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Finite size effects on cumulants of the critical mode
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In this work we study the temperature dependence of the equilibrium variance of critical fluctu-
ations near the QCD critical point. In particular, we take the finite size of the fireball created in
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combinations of parameters a two-peak structure can develop for temperatures near the critical
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1. Introduction

The search for the conjectured chiral critical point in the QCD phase diagram is at the heart of
a number of ongoing experimental programs: HADES at the GSI Helmholtz Center, NA61/SHINE
at the CERN-SPS and the RHIC Beam Energy Scan (BES). By means of relativistic heavy-ion
collisions at different geometries, system sizes and beam energies,

√
s, signals for this intriguing

landmark are hoped to be found. A prominent signature for its existence is the expected non-
monotonic

√
s-dependence of event-by-event fluctuations of measured particle multiplicities re-

lated to the conserved charges of QCD [1, 2]. Published data on net-proton, net-electric charge and
net-kaon fluctuations [3, 4, 5] are, however, so far inconclusive. Near the critical point, fluctuations
of the critical mode are expected to become large as a consequence of the associated increase of
the correlation length ξ . For a static, equilibrated medium of infinite size higher-order cumulants
of these fluctuations were found to diverge at the critical point as 〈σn〉c ∼ ξ 5n/2−3 [6]. Moreover,
a pronounced behavior with

√
s including wiggles and sign changes might even be expected in

certain cumulant ratios [7, 8, 9].
In reality, the explosively expanding matter created in relativistic heavy-ion collisions is nei-

ther infinite nor long-lived. Non-equilibrium, dynamical effects can therefore play a significant
role [10] and exact charge conservation in the finite size system might substantially affect our infi-
nite volume expectations. The dynamical effects such as critical slowing down can limit the actual
growth of ξ [11] and lead to the retardation of expected signals [12, 13]. Other late stage, hadronic
phase processes such as resonance decays [14] or isospin randomization [15] may also reduce the
impact of the critical point on observables quantitatively. In comparison to the experiments, thus,
realistic simulations embedding the fully coupled critical dynamics are necessary. Major steps in
this direction were reported recently in [16, 17]. In [16], the diffusive dynamics of net-baryon
density fluctuations was studied. In this work, the growth of the correlation length and the scaling
behavior of the cumulants with ξ was found to be affected by the finiteness of the system and exact
charge conservation during its dynamical evolution.

In this proceeding, we want to discuss the influence of the finite size of the system on the
variance of the critical mode fluctuations and its scaling behavior with ξ . The infinite volume V
expectations may be seen as leading-order results in an ξ 3/V � 1 expansion. In a realistic setting,
however, for a heavy-ion collision probing the region near the QCD critical point higher-order
corrections might become non-negligible. This is in particular true as experimentally fluctuations
are measured only in a limited rapidity window of the entire fireball.

2. Finite size effects on the variance

In this work we discuss a three-dimensional system of finite size V = LA, where we decouple
the longitudinal fluctuations from the transverse extension A of the system. This approximation is
motivated by the dynamics of a heavy-ion collision which is highly anisotropic.

We start our study of finite size effects on the variance of the order parameter σ by defining
the thermodynamic potential as

Ω[σ ] =
∫

V
d3x
(

1
2
(~∇σ)2 +

m2

2
σ

2 +
λ3

3
σ

3 +
λ4

4
σ

4 +
λ6

6
σ

6
)

(2.1)
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for a given V . Such a form of the potential including a term of order σ6 was employed in the
recent study [16]. The probability distribution in the absence of interactions is given by P0[σ ] ∼
exp(−Ω0[σ ]/T ), where Ω0 follows from Eq. (2.1) for all λi = 0. The free propagator reads

〈σkσ−k〉=
T
V

(
k2 +m2)−1

(2.2)

and the corresponding 2-point correlation function connected by Fourier transform is

C0(x1,x2) =
T ξ

2A
exp(−|x1− x2|/ξ ) (2.3)

with correlation length ξ = 1/m. The coupling coefficients λi may themselves be functions of ξ and
can be obtained from the corresponding universality class. QCD at finite net-baryon density falls
into the universality class of the 3d-Ising model. Thus they may be defined as λ3 = λ̃3T (T ξ )−3/2,
λ4 = λ̃4(T ξ )−1 and λ6 = λ̃6/T 2 with dimensionless coupling coefficients λ̃i. These and the scaling
of the parameters with ξ are universal for the 3d-Ising model, where small corrections from the
anomalous dimension η� 1 are neglected. To arrive at Eq. (2.3) we have scaled out the transverse
area A =V/L in the thermodynamic potential Eq. (2.1)

Ω[σ ] = A
∫

L
dx(Ω0[σ ]+Ωint[σ ]) , (2.4)

but kept otherwise the dimensions of the fields and coupling parameters unchanged.
We are interested in calculating the integral of the 2-point function over a region of size L

〈σ2〉= 1
L2

∫
L

dx1dx2C(x1,x2) , (2.5)

which gives us the variance of the critical mode σ for zero momentum. We expand the probability
density in the 2-point function around P0 and find

C(x1,x2) =
1
Z

∫
Dσ σ(x1)σ(x2)exp(−Ω0[σ ]/T )

×
(

1− λ4

4
A
T

∫
L

dxσ(x)4 +
λ 2

3
18

A2

T 2

∫
L

dx
∫

L
dyσ(x)3

σ(y)3 + . . .

