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Abstract. The values for two-parametric variations spectra are determined for the whole period of 

observations in 1957-2017 years. A long-period changes of spectra with taking into account of cut-off 

rigidity changes are presented. 
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1. Introduction 
Since the mid-1950s, the world network of neutron monitors, muon telescopes and stratospheric 

sounding detectors has been used to study the physical processes in the interplanetary medium and to 
determine the structure of the Heliosphere. The relative secondary variations in the counting rate of the 
detectors, which in the approximation of zero harmonics are related to the spectrum of primary variations 
of cosmic rays reflecting the Fredholm integral equations of the first kind, are subject to measurement: 
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where the connection function Wi (coupling function according to Dorman, 1957) acts as the core of the 
integral equation, and the spectrum of variations dJ/J acts as the unknown function. In our case, an 
important circumstance is that the desired solution can be sought as an analytical function of the spectrum 
of variations dJ/J with a certain number of parameters. 
 
2. Method and Experimental Data 
 

The spectrum of cosmic ray variations can be represented in two-parameter form 
 

γ−=∂ RaRJJ 1)( ,      (2) 
 

where a1 is a variation of the flow of particles with a hardness of 1 GV, and γ > 0 is a parameter of the 
power spectrum. It is preferable to use the spectrum of variations given for 10 GV species. 
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where a10=a1 10-γ is the amplitude of particles with a rigidity of 10 GV, which is close to the effective 
rigidity for neutron monitors. 
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The system of equations (1) can be linearized by decomposing into a Taylor series in the 
neighborhood of the zero approximation. Obtained equations of the form 
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are solved by the method of successive approximations. The decomposition coefficients A1 and A2 for the 
spectrum reduced to 10 GV are defined as 
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To solve the system of equations (4), it is required to perform a certain number of iteration steps from the 
point of zero approximation. Then, for determining the reception coefficients of the zero harmonic of the 
neutron, muon, and charged components in the atmosphere, we used communication (coupling) functions 
from Aleksanyan et al. (1982), Fujimoto et al. (1977), and Svirzhevsky (2002). To take into account long-
term changes in geomagnetic cutoff rigidity for the period under study, the results of the work were used 
(Gvozdevsky et al., 2019). For each month, a graphical result is formed, an example of which is shown in 
Figure 1. 
 

 
 

Figure 1. Sample graphical result for November 2003 
 
In Figure 1 on the second panel above shows the discrepancy between the observed variations of all the 
detectors and the model for the point in time, marked as a vertical line on the top panel on the Wolf 
number curve. The residuals panel also shows the found parameters of the a10 and γ variation spectrum 
for a given point in time. The lower left panel shows the dependence of variations normalized to a10 on 
the receiving coefficients С0. The first point in the region of small С0 refers to the vertical component of 
the Nagoya muon telescope, the last point in the region of large С0 refers to the detector of the 
stratospheric sounding, the remaining points to the neutron monitors. 
Of course, a good correlation (> 0.9) is observed only for the maximum of solar activity, when large 
variations are observed relative to the base period. The desired stiffness spectrum of dJ/J variations in the 
double logarithmic scale is shown in the lower right panel. 
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In Fifure 2 on the right panel shows the convergence of the method in the minimum (1996) and maximum 
(1992) of solar activity. The linear parameter a10 convergence is very fast. From the starting point X0, the 
solution for a10 is determined almost in one iteration, and then there is a slow search for a solution for γ 
with a refinement of a10. The number of iterations can reach several dozen. In the upper right part of the 
figure for 1987 (a sharp minimum with a very small difference in values from 2009), an example of a 
divergent solution is given; in this case, the problem converges only with small (~ 0.4) starting values of 
γ. On the right panel of Fifure 2 given a geometric interpretation of convergence. 
 

 
 

 
 
Figure 2. Illustration of the convergence method for the two-parameter spectrum of variations. 
 

In this paper, several new points were taken into account: a) the data series under consideration was 
supplemented with data from the last decade, b) analysis of the spectrum of variations was carried out for 
the 2009 base, which improved the accuracy of the determination of spectrum parameters, c) the ltv-db 
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database was developed to solve the problem, d) changes in geomagnetic cutoff rigidity were taken into 
account (Gvosdevsky et al., 2016, 2017) for the network of cosmic ray stations for the period under 
consideration. 
3.Calculation results and their analysis 

In Figure 3 for the entire period under consideration, long-term changes in the parameters of the 
spectrum of variations and some characteristics of a system of linear equations are shown. 

The first and second panels show the time dependences of the amplitude of the spectrum of 
variations a10 and the exponent γ of the spectrum with errors in their determination. The comparison 
shows good agreement with the results of [Yanke et al., 2019]. The third panel shows the time 
dependence of the root-mean-square error of the distribution of the residuals of the system of equations. 

The fourth panel shows the condition numbers of a system of equations that indicate a good 
convergence of the solution for all periods except the base one. The last panel shows the number of 
iterations for each point in time. To speed up the process of convergence, the previous solution was used 
as the initial approximation, which made it possible to halve the solution time. 

 

 
Figure 3. Long-term changes in the parameters of the spectrum of variations and characteristics of the 
system of equations for the entire period under consideration. 
 
4. Conclusion 
The proposed method of solving the system of equations by the linearization method has shown high 
efficiency with the possibility of quantitative assessment of the parameter values, their correlations and 
errors. Although a purely power spectrum of variations is a simple approximation, the results are in good 
agreement with the conclusions of other works [Yanke et al., 2019]. All obtained numerical and graphical 
results can be found in the archive [LTV, 2019]. Further work should be carried out in the direction of 
increasing the number of spectrum parameters for a more accurate description in the lower stringency 
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region. 
The analysis showed that the uncertainty of the desired spectrum of variations due to the global change in 
the geomagnetic cutoff rigidity is insignificant, since there are practically no cosmic ray detectors in the 
region of the North and South Atlantic anomalies. 
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