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i. Iniroduciion

The most important goal of string theory is to complete a theory of quantum gravity. Many
string theorists expect that a very important clue to this goal is the discovery of the AdS/CFT
correspondence [1]. This provides a concrete example of holography [2, 3], which argues that a
gravitational theory in d + 2 dimension is equivalent to non-gravitational theory (such as quantum

field theories) in d + 1 dimension. Even though we now have vastly many evidences of AdS/CFT,

string theory is black holes One of the most important properties of black holes is the fact that
they have entropy given by the Bekenstein-Hawking formula [4, 5]
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in gravity, as opposed to the scalar or fermion field theories. Moreover, it has a mysterious feature
that the entropy is proportional not the volume but the area of a black hole, as opposed to usual
thermal entropies.

These novel properties lead to the idea of holographic principle [2, 3] as the black hole entropy
formula shows that degrees of freedom in gravrty actually look like those live in lower drmensron

still not well-understood directly from the viewpoint of quantum gravity. At least this suggests us
that the structure of Hilbert space for quantum gravity is so different from what we expect for local
quantum field theories as is important in the arguments of firewall paradox [7, 8]. The problem
of mysterlous origin of non-zero entropy in grav1ty gets sharper in the context of holographic

tha hnninde ary nf AAC | Th
i ary of G iil

vandanca 1c nftan avnrac
i€ oound 3 e

apatima  whink
C . SRGEeNncCe 1§ oiien eXpi

,-\
[R]
e

=




Wthh 1S the cut off in the AdS space, is equlvalent to the UV cut off (or lattice spacmg) €in CFT
The important fact implies that this new coordinate z correspond to the length scale (or inverse of
energy scale) of the dual CFT in the sense of its RG-flow. The basic principle of AdS/CFT is the
bulk to boundary relation [11, 12], which argues that the partition function in CFT is equal to that
in gravity.

useful quantitative measure of chaos is the Lyapunov exponent and it was shown that in holographic
CFTs, Lyapunov exponent takes the maximal value in [17].

3. Quantum Entanglement and Holography

in a CFT.

3.1 Entanglement Entropy

guantuim systeim which has multi

space ¢ becomes factorized as S = 74 ® ,%’jg.
In quantum mechamcs phys1ca1 quantltles e calculated as expectation values of operators:

called mlxed states, the system is descnbed by a dens1ty
Next we introduce so called reduced density matrix p4 for the subsystem A by tracing out with
respect to %’jg as pA = TrB[ ] Flnally, the entanglement entropy is defined as the von-Neumann
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possible field configurations of QFT at a fixed time. Since the choice of A is uniquely defined in



tem is pure, the s1mp1e 1dent1ty Sa = Sp always holds Also, for any systems, when we decompose
the system into four subsystems A, B, C and D so that there are no overlaps between each of them
ie. I = Ay R IHp R Hy ® 5y, the following inequality, called strong subadditivity, is always

Saus +Ssuc = Sausuc + Ss- (3.2)

One more important property is the area law for QFTs. Since QFTs have infinitely many
degrees of freedom, the entanglement entropy S4 gets divergent. The area law states that the leading
divergent term is proportional to the area of the boundary dA:
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3.2 Holographic Entanglement Entropy

Now we proceed to the holographic calculations of entanglement entropy. As first argued in
[9], the entanglement entropy S4 for a holographic CFT is computed from the area of minimal area

un

space.

For time-dependent backgrounds, we need to use instead the covariant holographic entangle-
ment entropy [10], which is given by replacing ¥4 with the extremal surface in the Lorentzian
asymptotic AdS space with the previous condition.

The denvatlon of holographlc entanglement entropy was given in [18, 19], based on the bulk-

' 2]. itis aiso intriguing that we can derive quantum information
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quantum system, the entanglement entropy is increase

hat it is proportional to a quantity



ggests that the dynamlcs 0 tanglemen is equlvalent to tha

gravity. Generahzatlo of this argument to higher orders have recently been performed [25, 26].
Now iet us turn to the originai question in AdS/CFT: which part in AdC is dual to which part in
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such that psp = Tryp [|¥) (P|]. The entanglement of purification Ep f or the state pap is defined by

EP(pAB>: min [SAA’] (3.7)

ABA'B

scale Entanglement Renormalization Ansatz) [33]. Recently, it was pointed out the quantum error



In tensor networks, the quantum state is described by a network of tensors, where indices are
contracted whenever two tensors are connected by a hnk Th1s network describes the way how
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A systematical formulation of this AdS/tensor network duality can be summarized into two

principles: (i) a codimension two space-like surface corresponds to a quantum state in a holographic
CFT (called surface/state correspondence) [37], and (ii) a codimension one (both time-like and
space-like slice ) corresponds to a quantum circuit defined by a path-integration on the slice with

Even though we still do not have complete understandings of the basic mechanism of AdS/CFT,
we have made important progresses recently owing to quantum information theoretic viewpoints.
To go further, we need to understand the connection between the AdS/CFT and tensor networks in

of tensors. Therefore, we may expect that we may have a direct connection between gravity and

tensor networks through studies of complexity. The first step for this approach was taken in the
recent formulation of the path-integral optimization [39]. It will be important to extract special fea-
tures for holographic CFTs which explain the basic mechanism of AdS/CFT. Such a fundamental
understanding might allow us to understand possibility of holography also for de-Sitter spaces.
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