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Periodic changes in a thermal soft X-ray flux of a rotating neutron star indicate a non-uniform dis-
tribution of the surface temperature. A possible cause of this phenomenon is a suppression of the
heat flux across the magnetic field lines in a crust and an envelope of magnetized neutron stars. In
this paper we study three-dimensional effects, associated with non-axisymmetric magnetic fields
in neutron stars. We calculate the surface temperature distribution by solving numerically a three
dimensional heat transfer equation in a magnetized neutron star crust. We adopt an anisotropic
(tensorial) electron thermal conductivity coefficient, which is derived as an analytical solution of
the Boltzmann equation with a Chapman-Enskog method. To calculate the surface temperature
distribution, we construct a local one-dimensional plane-parallel model ("Ts-Tb"-relationship)
of a magnetized neutron star envelope. We then use it as an outer boundary condition for the
three-dimensional problem in the crust to find the self-consistent solution. To study possible ob-
servational manifestations from anisotropic temperature distributions we calculate light curves
with a composite black-body model. Our calculations show, that a non-axisymmetric magnetic
field distribution can lead to the irregular non-sinusoidal shape of a pulse profile as well as in
some cases a significant amplification of pulsations of the thermal flux in comparison to the pure-
dipolar magnetic field configurations.
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1. Introduction

Neutron star (NS) surface magnetic fields can reach ∼ 1012−13G and even more on their sur-
faces. One of the possible ways to study surface magnetic fields is to observe thermal radiation in
a soft X-ray band [1,2]. Periodic changes of spectra from some X-ray dim isolated NSs (XDINSs)
may indicate their non-uniform surface temperature distribution. Such heterogeneities are ex-
plained [3] by an anisotropic thermal conductivity of degenerate matter in presence of a strong
magnetic field, because a heat flux is suppressed across the magnetic field lines in the outer layers
of such neutron star. Comparison results of simulations of the heat transfer processes to observa-
tional data can help to determine magnetic field structure on the NS surface and its interior.

Outer layers of the NS consist of a plasma of degenerate electrons and almost non-degenerate
non-relativistic ions. We separate outer layers into the crust (1010 < ρ < 2 ·1014 g/cm3), where mat-
ter can form a state of the Coulomb crystal or liquid, and an outer envelope (ρ < 1010 g/cm3). The
thermal conductivity is mostly determined by electrons, and by radiation in a thin non-degenerate
layer of the envelope near the surface. A degree of the heat flux suppression across the magnetic
field is determined by a magnetization parameter ωτ , where τ is the average time between electron-
nucleon collisions, and ω = eB/m∗ec is the cyclotron plasma frequency; m∗e = me

√
1+ p f e

2/mec2

is the effective electron mass, p f e = h̄(3π2ne)
1/3 is the electron Fermi momentum, e is the electron

charge, c is the speed of light, h̄ is the reduced Planck constant, B is a local value of the magnetic
induction.

In this work we look for a stationary solution of a 3D heat transfer equation with anisotropic
thermal conductivity [4]. Because of a sufficient nonlinearity of a radiative boundary condition
(F ∼ T 4, where F is a heat flux, T is a temperature), physical parameters also drastically change
through the thin crustal and envelope regions. In such case a full 3D approach can not be applied to
the problem. Fortunately, the heat flux in the envelope is mostly radial, and the temperature distri-
bution in an envelope region can be calculated separately from the crust but self-consistently with
it [5]. We have built a local one-dimensional model of a thermal structure of the outer envelope.

In 2D approach the problem of finding the stationary temperature distribution in the NS was
solved in many works with different magnetic fields and microphysical input (e.g. [5, 6], and [7]
for a review).

2. Physical model

2.1 Heat transfer in a magnetic field

Temperature distribution is defined by the heat transfer equation:

C
∂T
∂ t

= ∇ ·κ ·∇T + f , (2.1)

where C is the heat capacity, κ is the thermal conductivity tensor, f is defined by heat sources and
sinks (neutrino emission, Joule heating, etc.). We look for a stationary solution ( ∂T

∂ t = 0) and also
assume an absence of sources and sinks and consider f = 0.