)
. (2.6)

A diagrammatic representation of the individual contributions in Eq. (2.6) is shown in Fig. 1. By
evaluating Eq. (2.6) and integrating over the region L, Eq. (2.5), we find for the variance of the
critical mode

〈σ2〉= T
ξ 2

V
− 3

2

(
λ̃4− λ̃

2
3

)
T

Lξ 4

V 2 . (2.7)

In this result we have suppressed exponential factors of order e−L/ξ . Note, that this expansion
is effectively in terms of ξ 2/A. We find that the known, leading-order result ∝ ξ 2 is reproduced
within the approach and that the correction terms can play a potential role on the observed variance
if Lξ 2 becomes comparable to V . Moreover, it can be shown that the λ6-term in Eq. (2.1) only
contributes at higher orders than considered here.
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x1 x2 xx1 x2

x y
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Figure 1: Diagrammatic representation of the different contributions to the 2-point function Eq. (2.6) up to
next-to-leading order in ξ 2/A.
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Figure 2: (Colour online) Behavior of the leading-order (red, solid lines) versus next-to-leading order results
(blue circles) of the variance 〈σ2〉 Eq. (2.7) as a function of temperature T . The T -dependence of the
correlation length ξ is taken from [16], λ̃3 = 1, λ̃4 = 4, L = 40 fm and V = 1960 fm3 (left panel). The
volume increases roughly by a factor 2 (middle panel) and 3.5 (right panel) keeping L fixed.

3. Numerical results

In order to quantify the possible impact of finite size corrections on the variance 〈σ2〉 of the
critical mode, we choose exemplary values for the relevant parameters. For the correlation length
ξ we use as input the temperature dependence of the Gaussian limit from [16]. This implies that
the maximal equilibrium correlation length is about 3 fm near Tc = 0.15 GeV and falls off quickly
to < 1 fm below and above Tc. For the dimensionless, non-linear couplings we take λ̃3 = 1 and
λ̃4 = 4.

By varying the volume V of the considered system, we may study the impact of the finite size
corrections and the possible modification of the temperature dependence of the variance. This is
shown in Fig. 2. For a fixed size L = 40 fm in one spatial direction, the leading-order result (red,
solid lines) becomes smaller with increasing transverse area A from A = 49 fm2 (left panel) to
A = 100 fm2 (middle panel) to A = 169 fm2 (right panel), as expected. For the chosen combination
of λ̃3 and λ̃4, the next-to-leading order corrections tend to reduce the variance 〈σ2〉 even further.
With increasing volume V , however, this effect becomes less pronounced and the leading-order
result approximates Eq. (2.7) better and better.

For a large enough V , the result including finite size corrections can be approximately de-
scribed with the leading-order scaling behavior, but with a scaling coefficient 〈σ2〉 ∝ ξ m, m < 2
(see right panel of Fig. 2). With decreasing volume, this scaling coefficient deviates more and more
from the infinite volume expectation (see middle panel of Fig. 2) until the temperature dependence
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of the full result cannot be described anymore with a single scaling term and must be described in
terms of a combination of competing scaling behaviors (see left panel of Fig. 2). Similar numerical
observations were reported in [16]. We note that the particular behavior seen in Fig. 2 is also a
consequence of the fixed values chosen for the non-linear couplings λ̃i. In general these may de-
pend on the region probed in the QCD phase diagram [9] such that a more complicated temperature
dependence is to be expected. In particular an increase compared to the leading-order result is also
conceivable.

4. Conclusion

We demonstrated that for a finite size system as created in heavy-ion collisions the equilibrium
expectations for the variance of critical fluctuations can substantially be modified compared to the
infinite volume limit. This does not only concern the magnitude of the fluctuations but also the
dependence on temperature. While in the infinite size scenario a single peak structure occurs
around the critical temperature, there are values in the parameter space of the couplings for which
the variance in a finite system shows a double peak structure in the vicinity of the critical point.
Therefore, it can be assumed that already the equilibrium shape (i.e. without even taking dynamical
effects into account) of higher-order cumulants, which will be treated explicitly elsewhere, can be
altered significantly in a realistic situation. A qualitatively similar behavior was observed in the
recent dynamical approach [16].

We note here, that the pursued method of integrating the 2-point correlation function results in
a somewhat unexpected expansion parameter, which is ξ 2/A instead of the so far reported ξ 3/V ,
cf. [6]. It would be interesting if experimentally the n-point correlation functions could be analyzed
in addition to the integrated cumulants.
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