data
used in Refs. [20, 25]. Second, the properties of the switching function clearly match with intuitive
expectations: S is infinitely differentiable everywhere, including in the crossover region, with the
sole exception of the critical point itself (large black dot) and the associated first-order line below
the critical line (solid black line passing through the origin). In addition, we have identified the
location of the coexistence curve in relation to the switching function, in order to demonstrate that
it is indeed a smooth (and, in this case, elliptical) contour corresponding to S = 1/2 (thick black
line tracing coexistence region).

4. Results

Finally, we present the results of fitting our switching function to lattice data, for Tc = 130
MeV. We optimize the switching function with respect to two standard lattice observables: the

6
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Figure 3: The normalized pressure P/T 4 (left panels) and trace anomaly (ε − 3P)/T 4 (right panels), for
each of the three hadronic models used in the switching function optimization, as compared with lattice
calculations taken from [23]. The normalized pressure is reproduced reasonably well, but the trace anomaly
shows noticeable deviations between the switching function approach and lattice calculations, especially at
µ 6= 0.
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Figure 4: Squared speeds of sound c2
s as func-

tions of temperature T , for the two excluded-
volume models in the switching function ap-
proach: exI (solid red curve) and exII (dashed
green curve). These are compared with lat-
tice calculations (blue points) taken from [23].
Agreement with the lattice is apparent at µ =

0, but clear discrepancies emerge for µ > 0.

ratio P/T 4 and the trace anomaly (ε−3P)/T 2, as functions of T and µ . Our fit results are shown
in Fig. 3. We also compute (but do not fit with respect to) the squared speed of sound c2

s ; this is
plotted in Fig. 4. The best fit results are shown in Table 1 for the different HRG models explored
in Refs. [20, 25].

We find that the range of allowable model parameters is constrained by the requirement that
the two phases have a coexistence line (where PHRG = PQGP) which can correspond to a first-order
phase transition line such as that depicted in Fig. 1. This constraint in fact excludes the optimal
parameters found in the earlier studies [20, 25], meaning that our results do not agree nearly as well
with the lattice data as those studies.

The coexistence curves are illustrated in Fig. 5 for two different sets of model parameters. In
panel (a), we show the coexistence lines (or lack thereof) for the optimal model parameters used
in [20, 25]. Clearly, if we are to extend the QGP and HRG phases down to the µ-axis, we will
not reproduce a first-order phase transition line as shown in Fig. 1 for an arbitrary combination
of model parameters. We obtain a more realistic transition line for the combination of model
parameters shown in panel (b), at the expense of worsening the overall global fit to the available
lattice calculations and requiring a maximum possible choice for the value of Tc. This situation
could be improved by using models for PQGP and PHRG which are more reliable in the small-T ,
large-µ region of the phase diagram and capable of yielding the anticipated shape of the phase
transition line near the µ-axis [27]. We plan to explore such improvements in a forthcoming paper
[28].
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Figure 5: Crossover curves for various models and parameter combinations. The lefthand panel corre-
sponds to the optimal parameters obtained in Refs. [20, 25], which clearly do not generally have the proper
qualitative behavior in the small-T , large-µ region (with the exception of the pt model, which neglects repul-
sive interactions). To obtain the correct behavior restricts our choice of parameters to those which produce
curves like the ones shown in the righthand panel. The latter combinations of model parameters thus entail
a maximum possible choice of Tc.

5. Conclusions

In this paper, we have constructed a switching function which allows one to obtain an equa-
tion of state which switches between separate phases of nuclear matter in a phenomenologically
acceptable way. Switching functions have been constructed for this purpose before [17], but, to
our knowledge, no studies have previously combined a rapid crossover, critical point, and first-
order phase transition in a way which explicitly retains infinite differentiability and also enables
self-consistent modeling of heavy-ion collisions via hydrodynamics. We have not attempted to
incorporate critical indices into our switching function, but we expect that these could be readily
included, if desired. We therefore expect that this model can be put to good use by heavy-ion
phenomenologists seeking a relatively simple strategy for implementing phase transitions in a way
which is consistent with our current best understanding of the QCD phase diagram.

One particularly valuable aspect of the switching function approach is its generality: we have
used particular choices for PQGP and PHRG in this paper, but there are in principle no restrictions
on which equations of state one needs to use to describe these two phases. Our model therefore
offers a very flexible approach to modeling transitions between different phases of nuclear matter,
and may even be capable of extension to other features of the QCD phase diagram which are not
probed by heavy-ion physics, such as the color superconducting phase [29] or the liquid-gas phase
transition at large µ [30].
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