Thermal conductivity tensor κ for strongly degenerate electrons in the magnetic field was
obtained in [4,8] from the solution of a Boltzmann equation with a Chapman-Enskog method. This

1



P
o
S
(
H
E
P
R
O
 
V
I
I
)
0
5
9

3D anisotropic heat transfer in neutron stars Ilya A. Kondratyev

tensor includes the effect heat fluxes along and across the magnetic field as well as the Hall heat
flux. In Cartesian coordinates it is written as follows [4]

κi j =
k2

BT ne
m∗e

τ
(
κ(1)δi j +κ(2)εi jk

Bk
B +κ(3) BiB j

B2

)
κ(1) = 5π2

6

( 1
1+(ωτ)2 − 6

5
(ωτ)2

(1+(ωτ)2)2

)
κ(2) =−4π2

3 ωτ
( 1

1+(ωτ)2 − 3
4

(ωτ)2

(1+(ωτ)2)2

)
κ(3) = 5π2

6 (ωτ)2
( 1

1+(ωτ)2 +
6
5

1
(1+(ωτ)2)2

) (2.2)

where ne =
ρZ

Amu
is the electron number density, τ = 3

32π2
h3

m∗eZe4Λ
is the average time between electron-

nucleon collisions, kB is the Boltzmann constant, h is the Planck constant, Λ is the Coulomb log-
arithm. Parameter ωτ changes drastically in the crust and the envelope of the NS: at the density
ρ ∼ 1010 g/cm3, the value of the parameter ωτ ∼ 1 when the magnitude of the magnetic field in-
duction B∼ 1013G. Approximately ωτ ∼ B/ρ2/3 in the crust for the degenerate electron gas. As it
follows from (2.2), heat conductivity coefficients, aligned and transverse to the magnetic field, can
be written in the following form:κe‖ =

k2
BT ne
m∗e

τ
(
κ(1)+κ(3)

)
,

κe⊥ =
k2

BT ne
m∗e

τκ(1).
(2.3)

Throughout this work the magnetic field is assumed to be a sum of dipolar and quadrupolar
components

B = Bdip +Bquad, (2.4)

where the dipolar field strength is

Bdip =
BpdR3

NS
2

3(d · r)r−dr2

r5 , (2.5)

and the quadrupolar field is represented by the following expression:

Bquad = BpqR4
NS

(
r2−5z2

2r7 r− ezz
r5

)
, (2.6)

where RNS is a NS radius, d is a unit vector aligned to magnetic dipole in the centre of a star,
ez is the unit vector aligned to the z-axis, and Bpd , Bpq are polar magnetic field inductions of the
the dipolar and quadrupolar fields correspondingly.

The degree of the heat flux suppression across the field (κ(1) in (2.2) and (2.3)) is stronger,
than in previous works [3,9], where the relation between heat fluxes along and across the magnetic
field is F‖

F⊥
= 1+(ωτ)2.

2.2 Equation of state

Density explicitly appears in thermal conductivity (2.2). We further build a NS model solving
Tolman-Oppenheimer-Volkoff equations for the hydrostatic equilibrium to obtain a density profile
in the crust. For the NS interior we used a unified moderately stiff equation of state SLy4 [10],
which is based on the microscopic calculations with an effective nuclear potential [11]. We have
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chosen central density ρc = 1015 g/cm3. NS mass is MNS = 1.42M�, where M� is a solar mass,
and inner and outer radii of NS crust are Rin = 10.594 km at ρ = ρin = 2 · 1014 g/cm3 and Rout =

RNS = 11.618 km at ρ = 1010 g/cm3 respectively.
For the outer envelope (see next subsection) we have assumed equation of state for non-

quantizing ideal plasma with non-degenerate non-relativistic ions (nuclei) and degenerate relativis-
tic electrons:

P = P(N)
id +P(e)

id ,

where P(N)
id = nNkBT is the ion pressure, and the pressure of the electrons of an arbitrary degree of

degeneracy can be written in terms of Fermi-Dirac integrals [12, 13]:

