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We explore the complete cross-section for the production of unpolarized hadrons in semi-inclusive
deep-inelastic scattering up to power-suppressed O(1/Q2) terms in the Wandzura-Wilczek-type
(WW-type) approximation, which consists in systematically assuming that q̄gq-correlators are
much smaller than q̄q-correlators. Under the applicability of WW-type approximations, certain
relations among transverse momentum dependent parton distribution functions (TMDs) and frag-
mentation functions (FFs) occur which are used to approximate SIDIS cross-section in terms of
a smaller subset of TMDs and FFs. We discuss the applicability of the WW-type approximations
on the basis of available data.
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1. Introduction

TMDs and FFs are one of the main ingredients to study the 3-dimensional structure of the
nucleon. Although they are well defined matrix elements in QCD, their accessibility through ex-
periments is challenging. One powerful tool to study TMDs and FFs is the semi-inclusive deep-
inelastic scattering (SIDIS) process. The SIDIS cross section consists of 18 structure functions
(SFs) [1–3] which at leading twist can be expressed by a convolution over transverse momenta of
a TMD f and a FF D:

C

[
ω f D

]
= x∑

a
e2

a

∫
d2k⊥d2P⊥δ

(2)(zk⊥+P⊥−PhT ) ω f a(x,k2
⊥) Da(z,P2

⊥), (1.1)

with a weight function ω and at subleading twist, under the validity of factorization, can be ex-
pressed by a superposition of such convolutions. However, due to limited knowledge of higher-
twist TMDs and FFs at hand, one might want to investigate useful relations among TMDs (FFs).
WW-type approximation may be useful for this purpose. The approximation has first been estab-
lished for the twist-3 PDF gT (x) [4] and later for hL(x) [5]. By using the QCD equations of motion,
the operators defining those PDFs can be decomposed in terms of a twist-2 q̄q-term, a twist-3 q̄gq-
term and a current-quark mass term. We denote the last two collectively by functions with a tilde.
The tilde terms in gT (x), hL(x) were predicted in the instanton vacuum model [6, 7] to be small
compared to q̄q-terms. Neglecting the tilde terms is commonly known as WW approximation and
is also supported by lattice results [8,9]. The experimental data for gT show that the approximation
works within an accuracy of 40% or better [10].

2. WW-type approximation for TMDs and FFs

Using QCD equations of motion, one can decompose twist-3 TMDs and FFs into q̄q and
tilde terms. WW-type approximation generalizes the idea of WW-approximation to TMDs by
assuming |〈q̄gq〉|� |〈q̄q〉|. Since in TMDs and FFs we deal with unintegrated q̄gq-correlations,
we distinguish the approximation from the WW approximation and rather refer to them as WW-
type approximation. As a result of this approximation, all twist-2 and twist-3 SIDIS SFs can be
expressed in terms of 8 leading twist basis functions which include 6 TMDs ( f1,g1,h1, f⊥1T ,h

⊥
1 ,h

⊥
1T )

and 2 FFs (D1,H⊥1 ). Combining WW and WW-type approximations along with a Gaussian Ansatz
for transverse momentum dependence of the TMDs and FFs 1, enables us to calculate all SIDIS
SFs in terms of the 8 basis functions. Two of such relations are worth mentioning here [11]:

x ga
T (x) = x

∫ 1

x

dy
y

ga
1(y)+x g̃a

T (x)
WW
≈ x

∫ 1

x

dy
y

ga
1(y)

WW−type
≈

〈k2
⊥〉gT

2 M2
N

g⊥a
1T (x), (2.1a)

x ha
L(x) = 2x2

∫ 1

x

dy
y2 ha

1(y)+x h̃a
L(x)

WW
≈ 2x2

∫ 1

x

dy
y2 ha

1(y)
WW−type
≈ −

〈k2
⊥〉hL

M2
N

h⊥a
1L (x). (2.1b)

Exploratory investigations of TMDs on the lattice [12–14], can help us to test the WW-type approx-
imations. In these early works the transverse momentum dependent observables are not precisely

1The Gaussian widths of TMDs and FFs are denoted by 〈k2
⊥〉T MD and 〈P2

⊥〉FF , respectively.
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Figure 1: Preliminary COMPASS data on Acos(φh−φS)
LT [21] compared with several model predictions [22–24]

(a,b), and our calculation for COMPASS kinematics (c).

those measurable in SIDIS and the Drell-Yan process. Nevertheless, these lattice studies indi-
cate that certain WW-type approximations are satisfied for the lowest Mellin moments as discussed
in [11]. Besides, the lattice results also support the Gaussian Ansatz [12]. Many WW-type relations
hold also in quark models [15]. We use state-of-the-art parametrizations for the basis functions.
Our goal is to examine the applicability of WW-type approximation with current available data.
Our results will help to deepen the understanding of how sizable the q̄gq-correlations are.

3. Example of leading-twist asymmetry in WW-type approximation

To test the applicability of the approximations, we studied all the spin and azimuthal asymme-
tries of SIDIS up to 1/Q2 accuracy. We used the following definition for spin asymmetries:

Aw
XY (x,z,PhT ) =

Fw
XY (x,z,PhT )

FUU,T (x,z,PhT )
, (3.1)

where X (U/L) and Y (U/L/T) denote the beam and the target polarizations and w is the azimuthal-
angle modulation for the corresponding structure function. In some cases, based on the available
experimental data, we needed to include kinematic prefactors in the definition of the asymmetry
(denoted by subscript 〈y〉). The FUU,T structure function is obtained in terms of the unpolarized
TMD and FF, where we used [16–18] for numerical values. By integrating over PhT we get

FUU,T (x,z) = x∑
a

e2
a f a

1 (x) Da
1(z). (3.2)

Two of the leading twist structure functions and all eight subleading ones are amenable to WW-
type approximations. In this proceeding we present selected results to illustrate the key features of
the approach. For all results and more details we refer to [11].

As an example of leading twist, we consider the SF Fcos(φh−φS)
LT which is a convolution of g⊥1T

with the unpolarized FF D1. The WW-type approximation in Eq. 2.1a is used to calculate g⊥1T
for which we used the parametrization of the collinear g1(x) from [19]. After integrating over the
hadron transverse momentum PhT , we obtain

Fcos(φh−φS)
LT (x,z) = x∑

a
e2

a g⊥a
1T (x) Da

1(z)
(√

π z 〈k2
⊥〉g⊥1T

2 MN
√

λ

)
, (3.3)

where λ = z2〈k2
⊥〉g⊥1T

+〈P2
⊥〉D1 . We assumed 〈k2

⊥〉g⊥1T
= 〈k2

⊥〉g1 the value of which is borrowed from
Lattice predictions [20]. Fig. 1 shows preliminary COMPASS data for charged hadrons along with
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Figure 2: Preliminary COMPASS data on Acos(φS)
LT [21] compared with a model prediction [23] (a,b), and

our calculation for COMPASS kinematics (c).

our calculations of the asymmetry in the relevant kinematics of the experiment. The results show a
good compatibility within the range of uncertainties.

4. Examples of subleading-twist asymmetries in WW-type approximation

The subleading-twist structure functions are more complex than the leading-twist ones. The
WW-type approximation provides us a crucial simplification to describe subleading-twist asym-
metries. By applying WW-type approximations in structure functions, one ends up with a smaller
number of terms which are expressed in terms of known basis functions. We illustrate our findings
with two examples. For more details we refer to [11].

The first example is the structure function FcosφS
LT consisting of six terms:

FcosφS
LT (x,z,PhT ) =−

2MN

Q
C

[(
xgT D1 +

mh

MN
h1

Ẽ
z

)
− P⊥ · k⊥

2zMN mh

(
xeT H⊥1 −

mh

MN
g⊥1T

D̃⊥

z
+ xe⊥T H⊥1 +

mh

MN
f⊥1T

G̃⊥

z

)]
. (4.1)

All but one term vanish after applying the WW-type approximations which leaves us with a convo-
lution of gT and D1. The PhT integrated structure function then reads

FcosφS
LT (x,z) =−2MN

Q
x2

∑
a

e2
a ga

T (x)Da
1(z). (4.2)

The collinear function ga
T (x) is related to ga

1(x) (see Eq. 2.1a) and, therefore, FcosφS
LT (x,z) can be

expressed by basis functions. Fig. 2 shows preliminary COMPASS data for charged hadrons along
with our calculations of the asymmetry in the relevant kinematics of the experiment. The predicted
asymmetry is small and compatible with the preliminary COMPASS data within uncertainties.

The second example is the structure function Fsin φh
UL consisting of six terms. After implement-

ing the WW-type approximations, the only non-vanishing term in this SF is a convolution of the
twist-3 TMD hL and the Collins FF H⊥1 . Integrating this SF over PhT yields

Fsinφh
UL (x,z) =

2 MN

Q
x2

∑
a

e2
a ha

L(x) H⊥a
1 (z)

(√
π 〈P2

⊥〉H⊥1
2 z mh

√
λ

)
, (4.3)

where λ = z2〈k2
⊥〉hL + 〈P2

⊥〉H⊥1 . We assume that 〈k2
⊥〉hL = 〈k2

⊥〉h1 and hence, thanks to WW
and WW-type approximations, the collinear part of hL is related to transversity PDF h1 through

3
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Figure 3: Asinφh
UL for proton target vs x from WW-type approximation in comparison to data. Left: π± from

HERMES [26]. Right: π0 from HERMES [27] and JLab [28].

Eq. 2.1b. Parametrizations from [25] are used for transversity and Collins function. In Fig. 3 we
depict our results for neutral and charged pions. While the WW-type approximation is not incom-
patible with data for π−, it underestimates π+ production at HERMES. We face similar situation
for h± production at COMPASS [29, 30]. We also find that the approximation does not explain the
large effect for π0 production at HERMES and JLab. These results hint at non-negligible contribu-
tions from tilde terms.

5. Conclusions

Our results indicate that WW-type approximation works in certain but not all cases. Fur-
ther results from [11] are as follows. Asin(2φh)

UL shows compatibility with preliminary COMPASS
data, however, more precise data is needed to reliably conclude from the comparison. Data for
subleading-twist asymmetries Acos(2φh−φS)

LT , Acos φh
LL and Asin(2φh−φS)

UT are compatible with the approxi-
mation. We should note that in most of these cases the asymmetries are measured to be very close
to zero. The Acos φh

UU is overshot by the approximation which calls for more studies of this asym-
metry. In WW-type approximation, Asin φS

UT is predicted to be zero when integrated over PhT , while
HERMES [31] and COMPASS [21] data clearly show non-zero effects for x & 0.1. Another in-
teresting asymmetry is the Asin φh

LU in which WW-type approximation is not applicable because only
q̄gq-correlators contribute to this asymmetry. It might be quite interesting to study this particular
case to deepen our understanding on q̄gq-correlators. In cases where the WW-type approximation
does not work, one could study which of the tilde terms neglected in this work, if any, plays a
dominant role in the asymmetry.

This work was partially supported by NSF PHY-1623454 and PHY-1812423, DOE DE-AC05-
06OR23177 and DE-FG02-04ER41309, and the TMD Collaboration framework.
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