P(e)
id =

(2me)
3/2

3π2h̄3
β 5/2

(
I3/2(χ,τ)+

τ

2
I5/2(χ,τ)

)
, (2.7)

where β = (kBT )−1, χ = β µ
(e)
id , and µ

(e)
id is the electron chemical potential, divided by kBT , τ =

(βmec2)−1, and the Fermi-Dirac integral:

Iν(χ,τ) =
∫

∞

0

uν
√

1+ τu/2
exp(u−χ)+1

du, (2.8)

where u = βmec2(
√

1+ p2c2

m2
ec4 − 1), and p is the electron momentum. In most of the envelope and

the crust the electron gas is strongly degenerate, and pressure can written analytically (e.g. [14]):

P(e)
sd =

m4
ec5

32π2h̄3

(
1
3

sinhξ − 8
3

sinh
ξ

2
+ξ

)
, (2.9)

where ξ = 4sinh−1 (3π2ne)
1/3h̄

m2
ec2 . In non-degenerate layer near the surface in an ideal plasma approxi-

mation the electron pressure (2.7) approaches that of an ideal gas P(e)
nd = nekBT . We adopt analytical

approximations for the Fermi-Dirac integrals from [12, 13].

2.3 Thermal structure of an outer envelope

Combining one-dimensional models for the NS outer envelope and 2D calculations of the heat
transfer in the NS crust is any established way to investigate thermal properties of the NS (see [7]
for a review). We followed the same line in our research.

The outer envelope of the NS is a thin layer (∼ 10− 100 metres) of plasma with degenerate
electrons and non-degenerate ions. The temperature decreases by 2-3 orders of magnitude radially
across this envelope, while surface temperature variations are within a factor of 10, so in the first
approximation, the heat flux can be assumed to be purely radial throughout the envelope, and its
local value is determined by a local surface temperature, so that Fs = σT 4

s , σ is the Stephan-
Boltzmann constant. In such approach the thermal structure equation for the envelope reads [15,
16]:

dT
dP

=
3K

16gs

T 4
s

T 3 , (2.10)
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where Ts is the local surface temperature, K = K(B,θB,T,ρ) is the effective opacity, θB is the
magnetic field inclination angle to a normal to the surface, gs = GMNS/(R2

NS

√
1− rg/RNS) is the

surface gravity acceleration, where G is the gravitational constant, and rg is the gravitational radius
of the NS. For the effective opacity we assume the electron heat transfer (2.3) and radiative one
for free-free and bound-free transitions and electron Thomson scattering with taking into account
the degeneracy of the electrons [19]. Due to additivity of the thermal conductivity coefficient for
electron and radiative processes the exact effective opacity reads as follows (e.g. [17]):

K−1 = K−1
e +K−1

r , (2.11)

where Ke = K f f +Kb f +KT h is the radiative opacity, and Ke = 16σT 3/3κeρ is the electron opac-
ity. A dependence of the thermal conductivity on the field inclination angle θB is given by the
expression κ = κ‖ cos2 θB +κ⊥ sin2

θB from [18].
Equation (2.10) can be solved as a Cauchy problem for the given values of the surface tem-

perature Ts and surface pressure Ps, which is calculated from the Eddington approximation Ps ≈
2gs

3K(B,θB,Ts,ρs)
[17], using equation of state Ps = P(ρs,Ts) to obtain ρs, where ρs is the density at

the NS surface. We solve this equation from the NS surface to the bottom of the envelope (crust-
envelope boundary) at ρb = 1010 g/cm3 and obtain a temperature Tb at this density. Solving equation
(2.10) numerically for different magnetic fields, inclination angles and surface temperatures leads
to a so-called Ts−Tb-relationship, tabulated or analytically approximated function, which relates
the surface temperature Ts with the temperature at the boundary between the crust and the envelope
Tb. Results of several calculations are presented on Table 1, more results and a detailed discussion
can be found in [19]. We use the tabulated Ts−Tb-relationship as a boundary condition for the heat
transfer equation in the crust (see next section).

lgBpd 11 12 13
Ts(θ = 0)/106K 1.02 1.03 1.16

Ts(θ = π/2)/106K 0.71 0.35 0.18
Ts‖/Ts⊥ 1.43 2.94 6.44

Table 1: Surface temperature on a NS magnetic pole (θB = 0) and on an equator (θB = π/2) and their
relations for Tb = 108K and the dipolar magnetic field (2.5) with induction Bpd on the pole.

3. A boundary-value problem

We assume, that the heat flux radiates from the surface of the NS, and the temperature on the
inner radius of the crust Tcore is constant through the core because of the sufficiently large value of
the heat capacity. This temperature decreases with time as the core cools very slowly. After fast
neutrino cooling stage, thermal evolution of the NS can be considered as a sequence of cooling
models with the static temperature distributions.

The value of the surface temperature Ts is determined by the solution of a boundary-value
problem for the stationary heat transfer equation in a spherical layer with a given temperature Tcore

on the inner boundary, and the radiative blackbody boundary condition on the outer bound, which
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is described by the Stephan-Boltzmann law Fs = σT 4
s . In the outer envelope, the radial heat flux Fs

is assumed to be constant. For this reason, this heat flux on the outer boundary of the crust (inner
boundary of the envelope), is equal to the radial part of the heat flux calculated from the crust via
the solution of the heat transfer equation. Boundary conditions read as

T |in = Tcore, κ(B,ρ,T )∇rT +Fs|out = 0, (3.1)

where index ”in” corresponds to the value of the temperature of the inner boundary of the crust with
r = Rin, and index ”out” corresponds to the outer one with r = Rout . Continuity of the temperature
at the crust-envelope boundary is used with the Ts−Tb-relationship for different (B, θB), also Tb =

Tout . As a result, we obtain unambiguous dependence Ts(Tout , B, θB), which determines the surface
temperature distribution in the magnetized NS. In spherical layer Rin≤ r≤Rout we solve boundary-
value problem for the heat transfer equation

∇ ·κ(B,ρ,T ) ·∇T = 0 (3.2)

with the boundary conditions (3.1). This problem is solved with our extension of the basic operators
methods on an unstructured tetrahedral mesh [19, 20].

4. Results

4.1 Temperature distributions

We calculate self-consistently the temperature distributions inside the volume of the crust and
on the surface of the NS, as well as thermal light curves for them. The latter are calculated adopt-
ing a composite blackbody model. More results and discussion can be found in our forthcoming
paper [21]. The inclusion of the quadrupolar field (2.6) adds two more physical parameters to the
problem: the relation between the quadrupolar and dipolar field inductions β = Bpq/Bpd and the
angle between their magnetic axes Θb.

In Fig. 1 the temperature distribution of the NS crust is shown for magnetic dipole and quadrupole,
rotated on an angle Θb = π/4 from each other, and the quadrupolar strength is a half from the dipo-
lar one. The crustal temperature distribution is inverted in comparison to the surface one, i.e.
the crust temperature is smaller in regions, where magnetic field is radial, and larger in the regions,
where the field is almost tangential. The reason for this is the following. The heat flux is suppressed
most crucially in the envelope, where the parameter ωτ � 1. The suppressed heat flux from the
envelope in the NS regions with the tangential field (equatorial regions) causes the decrease of the
temperature gradient in the crust. Thus, a variation of the crust temperature on the magnetic poles,
where the field lines are radial, is higher, than on the equator (effect of heat blanketing envelopes).
The temperature difference in the crust is about 10% of its value.

The surface temperature distribution, that corresponds to the crustal temperature from Fig. 1
is shown in Fig. 2 (left) together with the surface temperature of a NS with only a pure-dipolar
magnetic field [19] (right). The minimum temperature is approximately 3 ·105K, and the maximum
one is near 1.6 ·106K. In a pure dipole case the surface temperature distribution is represented by
two hot polar caps and a cold ring-shaped "belt".
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Figure 1: Temperature distribution (in units of 106K) in the NS crust for quadrupolar and dipolar magnetic
fields with polar inductions Bpq = 5 · 1012 G and Bpd = 1013G correspondingly (β = 0.5). Magnetic axes
are rotated from each other to the angle Θb = π/4, hereinafter a dipole axis is rotated on plots. The core
temperature is Tcore = 2 ·108K. Left picture - cross-section in Z-Y plane, right one - NS crust surface.

Figure 2: Surface temperature distribution (in units of 106K) for the same parameters as on Fig.1 (left panel)
and for the NS without the quadrupolar field (right panel).

A "switching on" of the quadrupolar field effects on the heat transfer as follows. If the pa-
rameters β <∼ 1 and Θb 6= 0, the belt shape becomes irregular, and also the belt broadens from
one side in comparison to the pure-dipolar configuration. Existence of the quadrupolar field causes
the slight decrease of an effective temperature of a NS, so that the cold region is larger, if the
quadrupolar component in the magnetic field is not negligibly small.
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4.2 Synthetic light curves

Modelling of thermal light curves from the XDINSs is a well studied topic. A thermal emission
from compact object was considered by a long list of authors (e.g. [22–25] with taking into account
the effects of general relativity). For compact objects general relativistic effects may be significant.
A rigorous relativistic theory of a light propagation near the compact object was developed in [26].
In real conditions of the NS the effects of the general relativity are pronounced mostly by a redshift
of the photon energy and a deviation of the photon’s trajectory from the straight line, so that more
than a hemisphere is observable, and an effective visible NS radius is more, than the exact one.
We calculated a series of light curves, adopting a simple composite blackbody model, as it is
described in [22]. Bending angles are calculated adopting a simple analytical fit, proposed by
Beloborodov [27].

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

phase

1.5

2

2.5

3

3.5

4

4.5

5

ke
v/

cm
2 /s

ec

T
core

=2·108K, B
pd

=1013G, β=0.50, Θ
b
=45o

Figure 3: Light curves (for the energy flux) for the temperature distribution from Fig.2 for an orthogonal
rotator (αd = ζ = π/2). Blue lines correspond to the case, when rotational, dipolar and quadrupolar axes
are in the same plane, red ones correspond to the case, when αq = αd , so both magnetic axes are visible for
the observer. Black lines correspond to the light curves from the NS with a purely dipolar field. A dashed
black line is the light curve from the Case αq = αd , but without taking into account light bending effects.

In the absence of the quadrupolar component, the pulse profile is symmetric and sinusoidal,
and light curve can be either two-peaked (both magnetic poles are visible) or one-peaked (one
precessing pole is visible), and it is characterized by two angles: an angle between the rotational
axis and the dipolar one αd , and the angle between the rotational axis and the line of sight to the
observer ζ . Quadrupolar component adds one more degree of freedom in a space of positions of the
axes, which characterize the light curve, so it makes the analysis more complicated. We consider
only two limits: when all three axes (rotational, dipolar and quadrupolar ones) are in the same
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plane, and when both dipolar and quadrupolar axes aligned with the line of sight to the observer
in some moments of time during rotation, so that αd = αq, where αq is an angle between the
rotational and quadrupolar axes (e.g. when magnetic axes are in the equatorial plane with respect
to the rotational one). We restrict ourselves with a constraint αd = ζ .

Fig.3 shows the light curves for an orthogonal rotator (αd = ζ = π/2), calculated for the
temperature distribution from the previous subsection for both limits of the positions of the axes
and for the pure-dipolar magnetic field configuration (black line). When all three axes are in the
same plane (blue line), the light curve changes slightly from the dipolar one. One peak becomes
narrower, and the second one is broadened in comparison to the pure-dipolar light curve, and the
pulsations decrease slightly. An interesting situation occurs for the case, when αd = αq (red line):
the symmetry of the pulse profiles is broken, and light curves can have various non-sinusoidal
shapes. Moreover, the pulsations are amplified sufficiently, from 4% up to 14% in comparison
to the pure-dipole. Also it should be mentioned here, that the general relativistic effects can also
change the pulse profile. The difference is, that in the absence of the light bending the light curve
is two-peaked, while the general relativity effects make the pulse profile be one-peaked.
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